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    ADVERTISEMENT. ^^HEN it is considered that the present Subject is of a Nature the most exalted that the human Mind ever conceived — that it is the most noble invention, antient or modem, that ever was ob« tained by the researches of Man — that its Inventor, Sir Isaac Newton, by it has immortalized our Country, and, at the same time, has given a Clew to obtain Truths of- so sublime a nature as no other method of reasoning could lead to;— «. that this Work is the most elementary and compleat of any ever written — that it has been long out of print, and almost unattainable from its Scarcity and price — the Publishers conceive, that, for what they have here done, an Apology is unnecessary. The Editor. Apnl 14, 1801. •r\ X 0' 333991
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    » # to AIS GRACE T • < Till DUKE OP ARGYUE ▲RD GREENWICH* Xt is uot the shining figtO^ yaur GftACE has made in the highest 'Employmttits^ neither is it &e Lustre which your quitting them has added to your Character ; it is not the Favour of Princes, which you have oft6n enjoyed, nor the loud and universal Applauses of the People, which you at present possess ; but it is the steady Virtue which has conducted you throughout, that determines me to offer this Work to your Gbac£^. And, having been honoured with the Countenance and Favour of so great b a Man, \
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    VI D£BICATION. a Man, I embrace the Opportunity of express* ing my Gratitude at a Time when I can have no other Motive than that I am, with Truth, and th^ utmost Respect^, r Mt LoaD, Your Grace's much obliged. Most faithful, And most humble Servaot^ Colin Macjlaurxn. TVLZTACt.
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    PREFACE. aiaatHMM ■fe A LETTER published k the year 1784, uniler the title of 7%e Afialystj first gave occasion to the ensuihg Treatise ; and several reasons concurredl to induce me to write on this Subject at. so great a length. The Author of that Pieee had represented the Method of Fluxions as founded on ialse Reason* ing, and full of Mysteries. His Olbgections seemed to have been occasioned^ in a giMt measure, by the cdncise manner in which the Elements of this .Method have been usually described ; and their having been so much misunderstood by a person of his abilities, appeared to me a sufficient proof that a &lle(r Account of the Grounds of them was requisite* Though there can be no fcoMparison made l)etwixt the extent or usefulness of the antient and modem Disco verits in Geometry, yet it seems to be ge* nerally allowed that the! Antients took greater care, and were more succesafid in preserving the Cha* racter of its Evidence enjtire. This determined me^ immediately after that Piece came to my hands, and before I knew any .thing of what was intended bS by
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    viii 7iitYAe)B. by others in answer to it, to attempt to deduce those Elements after the manner of the Antients, from a few unexceptionable principles, by Demonstrations of the strictest form. In my first Essay of this kind, I contented lriy«lf ^th demonstrating the principal Cases of the Propositions of the four first Chapters of the first Book, and of the first Chapter of the necmti Bmk ^ «iie folk^^ng Treatise, nearly in the same form in which they now appear. But when it was communicated to soipe gentteaien, Ihey exprei^seil ot qfeMte that ttus kaMte Method 'Vff Dcmomtmuitm shtnsli ke n^&rided .M othir iMiascbes of Dhi^ Tteir)ty, axnitknt l^wba^id cniavge die Plan. While I prooMtrdili tin Wiobki t percdved that MtHe S&alH ^mie fdeftttive 1* iti^ aecuY^; H^at tlie Aesoiatioa | 'of Mvkral IMhilemt which teoi been ddkteed in ^t nkjrs'terlMS liinaiixer, by seciotfd AttiUfaM FhiKioiM» 'oesid be cbnpltted with ^eftl»r 'eviAen)d9, and less 'danger of emit, by first FtuKions ohly ; and tint oAm ProbldKit iUhfl Wen resoltied by i^proatimfltioliB^ whRi lain 4ecunGtt Solution could be oblHiiMd^itiiitbef .my time 'in cfeurying it cm. And M lids hte been e«c^Bped me an treatmg of sUeh ft VMtekyofvubjdOto, in a naifnisr difierent /
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    diiereiil; iMm tbajl ia lAkk tfaoy h«ve iMO HiiMUy explained In tfic iMaa tim^ liha Dofraoe of tbe Medwd of ]%ixioiis> and of tibe gcwt l&yenlor, ym x«ot megiected. Besides an answer to The Jmaly^t that appaared very early uiidtr dia nama oSJMtHahthat dmUabrigivm^ (^ tl^ Au^khor kad ooncttled his real naose aa the AmUyst vhem he oppoaed had done), aaeeond, bjr^esaaubaad, in Itefenca of the tot, a Diaooufse by Mm. 2^hi»i, a Traatiso of Sir Isaac Newr *am% irith a Commentaiy by Mr. Cidmn^ and save' r»l ofthev Pieces, waro pubHshad on this Subject After I saw tiiat 9a asuch had been written upon it ta so good a purpoaa^ I waa the la^r induced to delay the piibBoation of this Treatise, till I could finiah my desig». I accommodated my Definition of the Variation of Curvature in Chap. xL to Sir JTm^c Nnftm\ to prevent mistakes, as I have db^ served in Article 38^, but made no material aher
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    X^ 9EEVACE. In explaming the Nodon of & Flttxtott, I hava followed Sir Udat Newton in the first Book,^ imagining that there can be no difficulty in coil* cjciving Velocity wherever there it Motion ; nor do I think that I have departed from his Sense in the second Book ; and in both I have endeavoured to avoid several expressions, which, though convenient, might be liable to exceptions, and, perhaps, occasion disputes. I have always represented Fluxions of all all Ordeits by finite Quantities, the Supposition of an infinitely little Magnitude being too bold a Postu^ latum for such, a Science as Geometry. But, bcr cause the Method of Infiniteftimals. is much in use, and is valued for its conciseness, I thought it was requisite to acicoimt explicitly for the truth, and perfect accuracy of the conclusions that are derived from it ; the rather, that it does not seem to be a very proper reason tliat is assigned by Authors, when they determine what is called the Diference (but more accurately the Fluxion) of a Quantity, and tell us, That they reject certain Parts of the Element, because they become infinitely less than the other parts ; not only because a proof of this nature teay leave some doubt as to the accuracy of the concluv sion, but because it may be demonstrated that those parts ought to be. neglected by them at any ratc^ or that it would be an enor to retain them. If an Ac? countant, that pretends to a scrupulous exactness, should tell us that he had neglected certain Articles, because he found them to be of small importance, and it should appear that they ought not to have been taken into consideration by him on that occasion,   but belong to a difierent account, we shoul4
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    PkEFACE. Xi tshoold approve lik conclusions as accurate, but not his reason. Tliis method, however, OHty be considered as to easy and ready vay^ of distinguishing what Parts of an Element are to be rejected, and which are to be retained, in determining the precise Fluxion of a Quantity, or the rate according to which it increases or decreases. ^ After I found that this Treatise could not be conr veniently contained in one volume, I was obliged to reprint two leaves (pages 41 1, &c.), that it might be divided into two. I have rq)rinted likewise the first sheet, chiefly on account of several mors of the press that had got into it, and one other leaf (page S44), for the sake of a Pasnge, the omission of which possibly would have been misinterpreted. There are some Demonstrations in the first Chapter of the first Book that might have been abridgedt and some, perhaps, will appear unnecessary. I have mentioned the reasons that induced me to insist so fully on those Elementary Parts, in Articles 69, 104, 494, and 697. t Several Treatises have appeared while this was in the press, wherein some of the same Problems have been considered, though generally in a difierent manner. I have had occasion to mention most of them in the last Chi^ter of the second Book ; but had not tha^e an opportunity to take notice^ that the Problem in 480 has been considered by ^ ADudnftotlie fot Editioii by tbe Author* b4 Mr.
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    Mf* Jfiutfr ia his Mecbanic& I?l most of the iA* staac4(8 wbar^ f&y conclusions did not* agree with tiioms given by other Authors, I have pot mentioned tfasir nynes* (/.Ifi upon the Tiiiolc, the Evidence of this method be represented to the satisfaction of th^ Reader^ some of the abstruse parts illustrated, or any imr proyenlents of this useful Art be proposed, I shall be under no great concern, though exceptions may be made to some modes of Expression, or to sud) Passages of this Treatise as are not ^sentia) to. tb# |)rincipal design^ UFX

  

  
    Page 22
    

  
  
    The text on this page is estimated to be only 21.34% accurate
    LIFE OF THE AUTHOR. JSrLlSL. MACLAITRIN^ a most emitient mathemap tician and philotapber, vas the son of a clergyman, and bom at Kilmoddan, in Scotland, in the year 1698* He was sent to the University of Glasgow in 17Q9;^here he continued five years, and applied to Ins studio in a very intense manner, and particu^* lariy to the inathematics. His great genius for inathematical learning discovered itself so early as at twelve years of age ; when, having accidentally met with a copy of Euclid's Elements in a friend's chamber, he became in a few days itHster of the first 6 books without any assistance : and it is certain, that in his 1 6th year he had invented many of the propositions which were afterwards published as part ^f his work entitled Geometria Organica. In his 15th year he took the degree of Master of Arts ; on which occasion he composed and publicly defended a Thesis on the Power of Gravity, with great applause. After this he quitted the University, and retired to a country seat of his uncle, who had the care of his education ; his parcruts being dead some time. Here he spent two or three years in pursuing his favourite studies; but, in 1717, at 19 years of ■ge only, he offered himself a candidate for the Professorship of Mathematics in tlie IVIarischal College of Aberdeen, and obtained it after a ten days' trial against a very able competitor. In 1719r Mr. Maclaurin visited London, where he left his Geometria Organica to print, and where he.
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    Xiv LIFE OF'THE AUTHOfi. he became acquainted with Dr. Hoadley, then Bishop of Bangor, Dr. Clarke, Sir Isaac Newton, and other eminent men ; at which time also he was admitted a member of the Royal Society: and in another journey, in 1721, he contracted an intimacy with Martin Folkes, Esq, the President of it> which continued during his whole life. In 172S, Lord Polwarth, Plenipotentiary of the King- of Great Britain at the Congress of Cambray, engaged Maclaurin to go as a tutor and companion to his eldest son, who was then to set out on his travels. After a short stay at Paris, and visiting other towns in France, they fixed in Lorrain; where he wrote his piece. On the Percussion of Bodies^ which gained him the prize of the Royal Academy of Sciences for the year 1724. But his pupil dying' ' soon after at Montpelier, he returned immediately to his profession at Aberdeen. He was hardly settled here, when he received an invitation to Edinburgh ; the curators of that University being desirous that he should supply the place of Mr. Jkmes Gregory, whose great age an^ infirmities had rendered him incapable of teaching. He had here some difficulties to encounter, arising from competi*> tors,^ who had good interest with the patrons of the University, and also from the want of an additional fund for the new professor ; which, however, at length were all surmmounted, principally by the means of Sir Isaac Newton. Accordingly, in Nov. 1725, he was introduced into the University ; as was at the same time his learned colleague and intimate friend Dr. Alexander Monro, Professor of Anatomy. After this, the mathematical classes soon became very numerousi
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    LITE OP THE AXTTHOB. XT BtniierouS)' there being generally upwards of 100 ftudents attending his Lectures every year; who beiBg of difierent standings and proficiency, he was obliged to divide them into four or five classes, ia €ach of which he employed a full hour every- day from the first of November to the first of June. In the first class he taught the first 6 books of Euclid's JELlements, Plane Trigonometry, Practical Geometry, the Elements of Fortification, and an Introduction to Algebra. The second class studied Algebra, with the 11th and ISth books of Euclid, Spherical Trigonometry, Conic Sections, and the General Principles of Astronomy, The third went on in Astronomy and Perspective, read a part of Newton's Principia, and had performed a course of experi* ments for illustrating them : he afterwards read and demonstrated the Elements of Fluxions. Those in the fourth class read a System of Fluxions, the JDoctrine of Chances, and the remainder of Newton's Principia. In 1734, Dr. Berkley, Bishop of Cloyne, published a piece called The Analyst ; in which he took occasion, from some disputes that had arisen con* ceming the grounds of the fluxionary method, to explode the method itself; and also to charge pwthematicians in general with infidelity in religion. Maclaurin thought himself included in this charge, and began an answer to Berkley's book : but other answers coming out, and, as he proceeded, so many discoveries, so many new theories and problems occurred to him, that, instead of a vindicatory pamph^i he produced a Complete System of Fluxions, with their application to the most considerable problems hi
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    XTl LIFE OF THE AUTHOR. in Geomftry and Natural Philosophy. This wcvk was published at Edinburgh in } 742, 2 vok. 4to. } and as it cost him infinite pains, so it is the most considerable of all his works, and will do bim im* mortal honour, being indeed the most cmnplfte troa^ tise on that science that has yet appeardd. In the mean time, he was continually obliging the public with some observaticm or perferaiauce of bis own, several of which were publi^ed in the 5th and 6th volumes of the Medical Essays at Edinburgh. |l^any of them were likewise published in the Pbilo* sophical Transactions; as the following: 1, On the Construction and Measure of Curves, vol. 30. «^ S. A New Method of describing all Kinds of Curves, vol. 30. — 3. On Equations with impossible Roots, vol. 34. - v^- On the Roots of Equations, Ac vol. 34. — 5. On the Description of Curve Lines^ vol. 39. — 6. Continuation of the same, vol. 39- "-^ 7. Observations on a Solar Eclipse, vol. 40. — 8. A Rule for finding the Meridional Parts of a Spheroid with the same Exactness as in a Sphere, vol. 41.-— 9. An Account of the Treatise of Fluxions, vol. 42. — 10. On the Bases of the Cells where the Bees deposit their Honey, vol. 42. In the midst of these studies he was always re^dy to lend his assistance in contriving and promoting any scheme which might contribute to the public service. When the Earl of Morton went, in 1789, to visit his estates in Orkney and Shetland, he re* quested Mr. Maclaurin to assist him in settling the geography of those countries, which is very errone* ous in all our maps ; to examine their natural his^ tory, to survey the coasts, and to take the measure of
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    Uf £ OF TBX AiJT&OR. Xiu of a dcgi^e of the incridiaa. Maclauria s family affairs would not permit him to comply vith tfau MqvGSt : he irem up^ howew^ a snanorial of what he thought tteca^aiy to be observed^ aodiiuoitriicd pro^ per iastrai:)eiti fhor the work, recommending Mr. ShoTt, the not^ optidfiiii, as a £t operator £x the mafio^eoMUt of them. Mr. Maolaurin had still anotSner scheme for tfat inprovement of geography and navigatioci^ of a a&ore f!ic:tGii5ive nature ; which was the opening of a pas-^ lag^e from Qtednhaod to the Sooth Sea by the North Pbte. That :Mtsh e passage might be found, he was 00 ftilly (p&fpmiBA, tisat ha used to say, if his atuat tioa oo«td admit of tudh ad\'entureB, he ' would nn* deiitaibe ihe vvpyage efven at his owin charge. But nAen schemes fiixr Aiding it were laid before the Parliame^ ln'1744, and he was consulted by several pcopmas of high yank conoemmg them, and before he omild Aiuah the memorials he proposed to send, Iii6(premimn was lonitodl to the discovery of a North Wear 7»ttage : and he used to regret that the word West was inaerted, because he thought that passage, if «t»sdlto be found, muat die not far from the Pole. * in 1J745, having "been very active in fortifying the oisty letf Sdmburgh against the rebel army, he was efa%^ to ily £rom thence into England, where he waa invitisd by Dr. Heniqg, Archbishop of York, to reside wMi him during hb stay in this country. In dna eKpedxtioa, howeter, being exposed to cold and hardfeftiips, and isaturaUy of a ^^'^eak and tender con* stittttum, wfakb bad been mnich more enfeebled by close appliortion to stud}% he laid the foundation of on ttntts niikjh put an end to 3iis lifi^ 'mJuae 1746, at
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    Xvm riFE OF THE AUTROSi at 4A years of age» leaving his widow with two udia and three daughters. Mr. Maclaorin was a very good as well as a very great man, and worthy of love as well as admiration^ His peculiar merit as a philosopher was, that all his studies were accommodated to general utility ; and we find, in many places of his works^ an application even of the most ahstnise theorite to the pcHrfecting^ • of mechanical arts. For the same purpose, he had resolved to compose a course of Practical Mathe^ matics^ and to rescue several useful bran:cl»s of the science from the ill treatment they often met with in less skilful hands. These intentions, however, were prevented fay his death ; unless we nlay reckon, as a part of his intended work, the translation of Dh David Gregory's Practical Geometry, which he re* vised, and published with additions, in 1745. In his life-time, however, he had frequent oppor* tunities of serving his friends and his country by his great skill. Whatever difficulty occurred concerning the constructing or perfecting of machines, the work« ing of mines^ the improving of manufactures, the conveying of water, or the execution of any pubUo work, he was always ready to resolve it He was employed to terminate scene disputes of consequence that had arisen at Glasgow concerning the gauging of vessels ; and for that purpose, presented to the commissioners of the excise two elaborate memorials, with their demonstrations, containing rules by which the officers now act. He made also calculations relating to the provision, now established by law, for the children and widows of the Scotch clergy, and of the professors in the Universities, entitling them to certaiv
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    1 LiVE OF THE AUTHOR. xiz certnin aniiuities and sums upon the volontary annual payment of a certain sum by the incumbent. Jn contriving and adjusting this wise and useful scheme he bestowed a great deal of labour, and contributed not a little towards bringing it to perfection. Of his works, we have mentioned his Gtometria Organica, in which he treats of the description of curve lines by continued motion ; as also of his Piece which gained the prize of the Royal Academy of Sciences in 1724. In 1740, he likewise shared the prize of the same Academy with the celebrated D. Bernoulli and £uler, for resolving the problem delating to the motion of the tides from the theory of gravity ; a question which had been given out the former year without receiving any solution. He bad only ten days to draw up this pap^ in, and could not find leisure to transcribe a fair copy ; so that the Paris edition of it is incorrect. He afterwards reivised the whole, and inserted it in his Treatise of ^piuxions ; as he did also the substance of the former Tiece. These, with the Treatise of Fluxions, and the Pieces printed in the Medical £ssays and the Philo* sophical Transactions, a list of which will be found in page xvi, are all the writings which our Author lived to publbh. Since his death, however, two more volumes have appeared ; his Algebra, and his Account of Sir Isaac Newton's Philosophical Disemeries. The Algebra, though not finished by himself, is yet allowed to be excellent in its kind ; containing, in no large volume, a complete elementary treatise of that science, as far as it has hitherto beea carried ; besides some neat analytical papers on curve linos% His Account of Newton's Philosophy was occasioned
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    kx tjfz OF THE AtyrnotLi sioned in the following ifianner : — Sir Isaac dying in the beginning of 1728, his tiq>hew, Mr- Conduitt, proposed to publish an Account of his Life> and desired Mr. Maclaurin's assistance. The latter, out of gratitude to his great benefactor, cheerfully undertook^ and soon finished, the History of the Progress which Philosophy had made before Newton's time; and this was the first draught of the work in hand, which, not going forward on account of Mr. Conduitt's death, was returned to Mr. Maclaurin. To this he afterwards made great additions, and left; it in the state in which y it now appears. His main design seems to have been to explain only those parts off Newton's Philosophy which have been contro* verted : and this is supposed to be the reason why his grand discoveries concerning light and colours, arc but transiently and generally touched upon ; for it is known, that whenever the experiments, on which his doctrine of light and colours is foimded^ had been repeated with due care, this dodtrine h^ not heen contested ; while his accounting for the celestial motions, and the other great appearasices of nature, from gravity, had been misu&deFstood, and cvep attempted to be ridiculed* dOKtENTS,
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    ^ % « XABtB: op. TH£ PKQICIPAL C(»?TQITS< Ti « • INTRODUCnON, £fiyi^«iHf armto*4rM€(N^  •«• 9 2^ giiadratiire <2f a iqpin^ 31 « t . p « • • • » « « • BOOKI. to^ttikums'a$id tfltf^o&M^,  ^ .Article I The dsHomif .••'••'/.•••  •  • . 15 T%«ore»» concerning wijfbrm motions from Archimedes, ••••••••• 1$ Theorems concerning vmiable motums,**  « It. Ofcomfarh^ tliejhuaons rfquanivties hy deteifimmg the Undt of the raHo of their incrfments or decrements^  66 Qf second JkoBionSf  •  70 CHAi^. H/ (Jf thejkaaans of ftoane rectilineai fgures. Of the Jhixwn of a paraUetogram of an invariable aUitudef • • • •Art. n QftheJhuAmrfatrianglef.. »»»..»....,.  •••••••• ^l c ««
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    CJ^Aerih^/iU<4s^.^,^Sri i ••.#•««• «r «•>, •#«»•* • 44f Ifftkt rtmimM tmd dt^ rfike medtm^^Ma n^fkm trmffetmf, it. 4efCf*iM,. ..•.^^^•.•.« # » • • * , • ^ • ^ » ^ • • • * • m • 4 m • • ^M efgravUatimtmm^ ememf^dei^km,^ ...,*... ./..  *• . 46* ^tkeM^Uon vf4ki ^mm^m ^tk^wwm,**. . .4 •/•*••••••••••• « ^480 i^  491 tytk$inierwe€H0^^t»$ 9m^'m^xiriok^4urHti9r6,4 4 • . « I vv'. ; '^sii » , » «w > • )' * • • » « • 4 « f « • ■ '», I ''■.'. \ ' '» .■^ > V .1 1 * \^' I . « ) ' I / » « I • :.\ ft »•»••» . \ V . » I , ' (• •■•!•• t • • t INTROA*».

  

  
    Page 34
    

  
  
    The text on this page is estimated to be only 18.50% accurate
    mTRODUCTlOK. ItEOMETRY is valued for its extensive useftilness^ but has been most admired for its evidence ; mathematical deihonstiation being such as has.been always soppoated to put dn end to dispute^ leavingno place for doubt or caviL It acqattddthis character bj the great care of the old wxiterB^ irho adbutted no principles but a few self-evident tmths, and nOdemoiislnra«' tions but sQch as were accurately dedticed from tinem. The science being now vastly enlarged, and applitd vfiVk suocess to» pbilosophj and the arts, it is of greater importaaee than ever that its evidence be preserved perfect, fiat it has heed oU^ jected on several oceasicma, that the modem imtpHfOfmAeaAm have been established for the most part upon new and cxc»fi« tionable maxims, of too abstrose a natajie to deserve a placQ amongst the plain principles of the ancient gefametry : alid some have proceeded so far as to iittpate false reasonii^ to those authors who have contributed most to the late diaoOveM ries^ and have at tbe aame time been most cautious in their manner of describing them* In the method of indivisibles, lines Were ctaci^ed io .btf made np of points, sorfaces of lines, and solids of surfbees; imd such suppositions have been employed by several bgemoni mto for proving the old theorems, and discovering new ones, m 4 brief and ea^ manner. But as this doctrine was inconsistenk with the strict principles of geometry, so it soon appeared that there waa some danger of its leading them into false conclusions : therefore others, in the place of indivisible, substituted ii^nttely small divisible ekments, of ^d!Kick they auppoaed all magnitudes to be formed ; and thna endeavoured to retain, and ilniHrove, the advantages that were derived from the former method for the advancement of geometry. ^After these came to be relished, an infinite scale of infinites and infinitesimals (ascending and descending always by infinite steps) was imagined and proposed to be received into geometiy, as of the greatest use for penetrating mto its abstruse parts. Some have argued for quanr VOL.1. A tiliea
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    ^ tKTR0l>XrCTI07f4 titles more than infinite ; and others for a kind of quantities that are said to be neither finite nor infinite^ but of an intermediate and indeterminate nature. This way of considering what is called the sublime part of geometry has so far prevailed^ that it is generally known by no less a title than the Science, Arithmetic, or Geometry of infinites. These terms imply something loffcy^ but mysterious ; the contemplation of which may be suspected to amaze and perplex, rather than satisfy or enlighten the understanding, in the prosecation of this science ; and while it seems greatly to elevate geometry, may postibly lessen its true and real excellency, which chiefly consists in its perspicuity and perfect evidence ; for we may be apt to rest in an obscure and imperfect knowledge of so abstruse a doctrine,as better suited to its nature, instead of seekmgfor that dear and full view we ought to have of geometrical truth ; and to this we may ascribe the inclination which has appeared of late for introducing mysteries into a science wherein there ought to be none. There were some, however, who disliked the making much nse of infinites and infinitesimals in geometry. Of this number was Sir I$aac Newton (whose caution was almost as disttngnishing apartof hischaracter as his invention)^ especiaUy. after he w^ that this Uberty was growing to so great a height. In demonstrating the grounds of the method of fluxion*, he avoided them,e8tablishingitinawaymore agreeable to the strictness of geometry. He considered magnitudes as generated by a flux or motion, and showed how the velocities of the generating motions were to be compared together. There was nothing in this doctrine but what seemed to be natural and agreeable to the antient geometry. But what he has given us on this %ubjectbeing veryshort^hisconcisenessmay be supposed to have givensome occasion to the objections which have been raised against his method. When the certainty of any part of geometry is brought into question, the most effectual way to set the truth in a full light, and

  

  
    Page 36
    

  
  
    The text on this page is estimated to be only 28.80% accurate
    I XNTRODUCJIOir. S and to prevent disputes^ is to deduce it from'aiioms of first principles ofunexceptionableevidence^by demonstrations of the strictest kind^ after the manner of the antient geometricians. This is our design in the following treatise ; wherein we do not propose to alter Sir Isaac Newton^s notion of a fluxion^ bat to explain and demonstrate hismethod,by deducingit at length from a few self-evident truths^ in that strict manner : and, in treating of it, to abstract from all principles and postulates that may reqiure the imagining atiy other quantities but such as mi^ be easily conceived to have & real existence. We shall not consider any part of space ol time as indivisible, or infinitely little ; but we shall consider ^ojnt As a term or limit of a line; and a moment as a term mc ttaii of time : nor sbaU we resolve curve lines, or curvilineal spaoes^ into rectilineal elements of any kind. In delivering the principles of thismethod. We apprehend it is better to aVoid such suppositions : butafter these are demonstrated, shortand concise waya of quaking, thoughless accurate^ may be peimitted, when ther^ is no hazard of our introducinj; any uncertainty or obscoriiy into the science from the use of them, or of involving Wiu. ^^^iites. The method of demonstra^ lion, which was invented by the author of ftu^Vonc^ is accurate and elegant ; but we propose to begin with one that is some^ what different ; which, being less removed firom that of the an-* tients, may make the transition to his method more easy to be^ ginners (fbr whom chiefly this treatise is intended), and may obviate some objections that have been made to it. But, before we proceed, it may be of use to consider the steps by which the antients were able, in several instancies, from the' mensuration of right-lined figures, tojudge of such as were bounded by curve lines ; for as they did not allow themselves to resolve curvilineal figures into rectilineal elements, it is worth^ while to examine by what art they could make a transition from the one to the other : and as they were at great pains to finish their demonstrations in the most perfect manner, so by following their example, as much as possible, in demonstrating a method so much more general than their's, we may best guar4 against exceptions and cavils, and vary less from the old foun-. dations of geometry. As They
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    Thejr lowid^tlisi libiilar triangles are to eadi cfUier in tbe dn^ pUcate ratio of dicir homologous sides ; and, by iesol?ing similar pdjygons into similar triangles^ the same proposition was ex^ indad to these potygons also* But when thej came to oom^ pane cumUneal figiirq^ that cannot be resolved into rectilineal parts^ this method failed. Ordes are the only curviHneai plane fgures considered in the ek&Khts t>f geometry. If they could have allowed themsehes to have c«nsidered these as similar pofygoos of an iafimte ttvmbcfi of sides (as soh^ have done who pretend to abridge their dononstrationsX after proving that any similar polygcfns injicribed in circles aie in the duplicate ratio of ^e diametosy they would haveHlmmediately extended this to Ae ohcks themselves ; and wbi^ have considered' the second proposition of the twelfth bbok^ tl^eSlements as an easy co«* itoQaiy firom the firM« But there* is grpund to think that.they^ would not have adnutted a demonstration of thiskind. It was a-' ^damental principle with them, thok the difference of any two unequal quantities, by whichthe greater exceeds the lesser^may he added to itself till it shall exceed any proposed finite quan-i tily of the same kmd : and that th«f founded their prapositiona aonoaming omvittaeal figures upon this principle in a particular manner^ is evident from the demoqstrafciDnsy Imd from the express declaratioa of Archimedes who acknowledges it to be th^ foundation upon which he established his own discovoies*^ i^d cites it as assumed by the antients in demonstrating all their propositions of this kind. But thia principle seems to be inconsistent with the admitting of an infinitely little quantity or ^SkiSGoxx, which^ ijdded to itself any number of times^ is never #uppos!^ to hficoiM equal to any finite quantity whatsoever. They proceeded th^acefoze in another manner^ less direct indeedj but p^];fectly evidsat* They found, that the inscribed si* 9iilar poIygo94^ by increasing the number of their sides, continually approached to the areas of the circles ; so that the decreasing differeixoes betwixt each circle and its inscribed polygon, by still further and further divisions of the circular arches which t9ffiS^ Mrfvm Irl rS rfiyvMi, l?c* Archimcd* de quadr^parab. adDofith. the
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    IlTTJtODVCTIOir* I the sides of the polygons subtend^ could Become less than any quantity that c^n be assigned : and tfaatdl this while the similar polygons observed the saine constant inyariabte proportion to each other^ viz. that of the sqniures of the diameters of the circles. Upon this th^ founded a demonstration^ that the pro* portion of the circles themsehres coald be no other than that sam^ invariable ratio of thesimilar inscribed polygons ; of which we shall give a brief abstract^ that it may appear in what maimer they were able^ in this instance^ and some others of the same nature, to form a demonstration of the proportions of carvilineal iigures, from what they had aheady discovered of rectilineal ones. And that the general reasoning by which they demon* strated all their theorems of this kind may more easily appear^ we shall represent the cii*cles and polygons by right lines, in the same manner as all magnitudes are expressed in the fifUl book of the Elements. Suppose the right lines AB t> -d r\ -d tx and AD to repr^ent the two A Pj^B QEgD areas of the circles that are * compared together ; and let AP, AQ represent any ^mo simflat polygons inscribed in these circles. By further eoQtinual subd»« visions of the circular arches which the sides of the polygons subtend, the areasof the polygons increase, andmay q>pioach to the circles ABand AD so as to differ from them by less than any assignable meastire; the triangle which is subducted ftom each segment at every new subdivision being always greater than the half of the segm
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    6 INTRODUCTION. polygon A;. ' Then, since AP is to AQ as ABis to AEby the supposition, and the polygon hip is to the similar polygon A^ as AP is to AQ; it follows^ that AB is to AE asApisto A^ ; and that the cirx;le AB being greater than Ap, a polygon inscribed in it^ AE must be greater than Ay. But A j is supposed to be greater than AE \ and these being repugnant, it follows, that the polygon AP is not to the polygon AQ as the circle AB is to any magnitude (as AE) less than the circle AD. For the same reason, AQ is not to AP as AD is to any magnitude (as AF) less than AB. From which it follows, that we cannot suppose AP to be to AQ as F p B E 5 D t AB is to any mag^ — I — I ^ nitude Ac greater than AD ; because if we take AF to AB as AD is to Ae, AF will be less than AB, and AP will be to AQ as AF less than AB to AD ; against what has been demonstrated. It follows, therefore, that AP is not to AQ as AB is to any magnitude greater or less than AD ; but that the ratio of the circles AB and AD to each other, must be the same as the invariable ratio of the similar polygons KS and AQ inscribed in them, which is tl^e dupUc^te of the ratio of their diameters. In thesame manner the antlents have demonstrated, that pyramids of the same height are to each other as their bases; that spheres are as the cubes of their diameters, and that a cone is the third part of a cyUnder on the same base and of the same height. In general, it appears from thisdemonstration,, that when two variable quantities, AP and AQ, which always are in an invariable ratio to each other, approach at the same time to two determined quantities, AB and KS^y so that they may differ less from them than by any assignable measure, the ratio of these limits AB and AD must be the same as the invariable ratio of the quantities AP and AQ: and this may be considered as the most simple and fundamental proposition in this doctrine, by which we are enabled to compare curvihAeal spaces in som^ of the more simple cases. This

  

  
    Page 40
    

  
  
    IKTRODUCTIOK. 7 This general principle may serve for demonstrating many other propositions^besides the elementary theorems already mentioned. For example^ let ADB (p/.l ^^g.l) be ja semicircle described on the diameter AB^ ABB a semiellipse described on the saine right line as its transverse axis ; let AF6B be any polygon described in the semicircle; and let FN^ GM^ perpendicular to AB^ meet the semiellipse in H and K^ and the axis in N and M» Because any ordinate of the circle is to the ordinate of the ellipse on the same point of the axis as the transverse axis is to the conjugate^ it follows^ that the triangle ANF is to the triangle ANH, the trapezium FNMG to the trapezium HNMK> the triangle GMBto the triangle KMB^and the wholepolygon AFGB totbe polygonAHKB^nthesameconstantratioofthe transverse to the conjugate axis. Bisect the arch FG in D, and the triangle FDG will be greater than half the segment in which it isinscribed. Let the ordinate DI meet the ellipse in E^and the triangle HEK will be also greater tha^ half the elliptic segment iq which it is inscribed ; for it is obvious that the right lines GF^ KH produced meet the axis in the Mme point R^ and that the tangents at Dand E meet it In the same point T ; con»c
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    8 XKTRODUCTIOK* area NFDGM in the circle to Uvs area NHEKM in the dJ6pe. From which it follows^ that if C be the oommoa center of th« cir-cle andellipse^the trianglesCFN/^HNand thetrianglesCGMt CKM being to each other as tllfe tranverse axis is to the conju* gate^the sectorCFDG in the cirdemijst be to the sectorCHEK in theellipsein the same proportion. Let the diameter CE meetits ordinate HKin P,and CP being to CE as CR is to CT,or as CQ is to CD ; it appears^ that when the ratio of CP to the semidia^ meter of the ellipse CE is given^ then CQ is given> and therefore the sectorCFDGisofadeterminedmagnitude; consequent^ ly the elliptic sector CHEK^ and the segment HEK^ must each be of a determined invariable magnitude in the same ellipse^ when the absciss CP is in a given ratio to the semidiameter CE. The triangle CHK> and the tri^>ezium CH^K (formed by the semi-' diameters CH^ CH, and the tangents H^^ KO^ are also given in magnitude when this ratio of CP to CEj or of CE to Ct, is given* In general^ if uponany diameterproduced without the ellipse^ any number of points be takeny on the same or ondiflferent sides pf the center^ At distances from it that are each in some given ratio to that diameter ; and from these points tangents be drawn to the ellipse in any one certain order; the polygon formed by these tangents is always, of a given magnitude in a given ellipse^ and is equal to a polygon described by a similar construction about a circle^ the diameter of which is a mean pro-^ poitional betwixt the transverse and conjugate axis of the ellipse. The polygon inscribed in the eUipse by joining the points of contact^ and^ the sectors bounded by the semidia** meters drawn to these points^ are also of given or determined magnitudes ; and the parts of any tangent intercepted betwixt the intersections of the other tangents with it^ or betwixt these intersections and the point of contact, are always in the ^ame ratio to each other in the same figure. There is an fLnalog04s property of Uie other conic sections. When Archimedes demonstrated, that the area of a circle is equal to a triangle upon a base equal to the circumference pf the ci^cle^ of a height equal to the radius, it was not by sup^ posing
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    I)S.T1L01>VCTI0S« ' O ponng it tocomcide with a drcmmcribedequikteralpolygon of aniofiQite rnunber of sides^butina more accurate and unexceptionable manner. Let bd (fig. 2), the base of the right-angled triangle^ cAd, be supposed equal to the circumference of the circle ABD^ ah equal to the radius CA^ EFGH any equilateral polygon described about the circle^ ABDK a similar polygon inscribfsd in it^ and let CQ perpendicular to AB meet it in Q. As the circumscribed polygon £F6H is greatei" than the circle^ so it is greater than the triangle abd; because it is equal to a triangle of a height equal to CA or ab, upon a base equal to the perimeter £F6H^ which is always greater than bdxhtcixcamf ference of the circle. The inscribed polygon is less than the circle, and it is also less than the triangle abd, because ft b equal to a triangle of a height equal to CQ (which is less than CA or ab)f upon a base equal to its perimeter AB^K, wfaichis less than the circumference of the circle bd. Ther^ore the circle and the triangle abd axe both constantly limits betwixt the external and internal polygons EFGH/ABDK. Let the arch AB be bisected in U «n4 th^ tangent at L meet AE, BE, in M and N; and the angle ELM being ngka^BM mustbe greater than JiMor AM^ the triangle ELM greater than ALM^EMN greater thanthesumofthetrianglesALMjBLNyand consequentlygreater than half the space EALB bounded by the tangents £A, EB, and the arch ALB : firom which it fallows (by the 1.10. Eucl. the foundation of this method), that the circumscribed polygon may approach to the circle so a»to exceed it by a less quantity than amy that can be assigned. The inscribed polygon may also . i^tproach to the circle so as that their difference may become leas than any assignable quantity, as is shown in the Elements, Therefore the circle and the triangle abd, which are both limits betwixt these polygons, must be equal to each othen For, jf the triangle abd be not equal to the circle, it must either be ipreater or less than it. If the triangle abd was greater than the circle, then, since the extemalpolygon, by increasing the number of its sides, might be made to approach to the circle so as to exceed it by a quantity less than any difference that can be supposed to be between it and the triangle a&c^; itfollows,thatthe lUit^nuJ polygon fli%bit bccoiM ksi than thattrian^^ against what
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    10 rNTRODXrCTIOK. what has been demonstrated. If the triangle a&d was less than the circle, then the inscribed polygon, by being made to approach to the circle, might exceed that triangle : which, by what we have shown, is al$o impossible. In general, let any determined quantity AB be always a limit betwixt two variable quantities, AP, AQ, which are supposed to approach continually to it and to each other, so that the difference of either from it may become less than any assignable quantity, or so that the ratio of AQ to AP may become less than any assignable ratio of agreater magnitude to a lesser. Suppose also any other deteimined quantity ai to be always a limit betwixt the quantities ap A  P e B E Q and aq; and, aq being always equal to AQ, or less than it, let a/i be either m  ' p b ' q equal to AP or greater than it; then shall these limits AB and ah be equal to each other. For, itab was equal to any quantity A£ greater than AB, then, by supposing the ratio of AQ to AP to become less than that of AE to AB, the ratio of ap to AP would become less than the ratio of ah to AB: but since aq is always greater than ab, and APIess than AB^ the ratio of aq to AP is always greater than the ratio of 4f6 to AB; and these being repugnant, it follows that ab is not greater than AB. Ifab was equal to any quantity Ae less than i\ B, then, by supposing the ratio of AQ to AP to become less than that of AB to Ae, the ratio of AQ to ap (which, by the supposition, is either equal to AP, or greater than it) would -become less than that of AB to ab : but since AQ always exceeds AB, and ap is always les than ab, the ratio of AQ to ap must be greater than that of AB to ab; and these being re* pugnant, it follows that ab is not less than AB. These limitSE, therefore, AB, ab are equal to each other. I II this manner Archimed^i demonstrates the fourteenth proposition of the first book of his admirable treatise concerningthe ssphere (ind cylinder. I^t Dhba (fig. 5) be an upright cone, D the
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    IVTRODUCTIOK. , 11 the yertez^ C the center, and CA the radius of the base. Let KI be a mean proportional betwixt DA^ the side of the cone, and CA the radius of its base ; and the convex surface of the cone shall be equal to a circle of the radius KI. Let LMNS be any extemal*equilatera] polygon described about this circle, hnns a similar polygon inscribed in it ; EFGH a similar polygon described about the base of the cone; efgh a similar polygon described in it : then the surface of the pyramid DEFGH, which is described about the convex surface of the cone, shall be to the polygon EFGH as DA is to CA, or as the square of KI ia to the square of CA, or as the polygon LMNS is to the poly* gon EFGH ; and therefore the surface of theextemal pyramid DEFGH, without the base, is equal to the polygon LMNS. Let CA, perpendicular to EF, meet efiuBj and BR, parallel to DA, meet CD in R : then the polygon Inms being to efgk as the square of KI is to the square of CA, that is, as DA is to CA, or as BR is to CB ; and this being a less ratio than that of DB to CB, which is the same as the ratio of Defgh, the surface of the internal pyramid without its base, to the internal polygon efgh ; it follows, that the surface of the internal pyramid without its base is greater than the polygon Imm. The external polygon LMNS is greater than the circle of the radius KI, the internal polygon is less than that circle, and the ratio of the external polygon to the internal may become less than any assignable ratio of a greater quantity to a lesser. The surface of the external pyramid DEFGH, without the base, is greater than the convex surface of the cone ; and the surface of the internal pyramid Jhfgh, without the base, is less than it. Therefore by substituting, in the general demonstration of the last article, the circle of the radius KI in place of the quantity AB, the external polygon LMNS for AQ, the internal polygon bnm for AP, the convex surface of the cone for ab, the surfaces of the external and internal pyramids without their bases for aq and ap ; it will appear, that the convex surface of the cone and the circle of the radius KI are equal to each other. We have given so full an account of this demonstration, therather;^ that a part of it has been sometimes misrepresented. It
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    m IVTRODVCTIOir. It ismuch in thesamemanner thathedenionstrates the thhtjr* Sr8l> fortieth^ and forty^first, or, according to the celebrated Dr* BmrT1ar8 &, BA, ¥fiato the diameter AD as D£ is to AE. From which it follows, that the surface generated by the revolution of the internal p and GM the diameter X of
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    of tlie ciicle described aboat diat polygon. Because DE is lest than AD, but GM greater than AD, it folkyws that the surface generated by the perimeter of the internal polygon is alvrays kcs, and the surface generate by the perimeter of the external polygon is always greater Uian a circle of the radins AD, which (because AD is double of AC) is equal to four times the area of the generating circle. The surface of the sphere is also itself always a limit betwixt these inscribed and circumscribed sur&ces; and because the ratio of these surfaces to each other is thednplicate of the ratio of GH to AE, or of CO to CA, it appeara^ that by increasing the number of the sides of the polygons the ratio of these surfaces may approadi nearer to that of aqoality than any assignable ratio of inequaKty; therefore iy substituting, ip the general proposition demonstrated above, the aurfiace of the sphere m place of AB, the quadruple area of a great cirde in^'place of ab, the surfaces generated by the cir^uBascrihed and inscribed polygons for AQ and AF; andsupposiiig 419 and ap respectively equal to AQ and AP ; it will be evident tbat the suxface of the sphere fu^ the quadruple area of its generating circle are etpoA ibo 
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    14 IKTHOD|UCTIOV, with a radius equal to the right line AF. The surfaced^ th^e*-^ fore^ generated by arches terminated at A are as the squares of their chords^ or as their versed sines ; and parallel planes^ which divide the diameter of a sphere in equal parts^ divide the surface of the sphere into equal parts at the same time. From these propositions^ it is easy to see how he was able to compare the sphere itself with the circumscribed cylinder or inscribed cone. Let CP, perpendicular from the center on AE, the side of the polygon^ meet it in P; then the solid generated by the revolution of the triangle CAE being equal to a cone of the height CA upon a base equal to the circle generated by the perpendicular EQ, and this circle being to the surfiBM^ generated by the revolution of the chord A E as the squaie of EQ is to the rectangle contained under AE and EQ, that is, as EQ is to AE, or CP to CA, it follows (such cones being equal as. have their heights and bases reciprocally proportional), that the solid generated by the revolution of the triangle CAE is equal to a cone upon a base equal to the surface generated by AE of a height equal to CP, LetBEproduced meet the axis in T; and, for the like reason, the solids generated by the triangles GET CBT shall be equal to cones upon bases respectively equal to the surfaces generated by the revolution of the right lines ET and BT, of the height CZ equal to CP: so that their difference (or the solid generated by the triangle CEB)must be equal to a cone of the height CP upon a base equal to the surface generated by the right line EB. In like nianner, the solid >generated by the revolution of the whole inscribed polygon is equal to a cone of the same height CP upon a base equal to the surface generated by the perimeter of the polygon, which we have shown to be always less than four times the area of a great circle of the sphere. For the same reason, the solid generated by the revolution of the external polygon GHKLM is equal to a cone of the height CO or CA, upon a base equal to the surface generate cd by the perimeter of that polygon, which, by what has been demonstrated, is greater than four times the area of a great circle of the sphere. A cone, therefore, upon a base equal to four times the area of a greatcircle of the sphere, of an altitude equal
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    IlTTBODtrCTIOV. iS %qual to th^ radius^ m always a limit betwixt the solids generate ed bj the external and internal polygons. The sphere itself is abo a limit betwixt these solids ; and their proportion being the triplicate of that of GH to A£, or of C6 to CA, which may approach nearer to a ratio of equality than any assignable ratio of inequality ; it follows^ that the sphere is equal to such a cone^ or to four times a cone that has its base equal to the generating circle^ and its height equal to the radius ; and that the sphere is to the circumscribed cylinder as two is to three. The sector of the sphere generated by the revolution of the sector of the circle CA£ is shown^ in like manner, to be equal to a cone upon a base equal to the portion of the spherical surface generate ed by the arch AE (or the circle described with the radius AE), of a height equal to CA the radius of the sphere. These are the thirty-second and forty-second propositions of the same excellent treatise. If we suppose the semicircle and semiellipse to revolve on their commonaxia AB(/ig. 1 J^and togenerate a sphere and spheroid; then the conegenex^tedby OaPDtvvm^ AFNshallbe to the cone generated by the triangle AHN in the dupiMsaU:^ xatio of FN to HN> or of the axis AB to its conjugate ; because cones of the flame height are as their bases. And in the same manner it appears, that the soUd generated by the revolution of any polygon AFOB^ inscribed in the circle^ is to the solid generated by the levofaition of the correspondingpolygon AHKB, inscribed in the ellipse, as the square of the axis AB is to the square of its conjugate. The solid generated by the tri^gle TID is to the solid generated by the triangle TIE as the square of ID to the square of IE, or as the square of the axis AB to the square of its conjugate : and if any polygon be described about the circle, and a polygon be also described about the ellipse, so that the points of contact in the circle and ellipse be always in the same perpendiculars to the axis,, the solids generated by these. polygons shall be to each other in the same proportion. By supposii^the circumscribed and inscribed polygons in the circle to be equilateral, and to have their corresponding sides parallel, it may be demonstrated; that the sphere b to the spheroid in the dupli �
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    1$ iVTllODVCTtOir. duplicate ratio of the airis AB to its conjngaiej and that the mm Hds generated by the spaces VHMQ, HNMK aie in the same proportion. The spheroid^ therefore^ is quadruple of the cone of a height equal to hcdf the axis AB, on a base equal to the circle described upon the conjugate &xis as its diameter. As the segment of the ellipse HEK^ and the triangle HEK^ are of a determined invariable magnitude in a given eDipae^ when the ratio of CP to C£ is given ; so the portion of the spheroid (generated by the ellipse revolving on its axis AB) which is cut off by a plane through HK perpCT i» ifluslrated by coaqpavi^ the tii« angle with the parattetegrua of the some beight and baae ; and what behas^demonstrafeedof thestdsaof the aqmesof the teoM N com-*
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    Xi^TRODITCTIOlf. tj .. - . ■ ' ^ompiaiied with the square of the greatest term, maybe illustrated hy the proportion of the pyramid to the prism^ or of the eone to the cylinder, their bases and heights being equal ; and by the ratios of certain frustums or portions of these solids^which ^ay be deduced from the elementary propositions. The base ABof the rectangle ABCD (/fg. 5^ being divided into Any nnmberof equal parts, AE, EF, FG, GB, and the perpendicufere ET, TV, 6R, being drawn meetingAC in H, I, L, and CD in T, V, and R; the rectangles AH, EI, FL, GC may represent a progression of terms that constantly increase by a common diffoence equal to the least term AH. The sum of these rectangles form the figure AKHMIPLRCB, which is described about the friangleACB, and is always greater than the triangle: their sum without the greatest term GCis equal to the figure EHNIQLSB, which is inscribed in the triangle, and therefore is always less than it. The rectangle ABCD is the sum of as many terms equal to the greatest GC,asthereare terms. And as thetriangle ACB^ or one half of the rectangle ABCD, is always a limit be^ twixt these circumscribed andbi«cribed figures ; so, in general, i£ the greatest term of any progression of thiskmd he taken as often as there are terms, then one half of the quantity tl^at ii thus produced shall be always a limit betwixt the sum of all the terms^ and this sum without the greatest term; which coincides ifith the first proposition of the treatise of conoids and spheroids. Suppose the same figure to revolve upon the axis AB, and while the triangle ABC generates a cone equal to the third part of the cylinder described by the rectangle ABCD, the rectangles AH, EI, FL, GC generate cylinders of equal heights ; which are therefore as the squares of the right lines EH, FI, GL, BC, that increase constantly by the same difierence equal to the first tierm EH. The sum of these cylinders, or the solid generated bythefigiure AKHMIPLRCB circumscribed about the triangle ,ABC, always exceeds the cone generated by that triangle : Their sum without the cylinder generated 'by- the rectangle GC, being equal to the solid generated by the inscribed figure EHNIQLSB,i8 always less than the same Cone. The cylinder 'V
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    iq XSTTAODUCTIOV* g^crafted by tlie lectangle ABCD is the sum of as many (yji^m deis^gaal to that geoerated by GC, as there are terms. ^4 fui the cone generated by the triangle ABC^ or osie third part of the cylinder generated by ABCD^ is always a limit b^w?xt \hm solidsgenerated by the figures AKUMIPUiCB,£HNIQf^6i so^ in general^ one thirdpart of the quantity that is produced by ^ling the square of the greatest term of any prqgir^s^op Qfl|iis kind as often ^ theFe are term^ is alwftys a limi{^ betwixt (ba fvns of the squqaes of sjlH the termSj, and the saqie sip| yi!Pt4iQ|]|t the square of the greatest t^nu. Archimedes dqfio^^^t^. this proposition in a general way^ and by it tb^ pfRpoi^tkm 9i the area of his first qpiral line to &e circumscribed cirde. But pappus^ makes use of the ratio of the cone to the cylind^ for the same purpose : and since we have the example of sq accurate an authorjr we sht^l proceed to describe ArJUmediU*^ Q\hw Iheojreins of thisk ind in the same maimer. The eleTenthpcopositionQf the treatise conoeming spiralliQea §ppeaxs£ram comparicfgibe cylindergenerated by theractangl^K. EBCTwith the firustom of a cone generated by the tra^ppzium £BCH,andwithth«3soIidsgeneratedbythe^g^r^£MIPLRCBA EHNIQLSB> the former of which is always grea^r than th^fc fnistumi and the latter less than it. For the cylinder generated by the recti^gle £BCT is to the iT^st^lm of a cone g^ae^ ratedby the trapezium EBCH^ as the square of BC is to tb^ rectangle contained under the right lines BC and £H added to one third part of the square of the difference of these lines. Ttie demonstration of which we shall subjoin^th^ratherthikt thisp]:09> position will be of use afterwards. Tfaerestoftheconstractionremuningasinthe5thfigiii6 (figS, pL £), let £S parallel to AC.andHZparallel toA9^meetSCio$ andZ; and^ supposing BX to be a mean pioportipni^ betwixt BC and EH^ or BZ^ complete the paraUelogram EBXY., Thm let the rectangles EBCT, EBXY, by revohrmg aa the a»^ ABx generate the cylinders TCct, YXxy, and the triangles AB& * Colkct MaUicni, lib. 4. piop. SI.
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    AUtI, AET, EdC, EBS, EdX, BBZ geaerate tUe cones ACc^ KHh,ATt, ECV;,ES/,EX^, fiZz^ ami thesdiidgenei-aled bjth^ ' psffallelo^ani ESCH shefl be equd to the cylinder YXxy i as may b^ ^own from thb knovni proposition^ that the cabe Of BC exceeds the two cubes of BZ aiMl' CZ (or BS) by thre4 times the parellelepipedon upotk the Mjuare of BX of the heighi (7Z : iTOni which it f(^w9^ thai the cone ACc exceeds th^ tones ARA^ ESlby a solid ^ilal to tiie cylinder YXxy. Thi same theorem ma.y beddoioAstrated firdm Uie tSbeactietitBiij propositions thus : the solid generated hj the parallelogram ESCit 18 the sum of these which axe generated by the triangles ESC mad ECH. Tfart wkic^ is gkmm^ hy tSC is equal to the exc€!Bs of twice the cone £X^ aborve the cone EZa, because the mjtiaM of ^ <7- fi- £ttclO add«d to the sqtilsr^ ^BZis^qual far two rectlkBgles under BC and BK (or twic tfaet(i£!te« «ice of BC and EH. It app^, ilierdoie> that th6 cylii^deif generated by the rectangle EBOTis td the solid ^endmted by die figme BMfPLRCB in a lless pr
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    Jt IKTRODUCTIOVf lines BC and EH added to one. third part of ttie square of th«[ difference of these right lines. In general^ the quantity that is produced by taking the square of the greatest term (in such a progression as we described) one time less than the number of ^rms^ is to the sum of tiie squares of the terms without the square of the least of them in a less proportion^ and to the sum of their squares without the square of the greatest in a higher, proportion, than the ratio of the square of the greatest term to^ the rectangle under the extreme terms added to the third part of the square of their difference^ In like manner^ the third proposition Of the treatise concern* ing conoids aad_ spheroids jq>peaira by comparing the solid gene-> rated by the r^ctaiigle HZCT with those generated by the tri-. ingle HZCiind thf eg^res HMIPLR.CZ,NIQI^Z,reyolyingJ abflut the axis^^i supposing EB tp be divided in^o any equa^ parts EF, fQ^ G3.. For the solid generated by wy rectas^le,! NM beipg ^ the. solid generated by the rectangle NL as the (iifference of %ls( ;sqtiares of FI and EH i» the difference of the squares of Qhif^d £H> cm: as the rectangle containedunder. NI and the aum of 2EH and NI (€. 2. Eucl.) is to the rectangle, under WL and tlie $um of £EH and Wh, the solids* generate ed by the rect^iig]fes NM^ WP, ZR increase in the same pro^s portion as the q»ace$ described in that proposition, which are supposed to be applied on a given line, (as 2£H)^ and to exceei9 wbi^ it foi^ivs^ that the soGd geAerat^d by
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    the tectfiingk HC is to that which is generated by the figure UMIPLRCZ in a less proportion^ and to the solid generated by NIQI^Z in agreater proportion, than that ratio. From this and the preceding theorems Archimedes deduces many propositions nelating to conoids and spheroids, and various portions of 4he8e8olids ; themost considerable of which may bedemonstrat^ ed in the following manner, that differs little from his own me^ thod^andmay possibly be thesameby which hediseeveredthem. Let AIC (fig, 7>) be a parabola, A the vertex, AB a part of the ajds, BC an ordinate; complete the rectangle ABCD, and the conoid generated by the parabolic area AICBaboUt the axis AB shall be equal to one half of the cylinder generated by the rectangle ABCD. Bycontinuallybisectingtheparts of theaxis AB, let it be divided into the equal parts AE, EF, FO, 6B ; and let the ordinates EH, FI, G Lmeet the curvein H, I, L, theright line DC m T, V, R> and the right line AC in X, Y, and Z. Complete the rectangles AH, FH, EI, GI, FL, GS, as also the rectangles AX, EY, FZ, GO, En, F^, and Gs ; and the cylinders generated by AH, EI, FL, GC, having equal altitudes^ we as their bases, or as the squares of the ordinates EH, FI, GL, BC, and therefore as the parts of the axis AE, AF, AG, AB, or as the rectangles AX, EY, FZ, GC. From which it follows, that the cylinder generated by the rectangle ABCD, the solids generated by the circumscribed figure AKHMIPLRCB, and the inscribedfigure EHNIQLSB, are in the same proportion to each other as the rectangleABCD and the figures AAXmYpZRCB,EXiiY;Z5B; and consequently one half of the cylinder generated by ABCD is always a limit betwixt the solid circumscribed about the conoid, and that which is described in it. The conoid itself is also always a Umit betwixt the same circumscribed and inscribed solids ; and the difference of these solids being equal to the cylinder generated by the rectangle GC, which, by continually Msecting the parts of the axis, may become less dito any solid that can be assigned : it follows, that the conoid generated by the paraboUc area AICB is equal to half the cylinder generated by the rectangle ABCD. If a parabolic conoid be cut by planes paraUel to each other, but oblique to the axis^ the sections are 1 B 3 similar
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    Ifi iNTao9VCtt0|r* yixnikr elapses ; aadi^JPfir^i^of tha^Qlid cvtoffbj^ob^ plane is ahowDji in like^manneiot to l^ ecpial to one. b«}f of a cyw linder of the same base and altitude. ■ ]^tCA^CBO^.$>jbe the semiaxifi of an ellipse AIB; com* plete therect^gte CADBi^^4i<>iii CIX I^tCAbedividedjbya continual bisectionxii^totbf equal paitsAE^EF^FGjGC; diW t^e or4^ate^^Ejilj, FI^ Qfi meetiag BD in T, V^R, mi CD m X, Y, Z ; complete the rectangles AH, FH, EI, GI, FL, CL, apd the xect^^Qgles DX, VX, TY, RY, VZ, BZ. Then, because the square of any ordinate EH is to the diiference of the f qnares of CA and CEas the square of CB is to the squareof CA^ iuud the difference of the i^uaves of AD (or ET) andEX isto the dilSerencje of the squc^es of CA a^d CE in the fame propor* tion ; it £q11ow% that the sqi^a^ of EH is equal to the diftareooi ^f the squares, of ET and EXj and that the circle described bgr ^H is eq;aal. tp the difference of the circles described by BT fndEX: so tjb^thecyUo^dergeiieratedby the rectangle AEHK inust be eqnaltpthe solid generated btjr the rectangle STXil. In like manner^ the solid gei^acated by Uie circumscribed figure AKHMIPLRBC k equal to that which is gweiated by the ^gure DAXfnXpZGCB;,. which always estoeeds the sdid diat la generated by the trjuaugle CDB ; and thesolid generated by the inscribed figure EHNIQI^C is equal to that which is generated by the figure T^ftY^ZsB^ which is always less than the solid generated by that triangle* Therefore the dolid generated by the triangle CDB and the part of the spheroid which is genera^ ted.by the elliptic area AIBC are constaotly limits batwizt the 9ame circumscribed and inscribed 8olid3 » and dke diffsrencie ol these solids, bein^ equal to the cylinder generated by the reo* tangle BGjiyhichjby continually bisecting the parts of the axis^ may become less than any solid that can be assigned ; it appears^ that the solids gei^ated by the elliptic area AIBCnsnd the tii* angle DCB are equal, and that the portion of the qfdieroid gtterated by the elliptic area A EH is equal to the solid generated by the tiriangle DTX revolving about the axis AC. But the sc^ generated by the triangle DX/r, by what has been demonstrated, is to the solid generated by the sectangle DTXk (or the cyllndar . » -generated
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    fdtentt^ bjr ABIIli^) as tbe ifam of EX and one Aird part o^ TXkfoibe sam efflEXand TX^ or as Ae sum of CA and 4Cfiistothe triplesnmofCAttidCB; and therefbre the portion of the spheroid generated by the elliptie area AEH is to like inscribed cone generated by theteiangle AEHas the stun of flCA and CEisto the sam , CB an ordinate meeting OD in e and Dd parallel to the axis kkd; let e/^ B6 parallel to the axis meet AD iny and A, and the iPest of the construction be similar to that of the eighth figure. The square of any ordinate EH being equal to the difference of the squares of EX and ET, the circle described by EH is equal to tfie difierence of the circles described by EX and ET, B4 the
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    M IlfTEOBUCTIOir. I the cylinder generated by the rectangle AEHK eqaal ta the solid generated by the rectangle DTXA ; and^ in like manner, the solids generated by the whole circumscribed and inscribedfigures AKHMIPLRBC^EHNIQLSCarerespectivelyequal to thq solids generated by the figures DAXi»Yp2^£{2^ TXaY^ZkZ, JProm which it follows^ that the solid generated by the triangle J)de is always a limit betwixt the solid generated by the figoie described about the hyperbolic area> and that which is generaled by the figure described in it. The portion of the conoid generated by that area is always a limit betwixt the same solids : and the difference of these soUds beingequal to the cylinder generated by the rectangle GB^ which^ by continuing to bisect^ the parts of the axis^ may become less than any soUd that can he assigned ; it appears that the portion of the conoid generated t>y the area ABC is equal to the solid generated by the triangle Dde. But this solid^ by what has been demonstrated, is to the solid generated by the rectangle Dclef, or cylinder generated by the rectangle Cb, as the sum of eAD and Ce is to the triple sum of AD and C^; and therefore the conoid generated by the hyperbolic area ABC is to the inscribed cone generated by the triangle ABC as the sum of 2AD and Ce is to the sum of ADt and Ce, or as the sum of 20A and OC is to the sum of OA and OC. Any portion of the conoid cut off by a plane oblique to the axis, is to the inscribed cone in a like proportion ; as may. b^ demonstrated much in the same manner. The following general theorem comprehends the preceding propositions, and several others of the same kind. It contains ai property which extends to all the solids that can be generated by ally conic section revolving upon its axis, including the sphere and cone, and may be of use in mensuration. A frustum or portion of any such solid terminated by any two parallel planes, and a cylinder of the same height with the frustum upon a base equal to the section of the solid made by a parallel plane that bisects the altitude of the frustum, differ from each other always by the same magnitude, in the same or in similar sotids, when the inclination of the planes to the axis and the altitude of the fiiistqm are given. In the parabolic conoid this differenci^ vanisheiij
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    r maiAeB, the frostutn bong always equal ia a cylinder of th« same height upon the aection of the conoid that bisects tlie altitude of the frustomj tfDd is parallel to its bases. In the sphere, the £tistiim is always less than the cylinder by one fourth part of » right angled cone of thesameheightwith the fnistum^or by one half of asphere of adiameter equal to thatheight : and this dif
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    i8 li^Tftddmvtoiri Added to Ihfe ^iffkife 6f ftZ  by 6TAt fourth part of liie ddite geherMed by the tiim^ gle EBS. Bill thii excess is dlw&ys of the sdiM ibaghitiide^ hi th«- saaie or* lA similar coae^^ iVhen EB^the Altitude of tiie frda^ tusakk ii^giv^il : ihetetate, iFa eMeistutby ilueeplaties perpen^^ di
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    lllTRO0UCTf«V. 9f ftfe^ EHL6 U eqqiJ to thfc solid generated by the flapezhut XXZi*^ aiid tile cylinder geaerated by tbe rectai^ EMQQ 10 equal to tke B^iid geoeiated by the rectangle Ttgm; and iheiefioore the diffsience betvrbrt the fimitum and cylinder ia thfe same as m the cone generated by the triangle OCtf revolving cm the same axiSj the altitudes of the fnistams being eqnal. And by a similar demonstlraticHi this property isextended toaa^ fm* turns of these solids temiuiated by partdtel planes obhqiie to the axis of the generating figure. BattDietttrnto^rcAimeiJes. HewaBthefintwfadwasabletO give the exact quadratiire or mensnrafcion of a space bounded by the arch of a curve and a fight line^ by demoaslratingf that if ABC(p2.3|/fg. ld> be 1^ segment of apdrabQh^and1>Bpatal« Id to tite aads of the fignie bisectb^ the base AC in D rneei dsa cnrve in B^ the segment is to the insoibed triang^ ABC as fims ^ to tbiee^ or is etpHX to the lanangle ACtt^ the j%ht Ihse Cm parallel to the axis being to BD in that prQt>ortiosi. Hia de^ monstration may be repreaented in the following manner. Let the base AC by d continaal bi8eM^B>N^F^V. Then, if RP pass thl^ough the division of 4ie base that is next to the point A^ and meet Aa in^42» the figmta APHMBNFVC mscribed in the parabohe segment sh*H be al* vays ec^oal to the trapeaiam CRda, as we shall dicnr afterwards. By eobtuming to bisect the pairts of the bose AC^the paintR thai apfMroaeh to A». and the trapezinm CRd!ix to die triangle GAa^ so that thor diffeience may become less than my quantity tintt^anbe assigned. Themscribed polygon APHMBNFVC ^ the same time approaches to the areaof theparaboBe aeg^ mtfat ABC, so that their difoence may also beconte less than ap^ quantity that is assignable ; fortbe tangent at H being paraUel to AB^ any triangle AHB mni^t be gieatet than half ther segprnani AHB m iAAch it is inseribed. Therefore^ theparabolic sflgmenA ABC and thset tiiangkr AaC am eqnal to each other* F^rif the triangle AoG sfaoold be supposed, to exceed tha para-hiAcsegiMiit ABC byaoyspace^asO;. then, since by con« tinning
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    ^ iSTRODVCTIOir. tinuing the diviaons of the base AC the triangle ARd might become less than the space O^ the trapezium CRda, by ap» preaching to the triangle CAa so as to differ from it by a q)acQ less than O^ might exceed the parabolic segment ABC ; and the polygon APHMBNFVC, which is always equal to the trapezium CRda, might exceed the parabolic segment in which it is inscribed; which isabsurd. If the parabolic segment should be supposed to exceed the triangle ACa by any space O ; then, since by continuing to bisect the base AC the inscribed polygon might approach to the parabolic segment so as to differ from it by a space less than O, this polygon might exceed the triangle . CAa. But the inscribed polygon being always equal to the trapezium CRda, and the point R being always betwixt A and C, the polygon must be always less than the triangle CAa ; and these are contradictory. Therefore the parabolic segment ABC and the trian^e AaC are precisely equal to each other^ or the segment ABC is to the inscribed triangle ABC as Ca is to BD, that is^ as four is to three. We supposed^ that the inscribed polygon APHMBNFVC ia alwap equal to the trapezium CRda. To complete the de« xnonstration^ let DB bisecting AC, GH bisecting AD, RP bisecting AG, meet Aa in the points by c, d, respectively ; let GH, > RP meet AB, AH in L and / ; and let HQ parallel to AC meet BD in Qy and Tq parallel to AB meet GH in q. The triangle ABC is equal to the trapezium CDba ; because the triangle ACa is to the triangle ABC as Ca is to BD, or as four is to three : and the triangle ACa being quadruple of AS)b, it is to the tra*' pezium CDba in thesame proportion of four to three. The sum of the triangles AHB, BFC is equal to the trapezium DOcb ;^ because the sum of these triangles is to the triangle ABC as HL (or BQ) is to BD, or as the square of HQ (or GD) is to the square of AD ; that is^ as one is to four : and the trapezium DGcb is to the trapezium CDba (or the triangle ABC) in the same proportion. Inlikemanner^thesumof thetriangles APH, • UMB, BNF, FVC is equal to the trapezium GRrfc ; because tlie sum of these triangles is to the sum of the triangles AHB, Bf C as P/ (or H;) is to HL, or as^the square of ¥q is to thesquax**
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    . WTKoi^trctiair. f§ «4ii^ie of AL; or as Ike square of R6 is to^the square of AG) •tiiat is, as one is to four: and the trapezium GR<2c is to the irapesauux DGcb (which is equal to the sum of the triangles AHBj BPC) in the same proportion. Thus it appears, that the sum ^f the triangka which are subducted from the parabolic segments, and acUed to the inscribed polygon at every new biseo jjoa of the parts of the base AC, is always equal to the trape* xium that is at the same time added to CRiaby iMsecting AB,, the part of the base neact adjoining to the. point A ; and there^ fore the polygon APHMBNFVC inscribed in the parabolic aegment islalways eqnil to the trapeaum CRda terminated by 4he gi¥^R r^ht line Ca and a parallel Ri2 drawn through R^ the divi^n of the base next adjoining to the point A. Thia irapeziam CRda approaiches continually to its limit, the triangle -CAa ; the inscribed polygon at the same time approaches to the paraboltc segment, it» limit ; and these are equal to each othefj as we have demonstrated. After all the methods that have lieen proposed for danonstrating thequadratureof theparabola. Ibis, which we bavededcribed from the inyentor, seems to hare a particular elegance* On this ocgmIou. he shows how to find the sum of any number of terms that decrease constantly ia the proportion of four to one ; and, by this example of a geo* metrical progression (as it is commonly called), opened up a, subject which has been treated at great length by the modem Geometriciatts* Archimeda having demonstrated the quadrature of the parabola, having also shown how to approximate to the area of the circle and dlipse, and liow to compare spheres, spheroids,, and oonoids, or any portions of these solids, with given cylin«^ der» or cones ; there seems to have been nothing neglected by. him that was necessary to complete the mensuration of all the %nre8 then received into geometiy, and of the solids generated. by.tl^ean^ if it was not an^approximatipn to the hyperbolic areas.. But tibis does not appear to have been much considered by Geo* metricianfl,tiUtheanalogyof theseai^aswith the logarithms wai^ observed ; ^'the solution of the most diiHcult problems of this^ isinA was fouod to depend ou the . measures of arigles or the » ' areas
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    36 nvMimrcTmr. aieas of die fjrofe^ and the measores of nUoi or the a^^ liypesrbola. Beflides what velales to the circle aod. oook we* tioBB, end Uie Bolidfi generated bf th^>hehas gurenas atiea* lise coQcerning the qHral line which isdcttcrihed hj a poiiit mov* iaig with a given vekxnty ^liong & right liae that rerolves at the aametime with an uni6>i;iB iiagdiar motion about one ctf its ex* tieieiities. Theproportaofioftheareaof thigear^to the awA •f the circaBftBcribed ctrde is easily deduced froai the principka which have been already demcnsl^rated. m Let C (fig. 14> be thebeginiiitigof ihtgpiani, CB thentaa^ tionof the revolving ray at theb%iBitti%^f ^ Motiioa; and th€ angles ECA,ACB,BCD,DC£ being aqtud^etCA^CByCD^CE BieetthespiralinA^B^DaiidE: then, the angular motioa of the lay^ and the motion of the point that descfibeB the curve along tfie ray, benigbolh uniibrBi, the right Unes CA^ Cfi, CJ>^ Cfi must always increase by the same difference cipial to tfie fint line CA. From the center C describe the tiaiilar arches AQ> BI,i>L, BN, which meet C£, CA, CB^CDiaO, I, LaivdM withoat the spiral^ as also the similar arches AH, 3JL, DM that are aH irithin the spiral, and meet CB, CD, C£ in H^ K ami M. The spiral area CABDE is alwajs a limit betwixt the sam of the circQmseribed9ectorsCOA,CIB,€!U),CN£aadtIieaiiaa oftheitt8cribed8eGtor9CAH,CBK,CDM. The cixcfe described with the radius CE is the sum of as many sectass^ equal W the greatest CNE, as there are sectors ; and therefore (since the sectors are as the squares of CA, CB, CD, CE) mie thfadpste of the area of this circle is alsioa limit betwcrt the subbs oCth^i circumscribed and inseribed sectors. Thsiiill^Brenoeoftiie: of these sectois is equal to-CNE, which, by {naeeting the angka at C, may become less than any iqiaoe tfiat can be asBignfit ; from which it follows, that thespital ai:ea GABD£ is eqpial ta one third part of the circle of the radius.CE. In like mmmer^ the whole spiraLarea goieraled by th^ragrdniwa fram^thepiMipl C to the curve while it makes two levohiticatt, is the tfaaidpacC of a space that is doublec^ the circle descrpfaed with a ladias equal to 2CE; andthewholeareageaesatedbjrthe raj from tha beginning of the motion tall after any nnmber of sevobitioas,aa equal

  

  
    Page 68
    

  
  
    The text on this page is estimated to be only 3.22% accurate
    ■ f^llpl to t)k& t]^s#r4 0^41 fl|i«M;e tbai is the same mvhifle oS 
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    52 riitRODtrcTloir* atea PRr is to the sector CRr as the square o( Pit is to i!t0 square of CR, the area PFH is to CRr as the square of PF (or PN) is to the square of CR, or CN. But CRr is to CNQ $0 Rr is to NQ^ and therefore as the square of Cp is to the squaie ef CP^Joras the square ofpn is to the square of PN ; so that Ibe Area PFH is to the sector CNQ as the square of |m is to thcf iftquare of CN. The angle npu being equal to one half of the angle NCQ, the sector pnu is to one.half of the sector CNQ Iw the same proportion of the square of pnr to the square of CN s Therefore the area PFH is double of the sector pnu ; and, in the same manner, the area PK/*i8 double of the sector pqs. If ^e suppose the quadrants from the pole P to divide the arch A» into any number of equal parts, and to meet the spiral in any^ fwint^, HsTff, the right lines CN,CQ produced to the circle ptfr irill' divide the quadrant pnb into the same number of equal parts: and the spaces PFH inscribed in the area PF/aP being al» ways double of the sectors pnu inscribed in the segment jpnAp^ the spaces Pl^that are described about the spiral areabei^gttlwaysdouble of the sectors jp^s described about that segmenty and the difference betwixt the sum of th^ circumscribed and* inscribed sectors being equal to the greatest sector (which, by continuing to bisect the pairts of the arch Aa, or quadrant j^ni, may become less than any assignable quantity) ; therefore the area PFaP terminated by the spiral PFCpn6. From thissurface takeaway the part PZFii»iiP,andthereremaiii^ the surface PM ARaFZP(bounded by the quadrant PMA, the arch ARa, and the spiral PZFa) double of the triangle Cp6, and therefore equal to the square of the right line Cp. Suppose, for example, the quadrant PMA to make acomplete Involution in the s6me time th,at the \mxk\ which traces the spiral
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    I tKTAOD0CTIOK. $3 tftloA the surface of the gphese describes the quadrant^ which is the case considered by Pappia. Then^ Rj> being quadruple of Il^or NQ> Cp must be doable of CP^ and therefore equal to AB» the diameter of the sphere. The portion of the spherical siirfeoe terminated by the whde spiral, the drde ARBA and the quadrant PM A, is equal to the square  lence ARBA; and this axea is always to the qiherical triangle PAa^ aa the inscribed square is to the circle. It is demonstarated in the same manner^ that the area PZFP IS double of the segment /mti^. But the sector CAR is to the sector CPN^ aa the arch AR is to the arch PN^ and consequently^ as the square of Cp is to the square of CP^ or as the sector qm is to CPN ; so that the sector CAR is equal to cpn : and the spherical triangle PAR being double of the sector CAR^ it is also double of Cpn. From this ^herical triangle subduct the ai«a PZFP, and the remainder PM ARFZP must be double of the triangle Cpn. Therefore the portioa of the sphoricalaurlace» terminated by the quadrant PMA^ the arches AR> FR^ and the ^icalPZF^admils of apecfect quadrature^ when the ratio of (^ to CP, or of the arch Aa to the whole circumference, can be asffgned. We have now given a summary account of the progress that was made by the antients in measuring and comparing curvilineal figures^ and of the method by which they demonstrated aU liieir theorems oi this kind. It is often said^ that curve lines have baenconsideied by them as polygons of an infinite number of sides. But thb principle no where appears in their writings. We never find them resolving any figure^ or soUd^ into infinitely small elements. On the contrary, they seem to avoid such suppositions, as if they judged them unfit to be received into geometiy, when it was obvious that their demonstrations might have been sometimes abridged by admitting them. They con* sidered curvilineal areas as the liouts of circumscribed or inscribed figures of a more simple kind , which approach to these VOL. L C limiU
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    54 IKTRODVCtlOir. limits^ (by a bisection of lines^ or angles^ that is continued at pleasure)^ so that the difference betwixt them may become less than any given quantity. The inscribed or circumscribed figures w^e always conceived to be of a magnitude and nam* ber that is assignable ; and from what had been shown of these figures^ they demonstrated the mensuration^ or the propor* tions^ of the curvilineal limits themselves^ by arguments (d> a&stfr* do. They had made frequent use of demonstrations of this kind from the beginning of the Elements ; and these are in a particular manner adapted for making a transition from rightlined figures to such as are bounded by cun'^e lines. By admitting them only^ they established the more difficult and sublime part of their geometry on the same foundation as the first elements of the science. Nor could they have proposed Ui themselves a more perfect model. We have already observed, how solicitous Archimedes appears to be, that his demonstrations should be found to dq[>end on those principles only that had been universally received before his time. In his treatise of the quadrature of the parabola, he treatsof a progression whose termsdecrease constantlyin the proportion of four to one, which we expressed by the trapezia (fig. ld^CDfta,D6c&,GRdc,^c. Buthe does not suppose this progression to be continued to infinity, or mention the sum of aninfinitenumberof terms; though it is manifest, that all which can be understood by those who assign that sum was fully known to him. He appears to have been more fond of preserving to the science all its accuracy and evidence, than of advancing paradoxes ; and contents himself with demonstrating this plain property of such a progression, that the sum of the terms, continued at pleasure, added to the third part of the last term, amounts always to four thirds of the first term ; as the sum of the trapezia CDba, DGch,GRdc, added to one third part of the last trapezium GRrfc, amounts always to four thirds of the first trapezium CDba, or to the triangle CAa. Nor does he suppose the chords of the curve to be bisected to infinity ; so that after an infinite bisection, the inscribed polygon might be said to coincide, with the paral^la. These suppositions had been new
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    xtew to the Oeooletricians in his time^ and such he appears U> have carefully avoided. He has demonstrated many other theorems of thib kind from' the properties of certain progressions^ the terms of .which cor* Respond to the circumscribed and inscribed figures : but he never supposed these terms^ or figures, to increase or decrease by infinitely small differences, and to become infinite, in number, that their sum might be supposed equal to the curvili* neal area, or solid. It was sufficient for his purpose, to assign a quantity that is always a hmit bet>yixt the sum .of aU the terms of the progression, and the same sum witlvout one of the extreme terms ; as the anea, or solid, is always a- limit between the sum of the circumscribed and the sum of the insqribed figures, which sums differ from each other in the extreme figures only. He considered but one decreasing geometrical }Mrogres8ion, and showed how to find in an arithmetical profession the sum of the terms, and of their squares only^ Of late^ other geomeuicol progressions have .been emplpyed successfully, for measuring the areas of cwrr^ ; the sums of the cul^es, and of all the other powers, of the terms in an arithmetical progression have served for the same purpose : and each of his discoveries has produced some extensive theoiy in the modern geometry. « His method has been often represented as very perplexed^ and sometimes as hardly intelligible. But this is not a just character of his writings, and the antients had a different opinion of them.* He find? it necessary indeed to premise several pro^ positions to the demonstration of the principal theorems ; and on this account his method has been excepted against as tedious* But the number of steps is not the greatest fault a demonstration may have; nor is this number to be always computed from those that may be proposed in it, but from those that are neces* Plutarch celebrates the simplicity and plainness with which he treats the most difficult aadabstrufe questioi^s : 'Ov yof In^ «> ytt^rrua xa^i« C2 wy
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    tiiy to malce it fall and conckiaive. Beatcks^ fheUt pt^miiiiBry {propositions are generally valuable on their own aceonat, ao^ render onr view of the whole subject more clear and compkte. ill his ti^tase of the sphere and cylinder^ for example^ by his ckmonstrating so ftdly the mensnratioB of the surfaces and so^ ikts^ generated by the internal and external polygons^ we not only see bow the surface and solid- content of the q[>here itself is det^tnined^ but we acquire a more perfect knowledge of thi$ ^eoiy^ and of aU that relates to it^ with a satisfaction that we are s^xsjbk is often wanting in the incomplete demonstrations of some other methods. By so many valuable discoveries demon^rated in so accurata a manner^ and by the admirable use he made of his knowledge in the celebrated siege of his native city/ and upon other oc« casions^-l- Archimedes has distinguished himself amongst the Geometricians^ and has done the greatest honour to this part of learning. He has not however escaped the cenfiures of some writers^ who being unskilfol in geometry, and unable to reeonr cile their own conceits with his demonstrations;, have represented him as in an error^ and misleading Mathematicians by hia authority. I But though Mathematicians may be grateful^ authority has not any place in this science ; and no Geometry cian ever pretended^ from the highest veneration for Archie medes. Sir Isaac Newton, or others, to rest on their judg» * How he diiccmcerted all the eflbrtt of two Rooan tnmM» oommiaded b j tiM Piooonrul Mtreellui and liy Afpiui Chndhu, ia the ■«{• of Synpoie (tiU the city htiag taken by iuipriie and tieachery, a« end was [put to his Ulc. and enquiriei at once), it described at len^^th by Polybiufy hiry, Plutargh, t^c. Ho was called vo7iv/aix«»^ and ixaT^y^^p; and, according^ to Plutarch, acqutrod the reputation of more thau human learning-. Meiab of Sjrtaeuie, wili& figumt that an fojppofed to refer to hit ditooveries, aerre rather to juitify hie oonntiySMD fion the vepioach of iiigratitude which feme have imputed to them, than to do honour to the inunortal Archimedei. Plantim Sifil, Spanhem^ im orat. I. Julianim t Dtodorai Sicului lellt o», (/«^. 6.) that when Archimedet totfelled into £fyptl» he Invented machinca that were of |^reat uie to that nation^ apd procured him. an nniverfal reputation. i Decepit illot auctoritas Archimedit, t^c. ffoBBes Je frrincfftu & rafioefna* iime Ce^melrarum. The leaned JtMeph Scallgtr tod othen haTt alio wrifteo a^iwt hia. ment
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    inent in a matter of gtometrical demonstration, Tbe pnnnit of general and easy methods may have induced Bome to make use of exceptionable pritidples ; and the yast e^teiit which the sci« ence has of late acquired may have occasioned their proposing incomplete demonstrations. They may have also sometimes &Hen into mistakes : bat it wiU be found difficuh to assign oca false proposition that has been ever generally received by Geo^ metricians ; and it is hardly pos8ible> that aoousations of thk nature can be more misplaced. In what Arcfdmedts had demonstrated of the limits of fi* gures and progressions^ there were valuable hints tofwards a ge^ lieral method ofconsideringcurvilineal figures; so as to subject them to metumration by an exact quadtatune, an approximation^ or by comparing them with oriiers of a more simple kind. Such JUethods have been proposed of late in varioas ibrms, and vsgon, different principles. The first essays were deduced trom a carei» fid attention to his steps^. But, that his method might ba more easily extended, its old foundation was abandoned, and suppoMtions were proposed which be bad avoided. It was thought unnecessary to conceive the figures Gurcumscrlbed or inscribed in the curvillneal area, or s as being abraysassign? able and finite ; and the precautions of Archimedes came to be considered as a check upon Geometricians, that served only to retard their progress. Therefore, instead of his assignable &• nite figures, indivisible or infinitely small elements were substi^ tuted ; and these being imagined indefinite, or ii^nite, in niUA? her, their sum was supposed to coincide with the corvilineal area, or solid. It was however with caution that these suppositions were at first employed in geometry by Cavakriut, the ingenious mr thor of the method of indivisibles, and by others. He discovered a method, which he found to be of a very extensive use, • C»«toit m ofaTtmnt 4e pi£t la mucfae d'Aichimrfe qu'il [M. ie Roherval] cUit Wfvi i Mtte lbl»litte it ntrv^iUeufe iciMioe» ^c, Owjrag, ie /V^W. R*^^* 1693. TIu» M geiMnlly acknowledged by the writew of iliat ti««. Cs and
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    38 INTRODUCTIOK. and of an easy applicationj for measuring or comparing planet and solids ; and would not deprive the public of so valuable an invention. In proposing it, he strove to avoid * the supposing magnitude to consist of indivisible parts^ and to abstract from the contemplation of infinity ; but he acknowledged, that there remained some diiSiculties in this matter whidi he was not able to resolve. Therefore he subjoined more unexceptionable demonstrations -to those he had deduced from his own principle ; and the disputeswbich ensued (the firstof any moment that were known between Geometricians) Justified his precautions. Afterwards, infinitely small elements were substituted in place of his indivisibles ; and various improvements were made in this doctrine. The method of jirchimcdes, however, was oflen kept in view, and frequently appealed to as the surest test of eveiy new invention. The harmony betwixt the conclusions that arose from the old and new methods contributed not a little to the credit which the latter at first acquired ; till being more and moie reUshed, they came at length to be generally admitted oa iheir own evidence, and seemed to merit so favourable a recep-r lion, by the great advantages that were derived from them for resolving' the most difficult problems, and demonstrating the most general theories, in a brief and easy manna:. . But when the principles and strict method of the antients, which had hitherto preserved the evidence of this seienoe entire, were so far abandoned, it was difficult for the Geometricians to determine where they should stop. After they Jiad indulged themselves in admitting quantities, of various kinds, that were not assignable, in supposing such things to be done as could not possibly be afiected (against the constant practice of the antient8)> and had involv^ themselves in the mazes of infinity ; it was not easy for them tq avoid perplexity^ and 8ometime3 erron * Qium4 eoQtinui cprnpotitioQeiOy ma&ifeituni est tx praoiteiuU, ad ipium ex indivi•ibilitms componendum aoc minimi cogi : aolOm enim omtinui sequi iDdiTisibiUom pro|KirtiQoem, ^ ^ oonTcrso, proharv intentum fuit ; qpoA quidem cum atnu|UB poiitione ftme potest. Tandem Terb dicta^indiTisiUUum afgregata aon ita pcrtractarimw/ ut infinitatit rationem propter infinitis lixieat wn plm tubtn videiatur, dec* C4Vfikm or
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    tKTRODUCTIOir* - 39 or to fix bonxtclfl to* these liberties when they were once introduced. Curves were not only considered as polygons of an in* finite number of infinitdy little sides^ and their differences deduced from the different angles that were supposed to be formed by these sides ; but infinites and infinitesimals were admitted of infinite orders^ every operation in geometry and arithmetic applied to them with the same freedom as to finite real quantities^ and suppositions of this nature multipled^ till the higher parts of geometry (as they were most commonly described) appeared full of mysteries. , From geometry the infinitesandinfinitesimals passed intophilosophy, carrying with them the obscurity and perplexity that cannot fail to accompany them. An actual division, as well as a. divisibility of matter in infinitum, is admitted by some. Fluids are imagined consisting of infinitely small particles, which are composed themselves of others infinitely less; and this sub-di'vision is supposed to be continued without end. . Vortices are proposed, for solvitig the phaenomena of nature, of indefinite or infinite degrees, in imitation of tbtsm&nite^makin geometry; that, when any higher order is found insufficient for thispurposej or attended virith an insuperable difficulty, a lower order may preserve so favourite a scheme. Nature is confined in her operations to act by infinitely small steps. Bodies of a perfect hardness are rejected, and the old doctrine of atoms treated as imaginary, because in their actions and collisions they might pass at once from motion to rest, or froin rest to motion, in violation of this law. Thus the doctrine of infinites is interwoven with our •speculations in geometry and nature. Suppositions, that were pr(^K>sed at first diffidently, as of use for discovering new theoreins in this science with the greater facility, and were suffered only on that account, have been indulged, tiH it has become crowded with objects of an abstruse nature, which tend to perplex it and the other sciences that have a dependence upon it. They who have made use of infinites and infinitesimals with the greatest liberty, have not agreed as to the truth and reality they would ascribe to them. The celebrated Mr. Leibniiz C 4 owna
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    40 ivTitoDtrcrioK. owns them to be no more than fictions. OAers place them on alevel with finite quantities, and endeavour to demonstrate thdt reality from magnitudes being susceptible of augmentation and diminution without end, from the properties of die progresuons of numbers that may be continued at pleasure, and from the infinity which some Geometricians have ascribed to the hyperbolic area. But in these arguments they seem to supppose the infinity which they would demonstrate. It was a principle of the antient Geometricians, that any given line may be produced, and its parts subdivided at plea* sure : but they never supposed it to be produced, till iti^ould become infinitely great ; or to be subdivided, tiO its parts should become infinitely small. It does not necessarily follow, that, because any given right line maybe continued further^ it can be produced till it become actually infinite, or that we are able to conceive such a line to be described, so as to admit it in geometiy. In general, magnitude is capable of being increased without end; that is, no term or limit can be assigned orsup^ posed beyond which it may not be conceived to be ftirther increased. But from this it cannot be inferred', that we are able to conceive or suppose magnitude to be really infinite :* or, if we are * f tt t late imtin amlbed to teclelmted totlior, Jtistlf tHiMOBi ftr Mt vi. tfoQi Writiagt, wreial tifiiiiMatf «i» ptopotH; for «dUittin|^ mft^ltudB tetnMjr iafiaites not that kind irhich hu bp limits, compMkondi sUy «fld €«i xsceive no ftddition, which he callt metaphysical : hut that which he dafioM to be greater than any finite magnitadey which he distin|;uiihes from the fonner, and calla geomttricalm Frntfue U groHdmr tit m§e^Ukie d*sugmenUUim samjim 0m Updmi ^omtmk pa tuppoatr migmeniU ime infimU det fritf €*e^-Jk dire qf^Utte term devg^ iMMr infme. £/, «» effete ii est impouikle gue la ^andeur tuuepHble i'tmgmenta* Hen sans fin soii datu te mime cos fue si elle n* en eioii pas susceptible sans Jin, Or, si eile ne tetoif pas^ elle demeurermt ioujours fnie ; done etant susceptible 'ii*Mtgtneniaiien tansfis^ elle peui ma demeurerpas toufours fiiie^au^ eefttietfie 000^9 dnem'r t^nie* Elem. 4e la feom. de riafiai, { S9. Beoame ma^tude ie anteeptiUe of augmentation without end, the author ooncludety that we may fuppoae it vngmented an infinite numher of timet. But, hf beinf futceptible of aup* mentation without end« we imdentaad only, that no magnitude can be aaatgned or ooaofhred lo ipreat but it may be aappoaed to mceifv fitfthef tufmentation, aod thet a gieater than it may ttill be anigned or conoeiTed. We easily conceive that a finite magnitede may become gmatet and fieatei without end, or that no terminatioQ
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    4S . IKT&ODVCTXOir. tiy. In the same manner^ no magnitude can be conceii^jo small^ bat a less than it may be supposed ; but we aie nol thece* fore ableto conceive a quantity infinitely small. A given magnitttde •■diiofiiuteiiimioiber; tlie fiftC of whicK are taid to be finite, but iodeianmmUe i the httefy ictaally iiHuiite. The ugument fiom the Infiiiity of the- hyperbolic aiee ii much iniisted on. << The hyperbolic area (^Elem. de la geom. de Vinfin.pref,) is at really infinite^ << ai a determiaed parabolic area it two thirds of the circumscribed parallelogiam* ^ It is triiUiii: to «y, that the one can be aetuaUy dcKribed, and the other can« not. Geometry is entirely intellectual, and independent of the actual dsKtip<< tioB aad eiistence of the figures whose properties it disooren. All that is ^ conoeiTed necessary in it has the reality which it siqiposesin its object. Ther»<< fore the infinite which it demonstrates it as real as that which is .finite, (ST^ .*' And the, learned author, after insistin|r
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    IVTKODVCTIOV. #3 idtadeuaj be sopposed to b^ divided into any assignable nam^^ ber of parts ; but it cannot therefore be conceived to be divid* ed into a number of parts ^ppeater than what is assignable. The parts tT«r» our intwitioo to miutain tlw impoasibilitjr of infinite iDi|;iiitad0 1 but t0^ ihoir, that luch doctrines are not necenarj ooniequencet of the reoeived principlee of tUt tcienoe, and not ftij praper to be admitted as the poxaoAwoik of the high At for the hyperholic areu of a higher kind, which are said to he of i finita magnitude^ though infinitely produced, the meaning is, that there is a eertain finite space which such an area never can eqiul, though the cuire sfid its asymptoto bo produced never so far; to which however the aiei approeches, to that the excess of that finite space above it may become less than any tpace that may bo proposed, by pxoducing the curve and its asymptote to a distance that is assignable : as, the sum of the trapezia (^. 13) CViay DGc6, GtiJc, life, that aie dotermined by bisecting AR continuallj, is always less than the triangle ACtf, bvt fppioeches to it, so that their di&rence ARd may become less than any given speea O : or^ as the sum of the right lines CD, DG, 6R, t^c. is always less than CA» but i^pxoeches to it, so that, b]^ continuing the bisection, the difibienoe AR mejr become less than any assigned (quantity. But we shaU have occasion to tieat of tbeae afterwards more fully. la the same treatise (^ 196.) % proof is offered, to show, that, Intheinfittltt aeries of numbeia proceeding in their natuni order, there an finite nambeii whoso squares become infinite, which are called indeterminah&e, and are snp-posed to occupy the obscure passage from the numbers that are assignable to those that are infinite. A greatest finite square is supposed in Hum progression, and loprfisrntnil by jm ; all that precede it are finite, and all that follow after it are sop* poitd infinite. The numben in this progression between n and im^ being lesi than no, are finite ; but being greater than o, their squares are greater than nm^ and, therefore, by the supposition, are infinite. But how can we admit the sop* position of a greatest finite square m&iber, such u is here expressed "by tml Tho sunbei 1S0, being finite, is not the next to it in the progression (which exoeede it by unit only) also .finite. Should we allow that a finite number becomes infinite by adding unit to it, or even by squaring it, how shall we dlstingnish finite liem infinite } We commonly conceive finite magnitude to be assignable, or to be limited by such as are assignable, and to be susceptible of further augment*tion : and therefore infinite magnitude would seem to imply, either that which exceeds all assignable magnitude, or that which' cannot admit of any further aug« mentation; these being direttly opposite to what we most clearly conceive of ^te nugnitnde. But neither of thyie constitute the idea of Infinite maguitude, ae it must be ondentood in that treatise. The former is applicable to those nnnbers which the author calls finite and indeterminable ; which, being supposed to produce infinite squares, mv>t therefore exceed all assignable numbers wheso squares are assignable and finite. The latter is ascribed to that infinite only which he calls aaetaphysical, and excludes from geometry. We are at a loss to form a distinct jdot pna of finite ittcU ai it it toe imdtistood| and it would seem, that
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    parts of a gh«n line may be sopposedtol^coiEitiiiMjfyMMstoi tin they t>ecome less than any line that isi pfoposed ; mni thtt is sufficient Ibr completing the dexnonstTidite5
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    Bwii% ii aelmwiMRt A by tiwfe udM to^t taatte* Ow^ A^rtwne of oMMb mthe fliHtiil m nnact, thait ^ thflie is mmmAk^ ba^ ^ cDttcelmUefai mif pB wng — Mrfmitdiy gwat flriafi>i^y (BaaM '^ pffiwiy from finite to iniiiite isobwure a»d mcMiipielHM»< ^ siUe:'* Mid tihccefiMe it is better Ibriw^iat^ aieieiK?eesgecunetxy,toahetreetfi:Qntfaese«appafl^^ The ahrtraie cmueqiMiioes, thathsYebfea dbedueed Ifomtfaeniby ngeasMs «e»^ aaay the^radief eadisQe i» to bewaie q£ admil^ li»giheiiias necenazy primciples ia tiytsscieooe, aDclti> adhere to its antieiit princ^oks. Mr. Lo€k, whe wxete his exceHMt eawjr, ^ diart nne jm|^ ^' dneover how £8tr ilK pcMivrs of ^ widenrtaodiBig leaek^ to JEri nomires ^ vonf i rinjinu O^ edi$fmfim detnkr terme^ tmnomhr hrfitd^om We l»Te. Ka^oinod Hme- remarlu^ at tht desin ef some penoiis '^what
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    48 iVTaoovcTtoirJ ^ what things they are in any degree proportionate, and where ^ they fail us,'' observes, ** that whilst men talk and dispnte of ^ infinite magnitodes, as if they had as compkte and positive ^ ideas of them as they have of the names they use for them, ^' or as they have of a yard, or an hour, or any other determi^ natequantity, it is no wonder if the incomprehensible nature ^ of the thing they discourse of, or reason about, leads them '^ into perplexities.and contradictions ; and theirminds be over^' hud by an object too large and mighty to be surveyed and ma** nagedby them/' Mathematicians indeed abridge their computationsby the supposition of infinites; but when they pretend to treat them on a level with finite quantities, they are sometiines led into such doctrines as verify th^ observation of thisjudicious author. To mention an instance or two : the progression of the numbers 1, 2, S, 4, 5, &c. in their natural order, is supposed to be continued to infinity, till by the continual addition of units an infinite number is produced^ which is conceived to be the termination of this series. This infinite number is supposed to be still capable of augmentation and diminution ; and yet it is said, '' that it is neither increased nor diminished '^ by the addition or subtraction of the same units from which '^ it was supposed to be generated." In a progression of this kind, the number of terms is always equal to the last or greatest term, and is finite when the last term is finite. If the numft her of terms be supposed infinite^ the last term cannot be finite ; and yet it is said, '' that in such a progression continued to in^' finity there is an infinite number of finite terms." It is evident, that no finite number can become infinite by the addition of unit, or of any other finite number ; and yet ''a greatest finite square number is supposed in such a progression, the next to which (though it exceed that finite number by an unit only) is supposed infinite." From these suppositions it is infored, '^ that in such a progression continued to infinity there are ^^ finite numbers whose squares become infinite ;" though it seems very evident, that a finite number taken any finite number of times can never produce more than a finite number. We may perceive from these instances, that it is not by founding the higher geometry on the doctrine of infinites we can propose to avoid €€ €< €€
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    IVTEODVCTIOK. 47 avoid tiie parent inoonsistencies that hovebeen 6l:^eo(edto it; and «moe aa excellent author, who has always distioguiahed himself as a clear and acute writers-has had no better mccess in e8tablishingitonthe8eprincipIessitisbetteFfora8toaY>idlhem« These soppositions however may be of use, when empbyed with caution, for abridging computations in the investigatioiof theo* rems, or even for proving them where a scrupulous exictness ii notrequired ; and we would not be und^:stood to afirm, that the naethodsof indivisibles and infinitesimals, by whicl so many uncontested truths have been discovered, are withouta founda* tion. We acknowledge further, that there is sometiing mar"vellousin thedoctrine of infinites, that is apt to pleasemd transport us ; and that the method of infinitesimals has beei prosecuted of late with an acuteness and subtlety not to beparalleled in any other science. But geometry is best establiskd on clear and plain principles ; and these speculations are eer obnoxious to some difiiqulties. If the greatest accuracy hs been always required in this science, in reasoning conceuing finite quantities, weappxehendthatGeometricianscannotie too scru- pulous in admitting or treating of iu&iuies, of whia our ideaa areso imperfect. Philosophy probably will always hve its mysteries. But these are to be avoided in geometry : ad we ought to guard against abating from its strictness and eviddce,the rather, that an absured philosophy is the natural poduct of a vitiated'geometry. . . ' It is just at the same time to acknowledge, tha they who first carried geometry beyond its antients limits, anl they who have. since enlarged it, have done great service, by lescribing plainly the methods which they found so advantageois for this purpose (though they might appear exceptionable ii some re- , spects), that others might proceed with the same faiility to improve it. Some of them have been so cautious as to erify their discoveries by demonstrations in the strictest form ; md others were able to have done this, had they not chose ratter to employ their time in extending the science. At first, tie variation from the antient method was not so considerable, buc that it wis easy tohave recourse to it, when it should be thought necessay
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    fortWiatisfainiQAafnidiaiyeqamd a scrapakna exacftiiai» TheGeooietriGiaiis-iti the aieati time madeggeatiayit>TeniCPti, Thef ha( tlie aeeurate method and examples of ApcUmedm Mbre tfem, by whidi tfaej aughl tiy their discovenei* These ■erved tokecp them Amn enor, aad the nevr methods facilitated their Mrogxess^ Thu» their vieira enlarged; and proUemi^ 'tfiatapptBii^atfiistsightofan insuperable difficulty^wcveafkeDwards rea>(ved^ and came at length to be despised as too simple and easy. The mensuration of parabdasy hyperbolas, spkabof all the hijher orders^ and of the famous f this kind^ he then compounded new piogresrions from varicts aggregates of these tenns^ and enquired into the sums of tlHpowers of these tenns^ by which he was enabled to measure acurately, or by approximation^ die areas of figures widiout nunber. But he composed this treatise (as he telb us) before he lad examined the writings of Archimedes, and he pr(^>oses hifdieoremstind demonstrations in a less-accurate form. He supposesthe progressions tobe continued to infinity^ and invtstigates, fcy a kind of induction^ the proportion of the sum 
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    xiTfftOBucTioir. 49 greatest ponver as often as there are tarms. His demonstrations, and some of his expressions (as when he speaks of quantities mose than infinite) have been excepted against. But it was not very difficult to demonstrate the greatest part of hispropositions in a stricter method ; and this waaeffected afterwards by himself and others in various instances. He chose to describe plainly a method which he had found very commodious for discos vering new theorems ; and it must be owned, that this valuable treatise contributed to produce the great improvements which soon followed after. A like apology may be made for otfaera who have promoted his doctrine since hk time, but have not given us rigid demonstrations. In general, it must be owned, diat if the late discoveries wiere deduced at length. In the veiy same method in which the antients demonstrated their theorems, the Ufe of man could hardly be sufficient for considering them all : so that a general and concise method, equivalent to their's in accuracy and evidence, that comprehends innumerable theorems in a fiew general views, may well be esteemed a valuable invention. « CoMferins was sensible of the difficulties, as well as the ad^ vantages, that attended his method. He q)eaks as if he foresaw that it should be afierwBMis delivered in an unexceptionable form, that might satisfy the mostscrupulousGeometrician ; and leaves this Goftttofi knot, as he expresses himself, to some^/ex^attder. Its imn indeed was soon altered, and many improvementsweremadeby the Madiematidans who prosecuted it since his time that deserve to be mentioned with esteem. But the method stillremained liable to someexcepticms, and was thought to be less perfect than that of the antients on several grounds. Sir Isaac Newton accomplished what Cavalcrius wished for, by inventing the method of fluxions, and proposing it in a way that admits of strict demonstration, which requires the supposition of no quantities but such as are finite, and easily conceived. The computations in this method are the same as in (he method of infinitesimals; but it is founded on accurate principles, agreeable to the antient geometry. In it; the premisses VOL. I. D and
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    10 tirT«ODlTCTto«r. and condnaioBii aie equally accurate; no qUantitiet ate refeet» ed as infinitely small^ and no pari of a cnnrek suppoaed to co^ incide ^ih a right line. Hie exceUency of this method Jiaa not been so fnlly described, or so geneniHy aHetided to, m it seems to deserve; and it has been sometimes represented aaoiwi levdinaUtheseie^pectsmtlithemethodofinfinitesimals. The chief des^ of the follDwing treatise is, to show its advantages in a clearer and fuller hgbt, lemd to promote the design of the gteat intentor, hy establishing the higher geometry on plain principles, perfectly consistent with each other aikd with thoie of the antient Gedmedricians. ^ The method of deinonstimtion which we make moat xmt of in this treatise, was first suggested to us from a'partioular attention to Sir haac Newt
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    ELEMENTS METHOD OF FLUXIONS; 0imoBitnM af t« \lm Munsr of The Antient Geometricians. T ' ■ BOOK I. or T«B rurxiOKS or psomjiTaicai. maovitvsks. CHAP I. Of the Grovndt of tlm Method. ^- jL he mathematical sciences tceat of the relations of quantities to each other^ and of all thetr affections that oafi be subjected to rule or measure. They treat of the properties of figures that depend on the position and form of the lines or planes that bound them, as well as those that depend on their magnitude ; of the direction of motion, as well as its velocity ; of the composition and resolution of quantities, and of every thing of this nature that is susceptible of a regular deti|^i«« nation. We enquire mto the relations of things, rather than J) S theii
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    ^ 52 Tfe Grounds of the Book I. their inward essences^ in these sciences. Because we may have a clear conception of that which is the foundation of a relation, without having a perfect or adequate idea of the thing it is attributed to *, our ideas of relations are often. clearer and more distinct than of the things to which' they belong ; and to this we may ascribe, in some measure^ the peculiar evidence of the mathematics. It is not necessaiy. that the objects of the speculative parts should be actually described, or exist without the mind ; but it is essential, that their relations should be clearly conceived, and evidently deduced : and it is useful, that we should chiefly consider such as correspond with those of external objects, and may serve to promote our knowledge of nature. 2. In our pursuits after knowledge, we sometimes consider things as they appear to be in themselves, sometimes we judg6 of theuLirom their causes, and sometimes by their effects. In ordinary enquiries, but especially in philosophy, we employ one or more of these methods, according as we find ground for applying them. The two last may be no less satisfactory than the first, when there is a sufficient foundation for them ; and by carrying our enquiries to the springs and principles of things, our knowledge of thtJm becomes more perfect, and our views more extensive. In geometry, there are various ways of discovering the affections and relations of magnitudes that correspond to these general methods oF enquiry. In the common geometry, we suppose the magnitudes to be already formed, and compare them or their parts, immediately, or by the intervention of others of the same kind, to which they have a relation that is already known. In the doctrine whigh we propose to explain and demonstrate in this treatise, we have recourse to the genesis of quantities, and either deduce their relations, by comparing the powers which arc conceived to generate them ; or, by comparing the quantities that are generated, we discover the relations of these powers, and of any quantities that are supposed to be represented by them. The power by which magnitudes are conceived to be generated in geometry, is motion ; and therefore we must begin with some account of it. * * Essay coooeroiog tho Haaan IJnAta^xaAwg^ book 3 d^p. 25. § 8« 3- No
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    £hap. T. Method of Fluxions. 5S 3. No quantities are more clearly conceived by us than the limited parts of space and time. They consist indeed always of parts ; bat of such as are perfectly uniform and similar. Thosef of space exist together; those of, time flow continually : but by motion they become the measures of each other reciprocally. The parts of space are permanent; but, being described succes* •ively by motion^ the space may be conceived to flow as the time. The time is ever perishing ; but an image or representation of it is preserved and presented to us at once in the space described by the motion. 4. Time is conceived to flow always in an uniform coiu'se^ that serves to measure the changes of all things. Wlien the ipace described by motion flows as the time^ so that equal parts of space are described in any equal parts of the time, the motion is uniform ; and the velocity is measured by the space that is described in any given time. As this space may be conceived to be greater or less, and to be susceptible of aD degrees of assignable magnitude ; so may the velocity of the motion by which we suppose the space Vo \)e always described in a given time. The velocity of an uniform motion is the Mme at any term of the time during which it continues ; but motion is susceptible of the same variations with other quantities, and the velocity in other instances may increase or decrease while the time increases. In these cases, however, the velocity at any term ojf the time is accurately measured by the space that would be described in a given time, if the motion was to be continued uniformly from that term. 5. Any space and time being given, a velocity is determine(i by which that space may be described in that given time ; and, conversely, a velocity being given, the space which would be described by it in any given time is also determined. This being evident, it does not seem to be necessary, in pure geometry, to enquire further ^at is the nature of this power, aflfection, ot mode, which is caHed Velocity, and is commonly ascribed to the body that is supposed to move. It seems to be sufficient fot our purpose, that, while a body is supposed in motion, it must be conceived to have some velocity or other at any term of the time during which it moves; and that we can demonstrate accu« P 3 rately
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    54 The GrounA of the B figure, or point in motion. But it is to be observed, that it is of no consequence, in pure geometry, to what the power may be most properly attributed. It is indeed generally allows ed^ that if a body was to be left to itself from any term of the time of its motion, and was to be affected by no external in* fluence after that term> it would proceed for ever with an vni* form motion, describing always a certain space in a given time : and this seems to be asufficient foundation for ascribing, in com* mon language, the velocity to the body that moves, as a power. It is well known^ that what is an effect in one respect, may be considered as a power or cause in another ; and we know no cause in common philosophy but what is itself to be considered as an effect : but this does not hinder us from judging of effects from such causes. However, if any dislike this expression^ they may suppose any mover or cause of the motion they please, to which they may ascribe the power, considering the velocity as the action of this power, or as the adequate effect and measure of its exertion, while it is supposed to produce the motion at every term of the time. We have observed abeady, that the principles of this method are analogous to the general jdoctrine of powers, or may be considered as a particular application of it. As a power which acts continually and uniformly is measured by the eiiect that is produced by it in a gives time, so the velocity of an uniform motion is measured by the space that is described in a given time. If the action of the power vary, then its exertion at any term of the time is not measured by the efS^^t that is actually produced after that term in a given time^ but by the effect that wouU have been pro* duced
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    ^l^iiq^KL Method if tlvxiom. us dueod if iti action had coatinned uniibna from that tena ; and^ in the ssone manner^ the velocity of a variajple motioa at any givai term of time is not to h^ n^asured by t^i^ gpace that is actually described after that term in a given time^ but by the space that would have been described if the motion had continued uniformly from that term. If the action of a variable powerj or the velocity of a variable motion^ may not be mea* pear equally consjsl^t with every schemeof meta« physiic^t Ithas been frequently considered in a manner a^eea* ble to the principles of those who suppose quantities to consist of indivisible or infinitely small elements. We are to proceed up^ on more strict and rigid principles : but it will be har.dly pqssiljle P4 for
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    56 The Grounds of the Book t . for us to avoid always such expressions as may hatt been noaie time or other matter of dispute amongst philosophers. Tbeir controversies concerning continued and discrete quantity have not been thought to weaken the evidence of the common geometiy. Nor can their disputes* concerning motion afiect the certainty of this method ; since we have occasion in it for no more than the most obvious notions of space^time^ motion, and Telocity, that cannot be said to yield in deamess and evidence to the principles of the common geometry. 8. When we suppose that a body has some velocity or other at any tenn of the time during which it moves, we do not therefore suppose that there can be any motion in a term, limit, or moment of time, or in an indivisible point of space : and as WQ shall always measure this velocity by the space that would be described by it continued uniformly for some given finite time^ it surely will not be said that we pretend to conoeive motion or velocity without regard to space and time. 9* But to proceed : when any quantity b proposed, all others of the same kind may be conceived to be generated hem it ; such as are greater than it, by supposing it to be increased ; such as are less, by supposing it to be diminished. In the common arithmetic, integer numbers are conceived to beproduced by adding agiven quantity or unit to itself continually; andfiac* tions are produced by supposing it to be divided into such parts as by a like addition would generate the given quantity itself. But in geometry, that all degrees of magnitude may be produced, and in such a way as may found a general method of deriving their afiections from their genesis, we conceive the quantities to be increased and diminished, or to be wholly generated by motion, or by a continual flux analogous to it. The quantity that is thus generated is said to flow, and called a Fluent. 10. Lines are generated by the motion of points ; mxf^ces, by the motion of lines ; solids, by the motion of surfaces; angles, by the rotation of their sides : the flux of tim6 being supposed to be always uniform. The velocity with which a Une flowBj * Oe oat\m moUU k ipcU definitioofl, de csotu ae diilerantiu, eonplun cubtilitet vsptantur Phytic! ; quinmi fert Mathematicii nihil ooidi vel cum ; fUftOAiiB potest ^^Dcccammniiiewmapioicit, fiarnw, Itet. fgnh l^ 10
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    Chap. I. Method oflhmam. 57is the 9tme as that of the point which is supposed todeseribe or generate it. Ihe velocity with which a sbifaoe flows^ is the same as the velocity of a given right line> that^ by moving parallel to itself, is supposed to generate a rectangle which is abraya eqaal to the surface. The velocity with which a solid flows^ is the same as the velocity of a given plain surface, that, by moving parallel to itself, is supposed to generate an erect prism or cylinder that is always equal to the solid. The velocity with which an angle flows, is measured by the velocity of a point, that is supposed to describe the arch of a given circle, which always subtends the angle, and measures it. In general^ all qnantities of the same kind (when we consider their magnitude only, and abstract from their position^ figure, and other aflbe* tions) may be represented by right lines, that are supposed to be always in the same proportion to each other as these quantities. They are represented by ri^t lines in this manner i^ the £le« ments, in the general doctrine of proportion, and by right lines and figures in the Data of Euclid.^ In this method, likewise, quantities of the same kind may be represented by rig^t line% and the velocities of the motions by which they are supposed t0 be generated, by the velocities of points moving in right lines. All the velocities we have mentioned are measured, at any term of the timeof the motion^ by the spaces which would be described in a given time, by these points, lines or surfaces, with their motions continued uniformly from that term. 1 1 . The velocity with which a quantity flows, at any term of the time while it is supposedto be generated, is called its Fha-' ion, which is therefore 'always measured by theincrement or de« crement that would be generated in a given time by this motion, if it was continued uniformly from that term without any acceleration or retardation : or itmay be measured by the quantity that is generated inagiven time by an uniform motion which is equal to the generating motion at that term. 12. Time is represented by a right Une that flows uniform-, ly, or is described by an uniform motion ; and a moment oc tennination of time is represented by a point or termination of * ScotjMpuQ&c^toUieiWtfbyMariniu^Deaitheend. that
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    M Jif^ GfMnA tf tie .Book!* tkat liiie* A given velocity ia represented by a given line^ the aeme trhicb wottU be described by it in a g^ven time. A velo^ city that ia accelerated (»r retarded^ is represented by a line that iiicreaaes or decreases ip the same propor ti
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    Chap.*!. Mitioi tf Fhxiam, M AXIOM I. 15. The ipvu de^cfU^Ml Ihf an Atcdertaei ntdtion i$ greater than ih$ ipau wkM wouid kOve htun descfihei in the same time, if the motion had not been accelerated, but had conti' nued uniform from the beginning of the time. AXIOM IL The epace described by a motion whiU it ii accelerated, U less than the tpace which is described in an equal time by the motion that i$ acquired by that acceleration contimted uni* fomdy. AXIOM III. !I%e 4pac« described by a retarded motion u hm than the sfoee which would have bem described in the same time, tf the metien had not been retarded, hut had emUinaed un^orm from the begimuf^ 
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    60 The Grounds of the Book L THEOREM I. The spaces described by an uniform motion are in the same proportion to each other as the times in which they are described. Suppose a point to describe the right line AB with aniiniform motion. Let it describe the space CD in the time FG, and the ^pace DE in the time GH ; then shall CD be to DE as FG is to GH. Let KD and MG be any equimultiples of the lines CD and FG ; and let DL and GN be any equunultiples of DE and GH. Becausef ^ ^  C D. E LB the motion of the point in M F G H N the line AB is supposed to be uniform, and it desoribes CD in the time FG, it will describe any line equal to CD in a time equal to FG, and it will describe KD, tbatisamultipleof CD,in the time MG, that is an equimultiple of FG. For the same reason, it will describe DL in the time GN. But, when a motion is uniform, a greater q>aceis alwajs described in a greater time : so that, if the space KD exceed DL,the time MG will exceed GN; if KD be equal to DL, the time MG wiU be equal to GN; and if KD be less than DL, the time MG must be less GN. Therefore (by def. 5. lib. 5. Elem.) CD is to DE as FG is to GH ; that is, the spaces described by an uniform motion are in the same pioporUon to each other as the times in which they are described. THEOREM H. 17. The spaces described by an uniform motion are to each other in the same proportion as the spaces described in the tame timet by any other uniform motion, ■ Suppose
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    Chap. I. Method ofThacum. 6l Suppose two points to describe the right A  C  . D E B lines AB, KL with "~ any imiform mo- K  F  G H  t tioDs. . Let CD and — ^— — — FG be described hj them in the time M  N R MN ; and let D£ and GH be described by them in the time NR. Then^ by the first theorem^ the space CD is to the space DE as the time MNT is to the time NR ; and FG is to 6H m the same ratio of MN toNRV Therefore CD is to DE as FG is to GH ; thatis^the spaces described by the first niotion are in the same proportion to each other as the spaces described in the same^ or in equal times^ by the second motion* The spiral of ArcMmeda being described by the composition of two uniform motions^ one of which is rectilinea)^ the other circular, he had occasion^ in demonstrating its properties^ to make use of no more of the doctrine of motion than these two theorems. But^ in establishing a general method for discovering the properties of curvilineal figures^ we haye occasion also for these that follow.^ THEOREM m. IS. If the spaces that are described m the same time by two fnotions, uniform or variable, be almays equal to each other, the velocities of these motions must be equal at any term of the time. Suppose the points P and p to describe the lines AK^ ak in the same time^ with motions uniform or varied at pleasure^ but so that the space described by P be always equal to the space described by jp intiie same time. Then shall the velocity of /» at any term or moment of time be equal to the velocity of P at the same term or moment. This theorem is so evident, that it may seem to need no proof. If AK and ak be right lines, and we suppose aft to be placed upon AK, the point p will be alwavs
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    62 The Grounis of the BookiL ^ways oyer the pomt P> and their vdocitieB at the same tenn df the tijM e uniform. Then, Wice equal spaces are describe by P iji j^ny equal times, it foQows, from the AI^BMD Jj G K supposition; that equal spaces are alm p b m d / g k ^ described by p in any equal times, n g H Q N and that its motion isalso uniform. But the velocities of imifarm fnotions ere ^qual when eqiial spaces are described hy them in the some tiioe ; 9Ji^ theref$>re di/& velocities of P Md j^ aie in this cam ahrajTi eqi^ to each other. 20. Case £• Suppose that the motion of P is perpetually accelerated, or that the spaces desaibed by it in any equal parts of time that succeed after one another, perpetually increase. Then the spaces described by jp being fh^&ys equal (by the supposition) to the spaces described in the same times by P, the qpaces diMcribed by |» jugi any equal parts of time that succeed ckch other muat also perpetually increase, and the motion ofp must be peipetuidly aopelerated'(by art. 14). Let P come to D^ and p to d, at the same term or moment of time ; and their velocities at that term shall be equal. For, if tbey are not equal, suppose first the velocity of p to exoeed the ^elocily of P; let DG and dg be any equal spaces described after that term by the points P and p in the time lepnsented by HN. Then^ because the motions of these points are^perpetuaily accelerated during the time HN3 it follows, from the &st axiom, that the space which would be described in that time hyp with its mo» tion at d continued uniformly, is less than dg, which is described by it with an accelerated motion in the same time ; and it follows from the second axiom, tliat the space which would be describ �
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    Qicp^i. Method of Fkudam; §B 4icaCf^M by the poinft P widi the oioticw it has aeqoiied «t 6 contiiHwd ttflif^rnly far the tkone HN> ii gieaAertfian BO^ wiilch isderaribed t^ Uio th^ faaa^ time before that moiioB it aoqkw ecL Thet^ate, mxoe dg k ^qual to I>6 (by the snppouttoti)^ the veh>city ofp Btdklm than the Ydk)city of Pat 6. B«t the velocity of p at ^ is fiu{)|>06ed to be greater than the Telodr ^ofPatD; and therefore it may be inppoied eopial to the ve^ locd^of Patsome miennediate tarn of the time HN> as when it oomes to a point h betwixt J} and G, .I^et dl be equal (iq DL^ ati4 let HQhe the tkae ki which P aiidp deacribe ti|t equal spaces I>L and dl wUh 4heir acoderatad motiona. Thesi by the. Sxei axieon^. the apace which would be described in the time HQ by the miction o£p at d contiiiued uniformlyi is lev than dl, which is desoribed in the aame time by its accelerated moUoA ; .and^ by the second axiom^ the spaoe which would ba described in the same timeUQby the paint Pwith themotiooit has acquired atLcontitzuedunifonidy^isgreaterthanDL, whiok was described by it in the same time before that motion waaao* quired. But by the suppooiion, d/ is ecpial U> DL ; and tlMsie^ fore a leas qpace would be deseribed m tbe same time by tha moiicm of p at d continued mifyoBiy, than by the motion of P at L continued uniformly : so that the velocity of p atd must be leas than ace.tliat would be described
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    64 The Grmnds of the Bookl* td by the motion of P at D continued nniformly in th^ time nH is greater than BD. By the first axiom, the space, that would be described in the same lime nH by the motion ofp at b continued uniformly, is less than bd or BD. Therefore the Telocity of P at D is greater than the velocity ofp at b : but it is supposed to be less than the velocity ofp at d ; and consequently, it may be supposed equal to the velocity ofp at some intermediate term q of the time nH, when p comes to some point m betwixt b and J. Let MD be equal to tnd, and the Bpaces-MD, md will be described in the same time^H by the points P and'p. By the second axiom, the space which would be described in the time qithy the motion of P at D continued uniformly, is greater than MD. By the first axiom, the space wfaidb would be described in the same time ^H by the motion clip at m continued uniformly, is less than md or MD. Therefore the velocity of P at D is greater than the velocity ofp at m: but they were supposed equal, and these are contradictory. It iqppears therefore, that the velocity ofp at (2 is not greater than the velocity of P at D ; and in the same manner it is shown, that the velocity of P at D is not greater thanjJie velocity of p Bl d; and therefore these velocities ibust be equal to each other. • 22. Case 3. Suppose that the ipotion of P is perpetually retarded, or that the spaces perpetually decrease which are described by it in any equal times that succeed each other. Then, by the supposition, the spaces described by p in any equal suc*ceeding times also decrease, and its motion is also perpetually retarded. If the velocity of P at D be not equal to the velorfty ofp at d, let it first be greater. Suppose D6 and dfg to be equal ^aces described, in any time HN, by the points P and p with their motions continued after the term H, at which they are supposed to come to D and d. Because their motions are perpetually retarded, it follows from the third axiom, that the space which would be described, in the time HN, hyp with its motion at d continued uniformly, is greater than 
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    r Chap. L ^ Method of Utt^tiom. 63 miifonnij for a time equal to HN, is less than DG (or dg\ which is described in the time HN before the motbn of P is reduced to the velocity which it retains at the term G. Therefore the velocity of jn at i^is greater than the ve- A P B D L lodtvofPatG: and "^ — "" —  ' since it is supposed less a p ft d I than the velocity of Pat G g D, it may therefore be H Q N suppoaed equal to some """ intennediate velocity of P, a« to that< with which it comes to some point L betwixt D and G. Let 
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    Od The CrowA nfth^ Book I. ]](ienU or deoremeiiU at once, by jBvppoung BP aad D6 to be tjbe f paces described iQ the intervid of tipe betwixt two such QzcGc^ing leimsj or in a part of that intenraL Qr^ in the flOth article^ instead of supposing^ in the latter psgrt of the d^nonstra* tion^ that the velocity ei p dXd\% equal to the velocity of P at It, some intermediate place betwixt D and O^ we niay suppose thatit iseither equal or greater than the velocity of P at L. In the last article^ we may suppose the motion of p at 1/ to be mthei* equal to the motion of P at L, or less thanit; andthusthe demonstration may be accommodated to those cases^ whan tha motions of P and|? are perpetually increasing^or decreasing, but not in a continued manner* See below, art. 44» 45, and 46« THEOREM IV. ^4. If the velocities of two motions are always equal to each other, the spaces described by them in the same time are always equal. Suppose the points P and jp to describe the right lines AG and • ag with any motions, uniform or variable, but so as that the ve« locity o( p at any term or moment of time be always equal to the velocity of P at the same term. Let X)G and dg be any spaces described by them in the same time HV \ and DG shall be always equal to %. CW 1. If the motions of the points P andp are uniform, it is evident, that, since these motions are equal (by the suj^iodtion), the spaces described by them in the same time must be equal ; and therefore in this case PG is equal \Jodg* 25. Ctise £. Suppose the motions of the points P and/' to be perpetually accelerated while they describe the spaces DG and <4r ; s^d if £1^ be not equal to DG, let it first be equal to any line DK less than DG« Let the right Une HV, which represents the time, be divided by a continual bisection into equal parts, HR, RS, SQ, QV, till the time represented by one of these parts, as QV, be less than the time in which the point P describes KG. Let DL, LM ,MN^ NG be the spaces, descrih* ed by P; and dl, Im, mn, ng the spaces desaribed hj p^ in the equal
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    r Chap. I. Mciiod of Fbixhns. OT tequid parte of the time repi%aented by HR, RS, SQ, QV ; and^ by the suppoftition^ the vdocitiefl of P at thcf potats L» M^ and N will be respectively e* qualtotheveJocitiesof A PPL M K N G p at the points I, m and n. The ^eeftg^ which a, p d I m n g is described byp in the time QV with an acce- H R S ^ Q V leraied i^otion^is great* or than the space which wnould be described in the same time by the motion of p atn contiaued uniformly^ by the first axiom. The velocity oip at II is equal to die velocity of P at N ; and^ by the second axi* em, the space which would be described in the time QV by the point P with its motion at N continued uniformly^is greater than MNy which was described by it in an equal time before its velocity at N was acquired. Therefore ng is greater than MN. In the same nmnner it appears^ that mn is greater than LM, and Im greater than t)L ; so that Ig is greater than' DN, and ^ IB sorely greater than DN. But BN is greater than DK ; for the time QV is supposed to be less than the time in which KG is described by the point P ; so that NG being' described in the time QV^ it must be less than KQ, and BN must be greater than BK. Therefore dg being greater than BN^ it must'be greater than BK : but it was supposed equal td BK i and these are contradictory. It appears^ therefore^ that the space ^ is not less than BG. In the same manner it is shown^ that BG is not less than dg ; and therefore these spaces BG and dg, whidh are described by the points P andp in the same time^ are equal to each other. 26. Cases, Suppose the motions ofthe points P and/7 to be perpetually retarded ; and if d^ be not equal to DG, let it first be equal to a line KG less than BG. Let the time H V be divided by a continual bisection into the equal parts HR^ RS, SQ^ QV^ till the time HR be less than that in which Pdescribes-BK. Let BL^ LM^ MN^ NG be the spaces described by P^ and dl, Im, mn, ng bethespaces described by p, in the equal times HR,RSj SQ,QV. Then BL shall be less than BK, because it is described by the £ 2 point
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    eg The Gromids of the Book L poiiit f In a lew time ; and die velocities of P at the points L, M, N, and G will be r€3l)ectively equal to the velocities ofp at the points I, m, A P ^ D L K M N G 71, and g, by the " "^ ' \ supposition. The a p d I 'fti H g motions of the " points P and p H R S Q V being perpetu■ ally retarded, it follows, from tlie fourth axiom, that nm is greater than the space which would be described in the time SQ (or QV) by the motion ofp at n continued uniformly. But the velocity ofp at n is equal to the velocity of P at N ; and, by the third axiom, the space which would be described in the time QV, by the motion of P at N continued uniformly, is greater than NG, which is described by P with a retarded motion in the same time. Therefore mn is greater than NG. In the same manner it appears, that Im is greater than MN, dl greater than LM ; and, consequently, that dn is greater than LG : so that dg is surely greater than LG, and therefore greater than KG, which is less than LG. But rftr was supposed equal to KG ; and these being contradictory, it follows, that dg is not less than DG. In the same manner it appears, that DG is not less than dg ; and therefore the spaces DG and dg are equal. By joining these cases together, the theorem is demonstrated, when the motions of the points P and p are sometimes accelerated, and sometimes retard^. THEOREM V. d7- fVhen the spaces described by two motions in the same time are always in an invariable ratio to each other, the velocities of these vi/otions are alvdays in the same invariable ratio. Let DG and dg be any two spaces described by the points P and^ in the same time ; and let DG be always to 
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    Chap. r. Method of Fluxions. ' 6^ to F. Then the \elocity of P at any term of the time shall bt to the velocity of p at die same term in the same invariable ratio of £ to F. In the first place, if the motion of P be uniform, so that equal spaces be described by it in any equal times,' eqaal spaces will be also described by p in any equal times, and its motion will be ako uniform. But the velocities of uniform motions are in the same proportion as the spaces described by them in the same time ; and therefore, in this case, the veloci* tyof P is to the velocity ofpas D6 is to dg, or as j^isto F. £8. Case £• If the motion of the point P be perpetually accelerated, then (because the spaces described by P andjp in the same time are always to each other in a given invariable ratio) the 0paoes described by p in equal times perpetually increase, and its motion is also perpetually accelerated. In the same time that the points P and p describe the spaces DG and dg with their accelerated tnotions, the poiiit P with its motion at 6 continued uniformly would describe a greater space than DG (by the second axiom) ;,and the point p with its motion at d continued uniformly ^tov^A describe a less space than dg,by the fiist axiom. Therefore the velocity of the point P at G is to the velocity of p at d in a greater ratio than DG is to dg^ or £ is to F. From which it follows, that if the velocity of P at D was to the velocity ofp old in a Jess ratio than that of £ to F, then the velocity of P at some intermediate term betwixt D and G might be to the velocity of /> at d in the very same ratio as £ is to F. But this is impossible; for supposing L to be such a term, let the space DL be to ctf as £ is to F, and these spaces will be described by P and j> in the same time, by the supposition. It foUowB, from the second axiom, that the point P with its motion at L continued uniformly would describe a grea^ter space than DL, in the same time that it describes the space DL with its accelerated motion ; and, by the first axiom, the point p with its motion at d continued uniformly would describe a less space than dl in the same time. Therefore the velocity of P at L is to the velocity of jp at J in a greater ratio than DL is to 
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    70 The Gr^wOs of the FookL tlicrefim^ that die ratio of the velocity of P at I) to the velo* city of |i at d cannot be less than that of £ to F. Suppose now that ratio to he greats A P  D L G  er than the ratio of £ to F. In the same a p d i g  time that P andp de* scribe D6 and Jg £ p with their accelerate ■ ' ' ■ ' ed motioiiSy the point P with its motion at D continued uniformly would describe a less space than DO (by the first axiom)^ and the point p with its motion at g continued uniformly would describe a greater space than dg^ by the second axiom : so that the velocity of P at D is to the velocity ofp at g* in a less ratio than D6 is to ^, or B is to F. Therefore, if the velocity of P at D was to the velocity of p Bid in 9k greater ratio than that of E to F, th^ velocily of P at D might be to the velocity of p at some intermediate term betwixt d and g in the same ratio as E is to F. But this is im^ possible. For supposing / to bo such a term, azkd DL to be la dl in the same ratio as E is to F, these spaces woaM be described by P and p in the same time, by the supposition ; and a less space than DL would be described in that time by the motion of P at D continued uniformly (by the first axiom), but a greater space than (1/ would be described in the same time by the motion of j^ at I continued uniformly, by the- secoa4 axiom ; so that the velocity of P at D would be to the velocity ofp at I'm aless ratio t6an that of DL to dl,f>T of E to F. It appears, therefore, that the velocity of P at D is to the ve* locity olpstd neither in a greater nor Jess ratio than that of £ to F, but precisely in this ratio. 29. Case 3. if the motion of P is perpetually retarded, the motion of p must also be perpetually retarded, because the spaces described by these points in equal times decrease in the same proportion. In this case, a less spaee than D6 would be described by the motion of P at G continued umformly (by the fourth axiom), and a greater space than dg would be described by the motion of p aid continued unifenail;^ ^ the third
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    Chap. I. Method ^f fkm&nh ^ I tiiird axiom)^ in the lime thfit P and p with their lelaided motions describe DG and % ; so that the velocity of P at O is to IheTeloeity otp at el in a less ratio than that of DG to dg, or 6f E to F. Tnerefore, if we suppose that the velocity of P at B is to the velocity ofp at d in a greater ratio than tiliat of E to F; it feDcms, that the velocity of P at some point betwixt D and Qj as L, might be to the velocity ofp at d in tlie same ratio as £ is to F. Bat this is itnpo&»ble. For>.suppo8ing that DL is to d^ as E is to F^ these spaces will be described by P and p in the same time ; and a less space than DL would be de* acribied in that time by the motion of P at Lcontinued uniform* )y (by the fourth axiom) ; but a greater space than dl would be described in the same time by the motion ofp at d continued uniformly, by the third axiom; so that the velocity of P at li is to the velocity ofp at (/ in a less ratio than that of DL to d/, or of E to F. It is impossible, therefore, that the velocity of P at D can be to the velocity of p at  in a geater ratio than that of E to. F. Nor can that ratio be less than the ratio of £ to F. For in the same time that P andp with dieir retarded motions describe DG and d^, a greaVer space than DG would be described by the motion of P at D continued uniformly (by the third axiom)^ and a less space than dg would be described by the motion ofp at g continued unifoimlyi by the fourth axiom : so that the velocity of P at D is to the velocity . pf p at g in a greater ratio than DG is to dg, or E is to F. Therefore, if the velocity of P at D was to the velocity ofp Ht d in a less ratio than that of E to F, it might be to the velocity ofp at some point as / betwixt d and g in the same ra* tio as £ is to F. But this is impossible. For, supposiBg tliat PL is to ^/ as E is to F, the spaces DL and d/ will be described by P andp witli their retarded motions in the same time ) land a greieiter space than DL would be described in that time by the motion of P at D continued uniformly (by the third axiom), but a less space than dl would be described in the same time by the motion ofp at I continued uniformly, by the fourth axiom : so that the velocity of P at D is to the velocity ofp a| / in a greater ratio than that of DL to d/, or of E to F. It appeQrs> therefore, that the velocity of P at D is to the velo* £4 city
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    7£ The Grounds of the . Book L city of p 9Xd ia a rat^io that is neither greater nor less than that of £ to F^ but is precisely the same ratio. SO. This theorem may be also demonsbratedj by considering the spaces that are described by the points P and p before they come to D and d, whether their motions be supposed to be continued after that term or not. By joining these cases together^ the demonstration becomes general; and the sameobservation we made in the 2dd article is to be applied here. ^ f LEMMA I. 31. If Abe to B in a greater ratio than EistoT, and C be to Din a greater ratio than E is to F; then shall the sum of the antecedents A andC be to the sum of the consequents B and D ina gretUer ratio than that ofEtoF. ^ For let G be to B as E is to F, and H to D as E to F; then the sum of G and H shall be to the sum of B and D as E is to F. But A is greater than G^ because A is to B in a greater ratio than G is to B ; and C is greater than H, because C is to D in a greater ratio than H is to D. Therefore, the sum of A and C is greater than the sum of G and H ; and, consequently, the sum of A and C is to the sum of B and Din a greater ratio than E is to F. In the same manner it appears, in general, that if there be any number of ratios, each greater ^han the ratio of E to F, the sum of all the antecedents shall be to the sum of all the consequents in a greater ratio than that of E to F. 32. It appears, in the same manner, that if A be to B in a less ratio than E is to F, and C be also to D in a less ratio than E is to F : then the sum of A and C shall be to the sum of B and D in a less ratio than that of E to F: and, in general, if there be any number of ratios, each less than that of E to F, then the sum of all the antecedents shall be to the sum of all the consequents in a less ratio than that of E to F. THEO �
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    Chap. I. Method of Fbmons. 73 THEOREM VL 53. Whtn the vcldcities of ant/ motions are always to each other in an invariable ratio, the spaces described by them in the ' same time arc always in the same ratio. ' Suppose that the velocity of the point P is always to the velocity of j? in the invariable ratio of E to F ; let DG and dg be any spaces described by these points in the same time HV. Then shall DG be to ifg as E is to F. This is the converse of the preceding theorem, and may be demonstrated by it and the fourth theorem : but it may be also demonstrated immediately from the axioms in the following manner. In the first place> if the motions of P and p are uniform, it is evident that the spaces describes by them in the same time are in the same proportion as the velocities of the motions ; and therefore, in this case, DG is to Jg as £ is to F. 34. Case 2. Suppose the motions of P and p to be perpetually accelerated ; and> if the ratio of DG to c2g be greater than that of E to F, let DK betodgasEisto AP DL MKN G F; and DK shall be less than DG. ^ ^ j/^z.*. -. •r 1 TTTT a p a I m k n s Let the time HV — ^-  ■ ^ be divided by a H R S Q V ' ONitinual bisecti-  ' """*• on into the equal £ p parts HR, RS, SQ, QV, till the time QV be less than that in which P describes KG. Let DL, LM, I^N, NG be the spaces described by P, and dlj Im, mn, ng be the spaces described by j?, in these equal times HR, RS, SQ, QV. Then shall NG be less than KG, because it is described by P in a less time than KG; and the velocities of P at L, M, N, and G, will be to the velocities of^ at /, m, n, and g respectively, ais E is to F, by the supposition. It follows, from the second ai^iom, that M N is less than the space which would be described, in the time QV;by the motion of Pat N continued uni �
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    f4 The Grounds o/* tie iook L* uoiformly ; and^ by the first axiom^ ng is greater than the space which would be described in the same time by the motion ofpat n continued uniformly. Therefore MNis toiig ii^a less ratio than the vdocity of P at N is to the velocity ofp at » ; that is, in a less ratio than £ is to F. In the same manner, IM is to mn, DL U>lm, and, consequently (by art. 32), BN to Ig in a less ratio than that of £ to F» Therefore DN is surely to dg in a less ratio than £ is to F, or DK to dg ; and, consequently, DN is less than DK. But BN is greater than DK, because NG is kss than KG ; and these are contradictory. Therefore PG is to ^g in a ratio thai is not greater than that of £ to F. If it be said^ that DG is to d^ m a less ratio than that of £ to F ; kt DG be to cfi: as £ is td Ft and dk will be less than dg. Suppose the time H V to be di^ vided into the e^ A P D L M KN G qua! parts HR,  ~  "^ RS, SQ, QV, 0 p d I m kn s till QV be less than the time m H R S Q y T^hicbpdescribea t J 1 ■■ ■■■! II ' '1 riM Ml rS »*■ M I I  _ __ Ag.LetDI^LM, E— — F— *^ MN,NOb«th« s^ces doficiibe^ by P, and dl, im, ntn, ng the spaces described by |>, in the equat timet HR, RS, Sa QV. 'Hien, si«i» NG ie greater than lh# q)ace which would be described, in the time QV^, b^ the mo^ tion of P at N continued uniformly (by the first asfiom) \ ^oA mn is less than the space which would be described, in tlMTaama time, by the motion ofp at n continued uniformly (b^ the se^ cond axiom) ; it follows, that NG is to mn in a greats ratio than that of the velocity of P at N to the velocity of p at i^ which (by the supposition) is the ratio of £ to F* In the same manner, MN is to Im, LM to dl, and therefore lO to dn (bj art. 3 1 ) in a greater ratio than that of £ to F. Therefore DG is surely in a greater ratio to du, than that of £ to F, or that of DG to dft ; and, consequently, dn is less than dk. But the time QV, in whichp describes 9ig, was supposed to be less thaii the time in which p describes kg : therefore ng is less than kg^ and dn is greater than dk ; and these being contradictory, it fol.
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    Ghap.L MeiiodofFhxiouM. 75 ftaUmi that the ratio al DG to dgh opl less lh«ii ttkut oC £ to F. It appears^ tberefoie^ that DG isto%af£istoF« SS. Ca$e S. Suj^xise the motioiia of P aiidj^ to be perpetai^jr retairded ; and if D6 he to i% in a greater ratio than that of BteF.ktKQbetoi^asEistoF, andKGwiUbeloMthait BO. liet the time HV bedirided into equal parts, HR^IIS, SQ, QV^ tiU HR become kss than the timeki whidiP describes DK ; let DL, LM, MN, NG be described by the^nunt P, and dl, Im, mn, ng be described by the point jp, in these equal times. Then, because DL is described by P in a lei^ time than DK^ DL is less than DK, and 1/3 is greater tha^ KG. But LG must be supposed to be less than KG : for ifi easily appears^ from die third and fonrtbazioaBS^ that NG is t«^ mn in a kss ratio than thai of the vdooity of P at K to thcirelocity €ffp at n, or that of £ to F; and^ ki the same mamier, it appears, that MN is to im, LM to di, and consecjuently (by art. 32) LG to dn, in aless ratio than £ is to F ; so that I/i is surety to ^ in a kss ratio than £ to F,«v KO to i^ : from which it IcdloWB that lOiolewtlian KG. IfthesatioofDGto %befttdtobe kssthanthatof A P  D LK M N O B to F, let D6 be to A:; (less ^ P ^  I k m n g than djg) as £ is toF. Suppose, H R S Q V as before, the time HV to be E ■ ■■ FStthdivided into the equal parts HR, RS, SQ, QV, till HR becmae less than the tkne in which p describes dk ; and the spaces DG and dg being subdivided as formerly, dt shall be less than dk, and tg greater than kg. But Ig must be less than kg. For it appears, fiom the fourth axiom, that DL is greater than the space which would be described, in the time HR, by the motion of P at L continued uniformly; and Im is less than the space which would he described, in the same time, by the motion ofp at / continued unifevmlyiby the third axiom : so that DL is to ^ in a grealer ratio thaii ttiat of the veleeily of P al L to the velo^ city
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    76 The Grounds of the Book I. city of /I at I, or that of E to F. In the same manner^ LM b to nw^'MN is to f^y and consequently (by art. 31) DN to Ig, hi a greater ratio than E is to F. Therefore D6 is to ^ u a greater ratio than £ is to F^ or D6 to kg ; and^ consequently^ 1gi% less than kg. Thus it appears^ that when the velocities of tyhe points P and p are always to each otlier in any invariable ratio, the spaces described by them in the same time are al* ways in the same ratio. THEOREM VII. « • 56* When the space described by a motion is always equal to the sum of the spaces described in the same time by any other motioms, the velocity of the first motion is always equal to . ike sum of the velocities of the other motions. Let the three points P, p, and Q move in the lines AV, au and EF, and describe the spaces D6, dg, and IH in the s«^me lime ; and let IH be always equal to the sum of DG and dg : then diair the velocity of Q be always equaj to the sum of the. velocities of P and p. If the motions of the points P andp are both uniform^ then equal spaces being,described by them in any equal times, the spaces described by Q in equal times will be also equal, and its motion will be uniform ; and the velocity of Q will be to the sum of the velocities of P and/7 as IK is to the sum of DG and dg, and therefore in a ratio of equality. 37. If the motion of Pbe continually accelerated, and the motion ofp be. either uniform or accelerated, the motion of Q is also contiA P B D L G V nually accelerated   (by a p b d I g u art. 14) ; and ifthesumof E Q ifc I K H F the velocityofPatD, added to the velocity otp at d, was greater than the velocity of Q at I, this sum might be supposed' equal i% the velocity of Qat
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    Cha^. I. Method of Flttxions^ rt Q at some subsequent term^ as when it comes to K. Zjet P and p desaibe DL and dl in the same time that Q describes IK ;. and it follows, from the last article, that the point Q» with tts motion at K continued uniformly, would in this time describe a space equal to the sum of the spaces that would be described, in the same time, by the points P andp, with their mo|;ions al J) and d continued uniformly, that is, a space less than the sum of BL and dl (by the first axiom) ; and therefore less than I^. But the point Q, with its motion at K continued unifiormly, would describe a greater space than IK in that time, by the second axiom ; and these being contradictory, it follows, that the velocity of Q at I is not less than the sum of the velocities of P at D and /I at d. If the velocity of Q at I was greater tlian the sum of these velocities, then its velocity at some preceding term, as when it arrived at i, might be equal to that sum ; and supposing BD, bd, and £1 to be described by P,p, and Q in the same time, the point Q, with its motion at k conti* nued uniformly, might describe a space greater than the sum of BD and bd (or kl) in the time it describes AI with its accelerated motion, against the first axiom. This theorem is demonstrated in the same manner from the third and fourth axioms^ when the motion of P is perpetually retarded, and the motion ofp is either uniform or retarded. 39. When the motion of P is continually accelerated, but the motion of ^ retarded, the motion of Q may be accelerated uniform, or retarded* Suppose, first, that the motion of Q is accelerated ; and if the velocity of Q at I was greater than the velocity of P at D added to the velocity ofp at d, it might be supposed equal to the velocity ofp at d added to the velocity of P at some subsequent term, as when it comes to L. But this is impossible. For, supposing that this could be admitted, and that dl and IK are described hyp and Q in the time P describes DL, the point P, with its motion at L continued uniformly, would describe a greater space than DL in that time (by the second axiom) ; and the point p with its motion at d continued uniformly, would describe a greater space than dl in the same time (by the third axipm) ; so that the point Q, with its motion at I continued uniformly, would de^ scribe
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    78 The Groimd$ oftU &ook !« leribe ft greater s^)Bw» than the sum of DL and £& (or IK) in thai time. But^ because the motion (^ Q is supposed to be ooatiniH^ hf accelerated^ it follows^ from the first axiom^ that the point % with its motion at I continued uniformly, would describe a less ^nace than IK in that time ; and these being contradictoiy, it appears, that the velocitj of Q at I is not equal to the vdocity of Pat Ladded to the velocity of jp atd^and cannot exceed the sum -of the velocity of P at D added to the velocity of p at d. IS the .velocity of Q at I was leas than tliis sum, it might be equal to the velocity of ji aft d added to the velocity of P at some pre* ceding term of the time, as when it came to B. But this is impossible. For, if it could be admitted, then, supposing bi and AI to be described by p and Q while P describes BD, the point P, with its motion at B continued uniformly, would deaoribe a less space than BD (by the first axiom) in that time ; and the point j9, with its motion at d continued uniformly, would describe a less space than bd (by the fourth axiom) in tiie same time : so that the point Q, with its motion at I continued uni« formly, would describe in this time a space less than the sum of BD and hd, or k\. But the motion of Q being continually ac* /ederated, the point Q, with its motion at I continued uniformly, would describe a greater space than k\ in that time, by the second axiom : and these being contradictorjr, it is evident that the velocity of Q at I is not equal to the velocity of P at B added to the velocity of p at dy and cannot be less than the velocity of P at D added to the velocity of /i at d. If the motion of Q be uniform, while the motion of Pis accelerated and the motion of /i is retarded, it is demonstrated, in the same manner, that the velocity of Q at I is equal to the velocity of P at D added to the velocity ofp at d. 59. If the velocity of Q be continually retarded (the rest temaining as in the last article), and its velocity at I was greater than the velocity of P at D added to the velocity of p at rf, it might be equal to the velocity of p at some preceding term of the time, as when it came to b, added to the velocity of P at D. But this is impossible. For, supposing that this is admitted, and that P and Q describe BD and kl in the time p defcribes frrf, the point p, with its motion at b continued uniform �
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    Chap. I. M^iM^lJmkmt. 79 ly^ would describe in that time a space greater thaa bd (by the third axiom); the point P^ with its motion at D continued uniformlyj would describe a greater qpace than BD in the same time (by the second axiom) : and therefore the point Q, with its mptioQ at I continued uniformly^ would describe iu this time «space greater than the sum of BD and bd, or kl. 'B«t the motion of Q being continually retarded^ it would describe a less space than kl with its mo- A P B D L G V tion at I con-' tinued uni- a p h d I g ^ formly in that time by the E Q A I K 11 F fourth axiom: and these are contradictory. If the velocity of Q at I waa less than the velocity of P at D added to the velocity of j9 at d, it might be supposed equal to the velocity of P at D add* ed to the velocity of p at some subsequent term of the time^ as when it comes to I ; and (by the third and fourth axioms) it might describe, with its motion at I continued untfbrmly, a less space than the sum of DL and dl, or IK, in the same tiiM that by its retarded motion it describes IK; but it would describe, with the same uniform motion, in tlie same time, % greater space than IK, by the third axiom ; and these are contradictory. Therefore the velocity of »Q at I is equal to the velocity of P at D added to the velocity of j? at d. 40. If the space described by Q be always equal to the sum of the spaces described in thesame time by threeormore points^ it is easy, from what has been shown, to extend the demonitration to these cases, by substituting always one point in place of two : and it appears, in general, that the velocity of Q at any term of the time is equal to the sum of the velocities of all the other points at the same term. 4 1 . It follows, from what has been demonstrated, that when * the space described by any point p is always equal to the diffei'ence of the spaces described in the same time by the points Q and P, then the velocity of j7 b always equal to the difference of the velocities of these points. . THEa
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    t* ^ . •> SO The Gtcmds (tf the • Bode L THEOREM, VIII. 42. When the velocity of a motion is always equal to the sum of the velocities of any other motions, the space described by it is ahpays equal to the sum of the spaces desQribed in the same time by these other motions. Let the velocity of the point Q be always equal to the sum of the velocities of the points P and p ; and let IH, DG, and d^ be any spaces described by Q, P, andp in the same time : then shall IH be equal to the sum of DG and dg. This theorem may be demonstrated immediatelyfromlheaxioms^inthesamemanHer as the fourth and sixth ; but more briefly thus : Suppose the point q to describe^ A P D G  y upontfie linee/^a spac^ ih always ^ p ^ jg  u equal to the sum of DGand rfg ,then(by E Q r H F the seventh theorem) the velocity of £  ^ i h f q must be always equal to. the sum of the velocities of P andp, and therefore is equal to the velocity of Q. From which it follows, by the fourth theorem, that IH is always equal to ih ; and therefore IH is equal to tlie sum of DG and rfof. 43. It follows, from this theorem, that when the velocity of any point p is always equal to the difference of the velocities of two other points Q and P, the space dg described by p. is always equal to the difference betwixt IH and DG, which are described in the same time by the points Q and P. 44. In demonstrating these theorems, we have supposed that every motion is either uniform, continually accelerated, or continually retarded ; or that the time may be distinguished into parts, during each of which the motion is reducible to one or other
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    • H R S Q V E F L M N K Z CSiap. r. Method of tluxwM. 8f other of those kmds. For though the velocity of a motion may, * at certain terms of the time, be increased or diminished at once by a given or assignable quantity, it is impossible that a motion can be increased ordiminished in this mannerpeipetually, or at every term of the time. If such a motion could be supposed, its velocity would exceed all conceivable velocities in the least tjme that could be assigned. This, if it seem to need a proof, n^ay be demonstrated in the following manner : Let the point P describe any space DG, upon the line Aa, in the time H V ; and let its velocity at G be to ita veloci- A P . D  G  a ty atDin any assignable ratio, as in that of EK Id BR The velocity of P may be supposed, at certain termsof the time, to be increased at once, by a quantity that may be in the same latio to the velocity of P at D, as a given line Zis to EF; but it cannot be supposed to be mcreaaed in every assignable part of the time by this quantity, how minute soever it may be. For^ supposing that this could be admitted, let FK be divided by a continual bisection into equal parts, FL, LM, MN, NK, till each of these parts become less than Z; and let HV, which represents the time, be divided into the same number of equal parts, HR, RS, SQ, QV. Then, by what we have supposed, the velocity of P must be increased, in the time HR, by a quantity that is to the velocity of P at D as Z is to EF ; and Uierefore since Z is greater than FL, the velocity of P at the end of the time HR, is to its velocity at the beginning of that time in a greater ratio than EL is to EF. In like manner, the velocity of P being increased in each of the subsequent times RS, SQj QV, by the quantity represented by Z, which is gi^ter than LM, MN, or NK ; it follows, that the velocity of P at the end of the time HV (that is, when it is supposed to come to G) is to the velocity it had at the beginning of that time, when it was at D, in a greater ratio than EK is to EF : but the ratio of these velocities was supposed tobe the same as that of EK to EF ; and these are contradiotory. It appears, in the VOL. L F same
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    m . Tk Grounds qf the 9ookl^ BfUQe vMSkWif thftt di^ TclocHy of P cannot be supposed to de* oreasej «o lu^ to b^ diminUbed by a given quaatity^ how minute soeveo ii^ea^nted by Z, at every tenn of the tim^or in every assignable part of it. 45. When a motion i» accelerated or retarded in a oontoiue^ mamteTi it is evidentj that» from any given term^ a part of the time may be taken 8o ami^ll^ that the difference of the v^cities ^ the beginning and end of this time mi^r be less than the diffimnce of any given ungual vdodties ; and that the ratio of those velocities approaches to a ratio of equality, by diminishing the time, so that it may come nearer to that ratio than any given ratio of inequality. It follows from thisj that if BB^ DG, and 6K be described by such a motion in the equal timea HR, RS, SQ ; then by diminishing the tim^ HQ, the. ratio of QK to BD will approach nearer to a ratio of equality thM any ratio of inequality that can be assigned. FoTj if tfw.Btotmibe aeceteratedj BD must be graaler than the ippace which wonld be described in the A P B D G K ^ tiwie HR by the moticmat B continued uniformly (by H R S Q tbe first axiom); and GK ' is leas than the space which would be de9cribed> in the same time^ by the motion at K contiuued uniformly (by the second axiom) : so that GK is greater than "BD, but in a less ratio than the velocity at K is greala: than the velocity at B ; and therefore in a ratio, that, by di« minishing the time HQ, may approach nearer to a ratio of equality than any assignable ratio of inequality. If the motion of P be retatded in a continued manner, it appears, from the third and fourthaxioms, that the ratio of BD to GK is less than the ratio of the velocity atB to the velocity at K; so that, by diminishing the lime HQ» the ratio of BD to GK may approach nearer to a ratio of equality than any given ratio of ineq^iality . 46. It follows, conversely, that if the ratio of GK to BD approach to a ratio of equality by diminishing the time HQ^ BO as to com^ «earer to it than any giv^en ratio of inequality^ and thus obtain whatever part oS the time be represented by HQ ; then the motion must be increased or diminished in a 
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    r Chap. t. Method of Ihaiom. Si eondiHitd BUifmer. Por^ if the motion pcarpetnally increase^ Aeii the vdodty at Q is to the velocity- at D in a les9 ratio thrna GK is to BD (by the first and aecond axioms) ; and tbefe* Ibve ia a ratip tiiat (by the 8afqK)Mtioa) may come nearer to a ratio of equality than any given ratio of inequality : so tibat die motion mnst be accelerated in a continued m anner . If the motion ]^rpetiially decrease^ then the velocity at D is to the velocity at G in a less ratio than BD is to GK (by the third and foarth axioms) ; and therefore in a ratio l)iat may approach to « ratio of e^foality nearer than any given ratio of inequalitf: «o that themotion is retap&ed in a continued manner. The motioxiB that am increased or dinliiished in a contknied menBer atvelliQs ^^tinguished from those that at certaih terms are inoieaeed by « giveil quanti^^ but betwixt those- terms are eithep imifonti>or is also ac^oelerated or retiffded in a eontbitMa manner \ and that, in the ae^retttb theovem, when the motions of P and p are accelerated or i^tafded in a continued manner, the motion of Q is atctlG*r sated or retarded in the some manner. THEOREM IX. 47* Ifhm « point T deacfihes a lint An rsnth a motion of anjr AfM, ^mi Moiktfp^Mp de$cfih€8 the same spaces on this Unt ka, in equaltimes^ but in a donirdr^ order, and with an op-* posite direetion ; the 'Bel^tiet of these points at afr^ gioe^ term  at D mtistbe equal to the vdoCity of P at R F a When
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    64 I%0 Grounds of the, Book I« When the motion of the point P b unifocm, it follows, from the supposition, that the motion of jp is also uniform, and that Xheir velocities aie always equal. Let the motion of P be con-» tinually accelerated ; and it follows, from the supposition, that the motion of p is continually retarded* If the velocity of the pointjpatD was A P  D L  p a greater than the *""*'*""**'"*"'*"''~"~"^ """"""""'""'"'"'*'**'*" velocity of P at H— Q D, it might be supposed equal to the velocity of P at some subsequent term of the time, as when it comes to L. But this is impossible ; for the point P, with its motion at L continued uniformly, would describe a greatei space than DL, in the time HQ (by the second axiom); and the point p, with its motion at D continued uniformly, would describe a less space than DL, in that time (by the fourth axiom) : 8o that the velocity of |» at D is less than the velocity of P at L. If the velocity of P at D was greater than the velocity ofp at X>, it might be supposed equal to the velocity ofp at some term before^ came to D^ as to its velocity at L. But this also is impossible : for the point P, with its motion at D continued uniformly, would describe a less space than DL in the time HQ (by the first axiom) ; and the point jp, with its motion at L continued uniformly, would describe a greater space than LD in the same time (by the third axiom) : so that the velocity ofp at L is greater than the velocity of P at D. It appears, therefore, that the velocity ofp at any term of the line Aa, as J), is neither greater nor less than the velocity of P at the same term, but equal to it. If the motion of P is continually retarded, the motion ofp must be continually accelerated ; and the demonstration is the same as in the former case. 48. In the following articles, we suppose that w^e the points P and p describe the line Aa, the points "M and m describe the line £e, and that EM is determined in any regular manner from AP ; so that when AP is equal to the absciss of any .figure, EM is always equal to the correqx)nding ordinate. Then, if Em be determined in the same manner from Ap, it is evident, that ni^^en Ap becomes equal to AP, Em becomes equal to
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    Chap. t« Method of Umiom. 85 to EM ; and iliat^ according as AP is greater or less than Ap, EM is greater or les9 than Em. If P and p come together to any point B, then M and m sliaU come at the same timeto some point Lupon the line Ee ; and according as DP is greater or less than I)p^ LM is greater or less than lin. It is also evident, that the motion of P being uniform^ if the motion of M be accelerated or retarded in a continued manner ; then the motion ofp being also uniform, the motion of m must be accelerated or retarded in a continued manner. If tb|js seem to need any proofs it may be easily deduced from the 45th and 46th article^. THEOREM X. 49- The motions of the points P andp in the line Aa being uni* form, kt EM be always determined in any regular manner from AP, and Em be determined in the same mannerfrom Ap; then the velocity of the poim M^ at amf term of the line Ee, shall be to the velocity of the point m, at the same term of that line, as the velocity of P is to the velocity ofp. Let the points P andp come together to D ; let M and m oome at the same time to L : and the velocity of M at L shall be to the velocity of m at L as the velocity of the uniform motion of P is to the velocity of the uniform motion ofp. If the motion of M is uniform^ the motion of ffi is also uniform* For, if the point jwde- A P B D G g scribe the p spaces FI^ LSin any E M F L , S e equal times, m the point p vrill describeequal spaces BD and DG in these equal times ; and the motionof Pbeing uniform, it will describe the same spaces in equal times. But while P describes BB and DG, M de*" fcribes FIi and LS with its uniform motion ; and therefore FL F3 ia
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    gd J%i Ordunds of the feodk t! is eqnal to lA : and the spaces being equal whidi ttte described by m in any eqaal times^ its motion must be uniform. Hie velocity of M is to the velocity of P as FL isto BB ; and the velocity of m is to the velocity ofp m the same ratio. There* fote the velocity of M is to the velocity of m as the velocity ofp is to the velocity ofp. 50. If the motion of M is continually accelerated, the motion of m is also accelerated continually. In this case, if the velocity of m at I* Was to the velocity of p in a grddter ratio than the velocity of M at L is to the velocity of J^ ; then the velocity of m at L might be to the velocity ofp as the velocity of M at some subsequent term of the line Ee is to the velocity of P. Suppose the point S to be mxch a term, and let P describe D6 while M describes LS. Then, because the motion of the point M is continually accelerated, it would describe a greater space than LS with its motion at S continued uniformly, in the time P describes DQ (by the second axiom). Prom which it follows, that the velocity of M at S is to the vdocity of P in a greater ratio than US is to DO ; and therefbre the velocity of m at L is to the velocity of j!> in a ratio that is also greater than that of LS to DG. But,in the same time that p describes DG with an uniform motion, the point m describes liS with an accelerated motion ; and it would describe a less «pace than LS with its motion at L continued uniformly, in this time (by the first axiom). Tlierefore the velocity of m at L is to the velocity of je; in a less ratio than LS is to B6 : and Ifcese being contradictoiy, it appears, that the ratio of the velocity of m at L to the velocity ofp is not greater than the ratio of the velocity of M at L to the velocity of P. If it was a less ratio, then the velocity of m at some subsequent term of the line Ee might be to the velocity ofp as the velocity of M at L is to the velocity of P/ Suppose the point /to be thai term ; \etp describe Dg while m describes Lf: aiid since the point m, with its motion at /continued uniformly, would deficribe a greater space than 1/ while p describes Dg with its ttiriform motion (by the second axiom) ; it follows, that the Velocity of m at /is to the velocity ofp in a greater ratio than V » to jyg: and therefore the velocity of M at^L is to the velpcity
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    Chap. T. Method ofFluxiora. 87 velocitj of P in a ratio that is also greater than that of I/to Dg. But while P describes Dg with an uniform motion^ the point M describes I/with an accelerated motion; and it would describe a less space than 1/ with its motion at L continued uniformly^ ia this time (by the first axiom). Therefore the velocity of M at L is to the velocity of P in a less ratio than I/is to Dg. And these being contradictory^ it appears^ that the velocity of m at L is to the velocity of jp neither in a greater nor in a less ratio than the velocity of M at L is to the velocity of P. Therefore the velocity ofMatLis A P B D G a to .the velo- p g city of m at L as the ve- EM F L S q ■»ii» locity of P m / is to the velocity of p. In Uke manner^ this theorem is demonstrated from the third and fourth axioms, when the motion of M is ooB'tinually retarded. In either c««e,it maybe demonstrated from the same principles^ by considering the spaces described by the points M and m before they come to L, whether their motions be continued after that term or*not. An example of the manner how this is done^ was given in the 21st article. 51. It is demonstrated^ in the same manner, that EM being always determined from AP in any regular manner, and Bm being determined from J^ in the same manner ; if the motions of P and M be uniform, and M come to L when P comes to D, then the velocity of ^ at L shall be to the constant velocity of M as the velocity o£p at D is to the constant velocity of P. If the motion ofp is accelerated continually, the motion of m is also accelerated continually : and if the velocity of m at L was to the velocity of M in a greater ratio than the velocity ofp at D is to the velocity of P, it might be supposed that the velocity of m at L is to the velocity of M as the velocity of jp at g is to the velocity of P ; that is (supposing DG, Dg, LS, I/to be described by the points P, p, M, m respectively, in the same time), in a greater ratio than Dg is to DG ^y tiie second axiom), or (because the motions of P F 4 and
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    «t J%e JGrounds of the BookL and M are uniform, andDg is to DG as I/is to IS) in agreater x^tio ^^n I/is to I^. But the velocity of m at L is to the velocity of M in a less ratio than L is to IS (by the first axiom); and these being contradictoiy, it appears, that the ratio of the velocity of m at L to the velocity of M is not greater than th^ yatio of the velocity of |i at D to the velocity of P. In the same manner, it is shown, that it is not a less ratio ; and there* fore the velocity of m at I^ is to the velocity of M as the velocity of p at P i^ to the velocity of P. When the motions of p and m are continually retarded, the demonstration is deduced, in like manner, fi-om the third and fourth axioms. 52. The motion of the point P in the Une A V being uniform, but the motion ofp variable, let their velocities at D be equal ; let the time in which p describes AD be equal to the time in which P describes BD ; and let Dg and DG be also described by them in any equal times. Th^P^ if the motion ofp be perpetually   ^ccer A P B P G  y l^rated,6Pshan p b g be always less than BD (by the second axiom), because 6D is described byjp with an accelerated motion, and BD is described in an equal time by P with an uniform motion equal to that which p acquires at D. But Dg is greater than DG (by the first axiom), because Dg is described hyp with an accelerated motion, and DG is described in an ^ual time by an uniform motion equal to the motion of p at D. If the motion ofp be perpetually retarded, then (by the fourth axiom) bD is greater than BD, and (by the third axiom) Dg is less than DG. • 53. Let the motion of P in the line AV be uniform ; and the ihotion ofp in the line av be accelerated or retarded continually (that is, let its velocity increase or decrease fix>m one degree to another, by passing through all the intermediate degrees)^ >vhileP describes any spaces BD and DG ; let/? describe the spaces bd and dg ; and, the motion of o being first accelerated, let bd be always less than BD, but dg greater than DG : then the velocity ofp at d shall be equal to the constant velocity of P, For a greater space than dg would be described by the
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    Chap. 1 Method of Fhxiofu. 89 thie fointp, with its motion atg continued nnifonnly, in the same time P describes D6 (by the second axiom) ; and therefore the velocity of P is less than the velocity of jp at g. A less space than bd would be described by the point |»^ with its mo« tion at b contmued uniformly, in the A P B D G V same time P describes BD (by the (^ P h d g  v first axiom): and therefore the velocity of P is greater than the velocity of jp at &• The motion of p is supposed to be accelerated in a continued manner ; and, therefore, the constant velocity of P being greater than the velocity oFp at b, but less than the velocity of ji atg, it must be equal to the velocity of jp at some intermediate term of the space bg. But it is demonstrated, in the same manner, that the velocity of P is greater than the velocity of ji at any term before d, and less than the velocity of jp at any term after d. Therefore the velocity of P is equal to the velocity of jp at d. If the motion of p be retarded continually, and bd be al* ways greater than BD, but dg less than DG i ia ia demonstrated, in the same manner, from the third and fourth axioms, that the constant velocity of P is equal to the velocity ofp at d. 54, Let the motion of the point P be also accelerated; but, the nyotion ofp being more accelerated, let bd be always less than BD, but dg greater than DG. In this case, the velocity of P ^t D is less than the velocity ofp atg, because a less space than DG would be described by the former continued uniform* ly, and a greater space than dg would be described by the latter continued uniformly, in the same time (by the^ first and se-> cond axioms). The velocity of P at D is greater than the velocity ofp at b, because a greater space than BD would be described by the former continued uniformly, and a less space than M(which is itself less than BD) would be described by the latter continued uniformly, in the same time (by the same axioms). Therefore, the motion of the point j!^ being accelerated continually, the velocity of P at D must be equal to the velocity of P at some intermediate term of the space bg. But, in the same manner^ as yrehave showUj^ that it is ^ater than the velocity of
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    go The Gratmds of tlic Book L of jp at 5, and less than the velocity o(p at g, it is demonstrate ed to be greater than the velocity of p at any term before |» comes to d, and to be less than the velocity o(p at any term iaiter it passes^. Therefore the velocity of P at D is equal to the velocity ofp at d. ' BB. Lettbenotionof the p is more retarded than the motion of P). The velocity of P at D is greater than the velocity ofp at g, because a greater space than DG would be described by the former continued uniformly, and a less space than £% would be described by the latter continued uniformly, in' the same time (by the third and fourth axioms). The velocity of P at D is less than the velocity ofp at 6 (by the same axioms). Therefore, since the motion of p is supposed to decrease in a A P B  P G  V continued manner, the velocity of P at D must be a p h d g  v equal to the velocity of p at some intermediate term of the space bg. But, in the same manner as we have shown, that the velocity of P at D is greater than the velocity of p at g, but less than the velocity of p at ft, it is demonstrated that the velocity of P at D is greater, or less, than the velocity ofp at any term of the space bg, rfonly excepted. Therefore the velocity of P at D is equal to the velocity ofp at d, 56. When the motion ofp is retarded continually, and the motion of P is accelerated continually ; and bd is always greater than BD, hut dg less than DG : then the velocity ofp at b is greater than the velocity of P at B, because a greater space than fed would be described by the former continued uniformly, and a less space than BD would be ^escribed by the latter continued uniformly, in the same time (by the first and third axiomsj. Tiie velocity ofpsig is less than the velocity of P at G, because a less space than dg would be described by the former continued uniformly, and agreater space than DG would be described by the latter continued uniformly, in thesflime time (by
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    Chap T. Method of Ffuxiom. gi (by tbe tetxmi and fourth axioms). Therefore^ sSnce the mofioiifl of P and p increase and decrease in a continued manner^ their velocities must be equal at some intermediate term of the time in fdiich they describe B6 and bg. But^ in the same maa« ner, as we have shown^ that their velocities are nneqnai at B and bf and at G andg^ it is demonstrated that their velocities are miequal at any term of the time^ that only when they come to D and d excepted. Therefofe, in this case also^ tbe v< of P at D is equal to the velocity otp at d. THEOREM XI. 87' The motion of the point P tq>on the line An being uniforM, And the motion of the point p vpon the same line being acce^ hrated or retarded continually, let their velocities be equal at D. Tktn, EM being always determined from AP in amf tegular manner, and 'Eau being determined from Ap in the tame manner ; tohen P comes to Ji, let M come to L with a motion that is accelerated or retarded continually, and the 'Bdocity of m at h shall be equal to the velocity of M ath. In the first place, let the motion of M be continuaDy Jsorated^ and the motion of p continually retarded* Let the points V,p,M, and m describe the ^acesBD, bJ), VL, and/L respectivdy, in the time TV; and the spaces D6, Dg, IJS, 1/ in the time V/. Then (by art. 52)> bJ) is greater than BD, and Dg less than DG. From which it fotUows (art. 48)^ that fL is greater than FL, and I/le$s than LS. In this case, the motion of m may be uniform^ accelerated, or retarded. Let it iirst be uniform. By the first axiom, the point M, with its motion at F continued uniformly, would desccH^e in the time TV a space less thau FL, which is itself less than/L, the space described in the same timeby the point jh ; so that the vdocity of M at F is less thaA the constant velodHy of m. Theie* ioc^ since the motion of M is accelerated in a continued man* ner^
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    9% The Grounds of the Book I. ner> hy the supposition ; if its motion at L be greater than the velocity of m, its velocity at some intermediate term of the space VL, as K^ must be equal to the constant velocity of m* Let Y,p, AP B RD QG a M,andi» p b r EM F K L « 9 g N S describe the spa* e ces RD, m f k T Z V t rD, KU and kLia the same timeZV; and because rD exceeds RD (art. 59), kL must be greater than KL. The point M> with its motion at K continued uniformly, woolel describe in the time ZV a space less than KL (by the first axiom), which is less than kL, that is described in the same time by the point m with its uniform motion. Therefore the velo* city of M at K is less than the constant velocity^ of nt. But they were equal ; and these being contradictory, it appears, that the velocity of M at L is not greater than the constant velocity of m. The velocity of m is less (ban the velocity oC M at S, because 1/ is described by the former in the time Yt, and a greater space than IS (which exceeds I/) would be described in the saine time by the latter continued unifbnnly, by the second axiom . Therefore, if the velocity of m be greater than the velocity of M at L, it must be equal to the velocity of M at some intermediate term of the space LS, as N. While M describes LN, let P, p, and m describe DQ, D^, and L« ; and J)q being less than DQ (by art. 59), Ln is therefore less than IiN. The point M, with its motion at N continued uniformly, would describe a greater space than LN(by the first axiom), while m with its uniform motion describes Ln ; and therefore the velocity of m is less than the velocity of M at N. But they weree
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    Ohap. I Method of fltutions. gS X€tarded^ and the velocity of m i» accelerated/ For it apf^sars^ in the same manner^ that the velocity of m at Lis greater than the velocity of M at F^ but less than the velocity of M at S ; so that it must be equal to the velocity of M at some intermediate term of the space FS : and it appears^ from the first and second axioms^ that it cannot be equal to the velocity of M at any term of the space FS;, but L only. 58. The motion of M being^till accelerated continually, and the motion of p retarded continually^ let the motion of m be also retarded. If the velocity of m at L be greater Uian the velocity of M at L, let the velocity of p in the Une Aa be greater than the velocity of P in the same ratio*. The constant velocity of p being greater than the velocity of p at D, and the motion of jp being retarded in a continued manner, the velocity of p Ahall be A P » b H g  q equal to the p b g velocity of p at some E M m / L / . e term before mi - a it comes to D, as at b. Then, Em being determined from Ap in the same manner as EM is determined from AP^ the motion of ^n shall be continually accelerated (art. 48), and the velocity of m at any term of the line £e, as L^ shall be to the velocity of M at the same term, as the velocity of p is to the velocity of P (by the tenth theorem)^ or as the velocity of m at L is to the velocity of M at L. Therefore the velocity of m at L must be supposed equal to the velocity of m at L. Let j9, p, m, and m describe the spaces (D, bD^yX and f L^ in the same time ; and bD being greater than 6D (by the third axiom^ the velocity of p being equal to the velocity oip at b)y f L must be greater thanyX. The point m^ with its motion at L continued uniformly^ would describe a greater space than fL in that time (by the second axiom). The point m, with its motion at L continued uniformly, would describe a less space thanyL (which is less than fL) in the same time (by the fourth axiom). Therefore the velocity of m at L is greater than the velo �
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    gt !ne GrMfub ofOe Bock X. yAxiltfotm at tu But these velocititeft wcft tttppesed equal} and these beii^ coatradictoiy^ it foUows that the yalocity of m at L it not greater than the velocity of M at L. If the ^loctty of mat L be less than the velocify of M at L, let the "vdocity of p be less than the velocity of P in the same ratio ;; a]id> since it is less than the velocity of p at D^ let it be equal to the velocity of |» at some subsequent term of the line Am, a> • at ^. Em beA P j> AD g'  a ingdeterminp b g ed from Ap in the same .......^ E M m / L / $ manner as ^ ^ -^^ J -^"~ EM is determined from AP^ the velocity of m at L is to the velocity of M at L atf the velocity of p is to the velocity of P (by the tenth theo^ rem) ; and therefore must be sapposed ^ qual to the velocily of in at L. Let j9^ p^ m, and m describe the spaces Dg, J}g, If, and Ls in the dame time; and Dg being less than J>g (by the fourth axiom)^ Ls is less than I/. The point m^ with i^ motion at L continued uniformly^ would describe a ^aee less than Ls in that time (by the first axiom) ; and the point m, with its motion at L continued unifimrmly^ would describe a gieater space than I/(which exceeds Lb) in the samet»me(by the thurd axiom). Therefore the velocity of m at L is less than the velocity of m at L. But they were supposed equal ; and these being contradictoi7> it appears that Uie velocity of m at Lis neither greater nor less than the velocity of M at L^ but precisely equal to it. 59. The motion of M being acoelerated continuaRjr^ as feraedy^ let themoUon ofp be also accelerated coBtiauaRy> and it is evident that the motion of m is abo accelerated (art* 14). If the vdocityof matLbenot eqnaltothe velocity -of Mat h, let it first be greater^ in the same ratio as IV is greater thtfi IH ; and (R being any point betwixt H and V) let the velocity of p be to the velocity of P (
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    r Chap. 1. Meikod a^Ftusnom. 95 Dg with its timfonn motion^ in the same time ihal j» deftcribes J>g, and Dig shall be greater than Dg (by the secimd axiom). Iiet Em be detennined from Ap in the same manner as EM is determined from AP ; and^ if m and m describe the spaces Lb' and I/in that time^ Is shall be greater than I/. The pointi m> wiUi its motion at L continued uniformly^ would describe « less space than 1/ in this tkne (by the ftrst axiom). The point m, with its motion at s continued unifennly, would describe agreater space than Ls in the same time (by the second axi*' cm). Therefore the velocity of m at L is less than the vdo-' city of m at s : but it is greater than the velocity of m at £ (in the same proportion as IV b greater than IR) ; and^ conse* qneatly^ k must be equal to the velocity of m at some inters' mediate term of the space Ls^ as o. In the same time that m describes Lo^letp^ A P p '& n g a p, and m p n g describe the spa- E M m L o / i cea MM, m o s Dn^ and Lorespec- I H R V • tiveJy. The point m, with its motion at L continued uniformly, woiddl descijbe a space less than Lo in that time (by the first axiom). The point m, with its motion at o continued uniformly, would describe a space greater than Lo in the same time (by the second axiom) ; and, Dn being greater than Dn (because the velocity of p always exceeds the velocity of p till p come to g\ ld> is greats than Lo. Therefore the velocity of m-at Ii is less than the velocity of m at o. But they weie si^posed equal ; and these being contradictoiy, il appears thait the velocity of w at L is not greater than the velocity of M at L* In like manner it is demonstrated, that the velocity of m* al L is not less than the velogity of M at L ; and tbeseibse these velocities are equal to each other. ^. The other cases of diis theorem, when ^ motioa of 11 is supposed to be letarded continually, aw demoMtiated in th^ same.

  

  
    Page 133
    

  
  
    The text on this page is estimated to be only 29.77% accurate
    96 Tkt Grounds o/ihe Bocrik I. same manner ; or they may be deduced from those we have described by the ninth theorem. When the motions begin or end at the terms D and h, the same demonstration is applicable ; since it is sufficient that the motions may be conceived to have begun before these terms^ or to be continued after them. For the same reason these demonstrations may be applied, when L is a tenn where the motion of M ceases to be accelerated, being afterwards retarded ; or where it ceases to be retailed, being afterwards accelerated. In like manner, the theorem may be extended to those cases, when the velocity of M is increased or diminished at L by any finite or assignable quantity, by conceiving the velocity thus augmented or diminished to have been produced by a continued acceleration or retardation while M came to L. 61. In general, it follows, from what has been demonstrated, that when the points P andjp describe- the line Aa with motions that are either uniform or varied continually ; and, £ ISf being determined from AP in any regular manner, Em is determined from Ap in the same maoaer : then the velocity of Ik at any term of die Une Ee is to the velocity of M at the same term of that line, as the velocity of p, at the corresponding term of the line Aa, is to the velocity of P at thesame terra* 62. Iii the two following theorems, when we say a ratio is a limit betwixt two other ratios^ we mean no more, bat that it is greater than the one, and less than the other. THEOREM XII. The velocity of a motion that is accelerated or retarded perpc^ ' tually, is, at any term of the time, to the velocity of an uni* ' form motion, in a ratio that is always a limit between the ' ratio of the spaces described by these motions in any equal • times before that term, and the ratio of the spaces described by them in any equal times after it. While the point P describes the line Aa with an uniform motion, let the point M describe the line Ee with a motion that is acce �
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    jj Cliap. 1. Method of Fluxiom. 97 \ accelerated or retarded perpetually. When P comics to D, let 1 M come to L. Let BR and FK be spaces described by the points P and M in any time before they come to D and L ; and let QG and NS be spaces described by them in any time after that term : and the velocity of M at L shall be to the constant ' velocity of P in a ratio that is always a lunit betwixt the^ ratio of FKto BR and the ratio of NS to QG. First, let the motion of M be accelerated ; and the point M, with its motion at N continued uniformly, would describe a space less than NS, in the same time the point P with its uniform motion de*scribes QG (byAP B RD QG a the first axiom). Therefore the E M F K L N S e velocity of the * point M at N is to th« constant velocity of the point P (art. 4) m a less ratio thaw NS is to QG. But the motion of the point M being perpetually accelerated, its velocity at L is less than its velocity at N, and therefore is to the constant velocity of P in a less ratio than that of NS to QG. By the second aaiom, the point M, with its motion at K continued uniformly, would describe a greater space than FK,. in the same time P with its uniform motion describes the space BR; and therefore the velocity of the point M at K is to the constant velocity of the point P in a greater ratio than FK is to BR. But the velocity of the point M at L is greater than its velocity aj: K ; and therefore is to the constant velocity of P in a greater ratio than FK is to BR. Thus it appears, that the velocity of the point M at L is to the constant velocity of P in a ratio that is always ' a limit betwixt the ratio of NS to QG and the ratio of FK to BR ; being in this case less than the former, and greater than the latter of those ratios. 63. If the motion of the point M be retarded perpetually, then (by the third axiom) the point M, with its motion at N continued uniformly, would describe a greater space than NS, in the same time P with its uniform motion describes the space QG ; and therefore the velocity of M at N is to the conVOL, I. G stant

  

  
    Page 135
    

  
  
    The text on this page is estimated to be only 25.03% accurate
    98 The Grounds of the Book I. staat velocity of P in a greater ratio than NS is to QG. But the motion of M being now retarded^ its velocity at L is greater than its velocity at N ; and therefore its velocity at L is to the velocity of P in a greater ratio than NS is to QG. By the fourth axiom^ the point M, with its motion at K con* tinned uniformly, would describe a space less than FK, in the same time P describes BR with its unifoivn motion ; and therefoie the veA P B R D Q G  a lodty of M at K is to the constant E M F K L NS  e velocity of Pm a less ratio than FK is to BR. But the velocity of M at L is less than its velocity at K ; and, consequently, the velocity .of M at L is to the constant velocity of P in a less ratio than FK is to BR. Therefore the velocity of M at L is to the constant velocity of P ID. a ratio tliat is always a Kmit betwixt the ratio of NS to QG and the ratio of FK to BR, being in this case greats than the former, and less than the latter of those ratios. It is evident^ that in either case the velocity of M at L is to the velocity of P in a ratio thai; is always a limit betwixt the ratio of KL to RD, and that of LN to DQ ; for this is only a particular case of the theorem. THEOREM Xm. 64* The space described by a motion that is accelerated or rftarded perpetually, is to the space described in the same time hy an uniform motion, in a ratio that is a limit betwixt the ratio of the velocities of these motions at the beginning of the time, and their ratio at the end of it. The points P and M being supposed to describe the spaces DG and LS in the same time, and the motion of M being accelerated, as in the 62d article ; then, since the point M, with iu motion at L continued unifonnly, would describe a less space than
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    Qiap;L Method cf Ihaiaiis. 99 than IJSy in the time P describes the qMce I)G with uiaiiifi^^ motion (by the first axiom) ; it foUows^ that the space IS it to the space D6 in a greater ratio than the Telocity of Mat L is to the constant velocity of P^ The point M, with its mo* tion at S continued miifonnly^ woald describe a greater space than LS^ in the time P deKsibes DG with its .onifarm motion> (by the second aadcmi) ; and> cdnsequently> the space LS is to the space D6 in a less ratio than the Teloci^ of M at S is to tfie constant velocity of P. Therefore the ratio of the space LS lo the space D6 ib a limit betwixt the ratio of the velocity of M at L to the constant velocity of P^ and the ratio of the velo* city of M at S to the velocity of P; being greater than the former^ and less than the latter of those ratios* 65. Let the motion of the point M be pexpetbally retarded; as in the 63d article ; and, by the third axiom, the point M would describe a greater ^ace than LS, with its motion at h continued uniformly,in the timePdescribesDO; but the point M, with its motion at S continued uniformly, would tocribe aless space than IS in the time P describes DG (by te fourth axiom) ; therefore the space LS is totiiespace DG in aratio that is less than the ratio 4Df the velocity of M at L to tiie ve^ loctty of P, but greater than the ratio of the velocity of M at S to the velocity of P. THEOREM Xm 66. T%e inoHon rf the paint P betng utliyhfm^ but the fnai the point M continually varied^ let the Telocity off be to the velocity ofMathasa given line Dgis toJx) let Dg be alwayzto I/a$the$pace DGdescribedbyfin^u^ timeitto LS, the epace dewibed by M in the same time. Then, by diminishk^ thetpaces DG and LS conttnually, qfmay become ' leu them any amgnable magmtudci Let cr be any small quantity as^iign^ at pleasure ; andtetit be added to Lc when the motion of M is aocek«alii4»^^ ^^"^ ' G S " dBBtKtd-'
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    too TJki Gtowds of the Book L dncteri finm Le ^li£a tfac^ inotioii of M and it is aiMifeety that^ by diminishing IS, the velocity of M at S ap» proacheii contimiallj to the velocity of M at L> so that theit 4iftnenca may become equal to. the difference of any two im« equal velocities that can be assigned, or kss than it, how small loeverit may be,- Let LS be dhninished till the diffeienoe of tiloae velocitiesL be to the constant vebdty of P ^ ^^is to I^; and the veloA P B D G g  « city of Mat 3 shall be tothe EM FL S B c f X e velocity of Pas Lr is to. Dg. When the motion of M is accelerate, it follows, from the 64th article, that the ratio of LS to DG, or of I/to Dg, is greater than the ratio of the vdodty of M at L to the velocity of P> or the ratio of Lc to Dg ; but that the same ratio of IS to DG, or of I/to Dg, is less than the ratio of the velocity, of Bliat S to the velocity of P, or the ratio of Lr to Dg. Ilieref but less than la ; and, consequently, cfh less than ex. When the motion of M is retard^ ed contintially, then (by the 6Sth article) the ratio of IS to DG, or of I/to A P B D G ff  a Dg,isles$thanthe ratio of the veloEM F L S X f c H e city of M at L to the velocity of P, or the ratio of Lc to Dg, but greater than the ratio of the velocity of M at S to the velocity of P, or the ratio of Lr to Dg. Therefore 1/ in this case is less than Ix, but greater than Lr ; 9pd, consequently, cf k less than cx^ In the same manner it is demonstratqd,, tbuBEt if FL be always to BD as Ls is to Dg, then, , l^ diminislung the spaces FL, BD, which are described by M and P before they come to L and D, cs may become less than any given magnitude. And if FL, LS be spaces described by the point M in equal times, or in times that are to each other in any given proportion ; and FL, LS, DG be to each other always in th^ same proportion as Ls, 1/ and Dg ; then, by diminishing the spaces FL and LS continually, ^may become .••*': * less • • .
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    Chap. T. Mithoi of Ffuxibris. tOI teas than ^ny given magnitude. It appears from what was shown in the 44tb article^ that any motion must be supposed to be either uniform^ or varied in a continued manner for some time; how small soever that time may be ; and therefore this theo« rem obtains universally. 67* Because ^ the difference betwixt 1/ and Lc decreases so that it may become less than any given quantity^ how small ^oever^ when DG and LS are diminished continually; it appears that the ratio of Dg to I/(or of BG to LS) approaches eontinnally to the ratio of Dg to Lc, so that it may come nearer to this ratio than the ratio of Dg to any assignable quantity greater or less than Lc. For this reason^ the ratio of Lc to Dg is by Sir Isaac Newton called the Limit of the varia-* ble ratio of I/to Dg, or of LS to D6^. in a more restricted sense of this term than that in which we made use of it in the twelfth and thirteenth theorems. 68. When the motion of the point M is continually accelerate
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    10> Tke Grounds tjfthe Boole I, ' 69- It u in this concise manner Sir I$aae Newton most commonly determines £he ratio of the fluxions of quantitiefi. But we shall treat more fiiUy of his method aftenraids ; and> smee there have been various objections made against this doctrine> we shall demonstrate its principal proportions immediately from the axioms. By tracing them to such plain principles> their evidence may be more easily examined, and ob-. jecticms against them may either be obviated, or, if any doubt or difficulty remain, it may appear wherein precisely it lies. It U worth while to demonstrate the chief propositions of this method in as dear and complete a manner as possible, if by Ibis means we can preserve this science from dilutes'. Some of the preceding theorems are so evident, that they are commonly admitted without a proof: hut, because we are delivering the Elements of this doctrine, and have proposed, in treating it, to imitate the antient Geometricians (who never in^s creased the number of their principles without necessity), we have deduced those theorems from the axioms, that it might appear how few and plain the principles are which it is neces^ sary for us to assume in demonstrating it. It remains, before we proceed to enquire into the fluxions of particular quantities, that we should say something of the higher orders effluxions. ' 70. When a motion is accelerated or retarded continually, the velocity may be itself considered as a variable or flowing quantity, and may be represented by a line that increases orde* creased continually. When a velocity increases uniformly^so as to acquire equal increments in any equal times, its fluxion is* measured by theincrementwhich is generated in any given time. In this case, the velocity is represented by a line that is described with an uniform motion ; and its fluxion, by the constant velocity of the point thatdescribes theline,or by die space which this point describes in a given time. When a velocity is not ao* celerated uniformly, but acquires increments in equal times that continually increase or decrease, then its fluxion at any term of the time is not measured by the increment which it actually ac-i quires, but by that which it would have acquired if its acoele*: ration had been continued uniformly from that term for a given time. - And, in the same manner, when a motion is retarded con �
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    « • Chap. I. M^kodifthaum. lOS continually/ the qnantity by which it would he diminiBhed in a given time^ if its retardatton was continned oniiimnly from any tenn, measnres its fluxion at that tenn. While the point M describesthe line Ee, let the point Q describe the line li, so that IQ may be always equal to the space that would be described by the motion of M^ if it was continued unifbnnly for a given time. Then IQ shall always represent the velocity of M^andtheve* locity of the E  M  e point Q shall represent the flnxion of the I Q t' velocity of M ; •-'■■■••■•■'^■"■'■"■""•■""•""■^"■""■'^""-■-"■"•■^■■""^ which therefore is measured, at any term of the time^ by the space which would be described by Q with its motion at that term continued uniformly for a given time. The velocity of M is the Auxion of EM ; and therefore the velocity of Q re* presents the fluxion of the flnxion of EM. Thus, when a flnxion of a quantity is variable^ it may be considered itself as a fluent, and may have its fluxion, which is called the Second JluiUm of that quantity. This may also have its fluxion, which is called the Thirdfluxifm of the first fluent : and we shall show afterwards, that motions may be easily conceived to vary in. such a manner as to give ground for admitting second flux* ions, and those of any higher order. 71. The second fluxions are deduced from the first, in the same manner and upon the same principles as the first fluxions are deduced from their fluents : and th^hefore we shall subjoin m this place but one theorem concerning them. LEMMA IL m What a motion is accelerated or retarded uniformiy, the space . described by it is an arithmetical mean betwixt the spaces . thai would be described in the same time by the motions at the beginning xind end of that time continued uniformly. G4 Let

  

  
    Page 141
    

  
  
    The text on this page is estimated to be only 21.79% accurate
    IM nc GrQWvUqfihe Book I. , Let l]ie.pdixit<1lf de^dib^ tdiW^Hie l& io any given time witli a motion .that 13 aa^ei:atod or. ii^l^rded uniformly; )et LC and SH be the spaces tba.t wotdd be .4e(scribed in an equal time by its motions at Lan4 $ continued wif9n;nly. Then tbedifference of SH and I^ 9hall be equal to tiie difference of LS and LC. Let the poini m jmove from S to L^ describing always any spaces upon SL An times equal to those in which they axe de* scribed by M^ but in a contrary order (as in art. 47)^ and the velocity of m at any term of the line LS^ must be equ^l to the velocity of M when it comes to the same term of that line, by the ninth theorem. In the same time the point M describesany dpace Lz, let my describe Sx; and, since the time in which M describes xS is equal to the time in which m describes it (by the supposition), it follows, tbat Lz and xS are described by &( in equal times. Iliierefore, since the motion of M increases or decreases uni«r El L ;g R X C $  H_f formly, the M fn difference of its velocities at L and z is equal to the difference of its velocities at x and S ; and, consequently, is equal to the difference of the velocities^ of m at ^ and S. From which it follows, that the sum of the velocities of M and m is always equal to the sum of the velocitiev of M at L, and of m atS^or to the sum of the velocity of M at L added to its velocity at S. Therefore, by the eightli theorem, LS, the space described by M, added to LS the space described by m in the same time, is equal to the sum of the spaces LC and SH that would be described in an equal time by the motions of M at L and S continued uniformly \ Bud, consequently, the difference of SH and LS is equal to the difference of IS and LC. 72. Let LR and RS beeqy spaces described by the point M Wf th a motion that is accelerated or retarded uniformly, in equal times that immediately succeed after one another; and, in the same time that M describes the space LS with this motion, it would describe a space equal to I^ by its motion at R continued uniformly, l^or the velocity of M at R is an arithmetical mean betwixt its velocities at Land S, because the amotion of
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    Chap. I. M$ihod ^ Buximi^. 106 pf M incieaw or dacaeasw qnifowmly ; aiii4thQi»£(Meibepouftt M, with hi AOtiQD Hi R cootinu«d wuforaily, would ^esoribe a space eq«aliQiia]f tbesumof LCaa4;&H,«i tb^ same iimm diat it would deaoribe LC with iUaiotioo at h,mS^ with 141 motton at S continaad itmfymif. But, by ^s kmiofiy £4$ ii oqual to half the au* of LC ttod SU ; au4 ti»e point M 4e« •eribas LS with iu acoaltoaited Motion lA tba aaiM tvfm tbatit would describe LC with its motion at L continued uniformly* Therefore^ in the s^me time that the point M describe^ \S with amoiioa«ttA£Mn^aooel»atod^itwcHild describe a space equal to LS with its motion at R continued uniformly. 73. If the motion of the point M begin at ihe term L fronk nothing; then LC vanishes, and LS is equal to one half of SH ; thati% when the motion begins fhmi nothings andis accelerated unifeimly for any time^ the space described by it is ono half of the qiace described in an equal time by the motion that is acquired by this acceleration ooQiinuad imifonnly. Thi« U one of the propositions discovered by Galileui ; and several othars of this kind may be demonstrated in the same mannerfrom the preceding theorems, without having rQcx)nrse to tha method of indivisibles or of infinitfaimals. THEOREM XV, 74. Lei the point M describe the Hne Ee with antf variabk tim; and, in th sam9 time thai it wqM deserve LC» with ii^ motion at L conOmued uHtformly, stj^pose that it would de^ scribe LS, if the ac^eration or retardation if its mqtUm mq$ coHthmed wifformfyfrom thai term. Thm, if the velocity of Math, or the firsi fluxion of ELj be represented by LQ, thi secpndflaxion of EL may be measured by SQS. The fluxion of the velocity of M^ at any term of the tiin^ of its motion, ia measured by the increment which it acquiref^ in a given Un^e^ when its ii^^eleraMon is contiaued uniformly from
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    lOS, The Grounds of the Book L from that term. The acceleration of the motion of M being supposed to be continued uniformly^ till it describe LS in the same tinie that it would describe LC with its motion at L oontinned Uniformly ; let SH be. to LC as the velocity which M would acquire in this manner at S is to its velocity at L : and^ sincfE^ the velocity of M;at L is supposed to be represented by LCj the velocity which it woald thus acquire at S will be re• £.M F L CSc/ H ■  e I Q K V t. » » iiii ■ • t ■ presented by SH ; and the increment of its velocity which would be generated if the acceleratbn of its motion was continued uniformly from L, in the same time that it would describe LC with .its motion continued uniformly from h, will be represented by the excess of SH above LC ; which is equal to 2CS> by the last lemma. TbereforeHlre fluxion ^of the veloci^ of M at hy or the second fluxion of £L^ is represented by 2CS. W hen the motion of M is retarded, then the decrement of the velocity of M that would be produced if the retardation of its motion was continued uniformly from L^in the same time in which M would describe LC with its motion continued uniformly from h, is represented by the excess of LC above SH ; and the second fluxion of £L is represented by that excess, or by SCS. 75. Or if we suppose, as in the 70th article, that the line IQ always represents the velocity of M , or the fluxion of EM, the velocity of the point Q will represent the fluxion of the velocity of M, or the second fluxbn of EM. Because LC is supposed to represent the velocity of M at L, let IK be eqnal to LC, and Q shall come to K when M comes to L. The velocity of Q at K is measured by the space which would be described by its motion at K continued uniformly, in the same time thatM, with its motion at L continued uniformly, would describe LC. Let K V be the space ; and, the motion of Q beix^ supposed uniform while it describes KV, the acceleration or retarda*
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    Chap; L Method of Fhx^ions. 1 07 letardatbn of the motion of M i% therefore continued uniform* ly for that time ; and the velocity of M at S is to its velocity at Ly as IV is to IK or LC. Therefore the point M would de« scribe spaccB equal to IK and IV by its motions at L and S continued uniformly^ in the same time that it describes LS when the acceleration or retardation of its motion is continued uniformly ; and^ by the last lemma, K V is equal to SCS. But KV represents the velocity of Q at K^ or the second fluxion of EL ; which is therefore also represented by !2CS. When the motion of M is retarded^ IQ decreases, the point Q moves from K towards I^ and the second fluxion of EM is in this case said to be negative^ being considered as a power that retards the generating motion^ diminishing continually the first fluxion of EM. It appears from this theorem, that, as the first fluxion of a variable quantity, at any term of the time, is measured by the increment or decrement which would be produced if thegene-* rating motion was continued uniformly firom that term for a given time ; so its second fluxion may be measured by twice the dlfierence betwixt this increment or decrement, and that which would be produced if the acceleration or retardation of the generating motion was continued uniformly from that term fof the same time. 76. I^t Kv, Ix, and I/be any other spaces that would be described in the same time by the uniform motion of Q; the motion of M at L continued uniformly, and the motion of M, if its acceleration wascontinued uniformly from that term, respectively. Then, the vdocity of M acquired by this last motion at/shall be to its velocity at L as It? is to IK or LC : and, the diflerence of those velocities bemg to the velocity of M at Las ^\a to Lc by the last lemma ; it follows, that ^'n to Kv as Lc is to LC. But Ko is to KV as Lc is to LC (by the second theorem) ; and therefore q/'is to CS in the duplicate ratio of Lc to LC. It is also evident, that when LC and LS are supposed to decrease continuaUy^ the ratio of CS to LC decreases so that it may become less than any assignable ratio. For the ratio of the velocity of M at S to its velocity at L, or that pf SH to LC, approaches continually to a ratio of equality, as the point S approaches to h, and may come nearer to it than any
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    K>d The Grounds rf the Book I. any asiigirable ratio of inequality. But CS is less than the dif* jGsrence of SH and LC ; and therefore the ratio of CS to LC may beoome less than any assignable ratio. From this it foi«> lowsy that when LC^ which represents the first fluxion of £M^ contipoally decreases, then dCS, which represents its second fluxicm^ decreases so that its ratio to LC may become less than Iny as^gnable ratio. ^^. Let FL and 1& be spaces described by the point M in any equal times that succeed after one another ; and let KV be described by Q in the same time M describes LS. When tike motion of M is accelerated or retarded uniformly, its vdocity at Jj, or the first fluxion of EL, may be measured by half the sum of FLandLS; and the second fluxion of £L may be measured by the difference of LS and FL. For the point M would de» scribe, a ^ace equal to half the sum of FL and 1& by its motion at L continued unifonnly, in the same time that it describes LS with a OMtkm accelerated or retarded uniformly, by the 7Sd ar« tide ; and KV, or SCS (which measures the second fluxion of El when LC measures its first fluxion), is equal to the diflerence of the spaces 13 and FL. When the motion of M is accele* nited uniformly, the space \&, which is described by M in a giv* en time, is equal to LC, that represents the first fluxion of EL, added to the half of KV, that represents the second fluxion of £L ; and LS is equal to the difference of LC and one half of KV^when the motion of Mis retarded uniformly. Inothercases/ when tt^e acederation or retardation ei the motion of M is not imifonn> but increases or decreases continually while itdescribe» the space FS» LC is not equal to half the sum of FL and LS ; bot it follows, firom the 66th and 67th articles, that its ratio to half their sum approaches continually to a ratio of equality as its limit, when those spaces are con tinually diminished. And in the same manner it appears, that, by diminishing LC, the ratio of KV to the difference of LS and FL, and the ratio of J& to the sum or difference of LC and one half of KV, confinnltll/ approach to a ratio of equality, so that they may come near^ to it than any assignable ratio of inequality. The ratio of e^ to CS (the diffidences betwixt the spaces described by Mi, and^ those which woold be described in the same tunes by its motio» con �
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    Chapv 1 Method of fltanom. tO§ c tbere are others conoerning the conpMtion and resoktion of motion, which are sometimes coandered as the grounds of this method s bnt they may rather ser^e for applying this general doctrine ta particdtar cases ; and, therefore^ we refer them to another place. CHAP, n. Of, the Fluxions cfpUtne reetiKneal Ftgtatt. ' PROPOSITION I. 78. AHEfluxion.ofaparaildogramofaH momrMk.0iii* tude u nimaysmtamircd by aparallchgramoftht strnm tUA^ tudt described t^nm tluL right Umc mhkh measures tht^^mxiom iff tie bate. (Plate 3^ Jig. 16 J ft Whik the point P describes the base AO, let the giv^ ri^htline PM> by nMving paraUol to itself, genennte theparallelogram APMF. When Peonies to D^ let PM borne to BE;, and, if the fluxion of theba^ at thaii:ermiof th^ time be re^ presented by DG, the fluxion of the patfaDelo^am al the* same* term shall be represented by the iparaUdogronl EG*. When the motion of P is uiii&cm (that is^ wh^ it describes* equal qpaoes in any equal tines); the right line PM describes equal parallelograms in equal tifties (Elem. 36* 1). 'Hierefore the motion of PM is also uniibna (art. 14)$ aiJd'i'Q the sam^ timethatthe pointP describes DG with ao;uniformmotion> the right line PM describes the parallelogram EG with an utiiform motion. There&ie> the flaixiDn of the base AD-beif^ repre« rented
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    1 110 Ofihe Flitxidm of Book t tented Ig^ D6^ the fluxion of the parallelogram AE is repre^ aented by the parallelogram E6^ by art. 1 1 . 79. Sihce P is a point or term of the line PM, which is of a given or invariable magnitude, and is supposed to move always parallel to itself j any point in this line moves with the same ve« locity as P. According as the motion of P is accelerated or letarded^ the motion of the right line PM is acctierated or retarded ; and, in the same time that the point P would describe DO with its motion at D continued uniformly, th% right line t^M would describe the parallelogram EG with its motion con* tinued uniformly from the same term. If this can be supposed to need any other proof, it may be demonstrated from the axioms in the following manner. 80. When the motion of P is continually accelerated, the motion of PM is also acbelerated continually (Elem. 1.6. and art. 14). Let the point ;? describe the base with an uniform motion equal to that of P at D ; lei pm, equal and parallel to PM, generate the parallelogram ApmiP : and the constant velocity of i^m shall be equal to the velocity of PM at the term or moment when P comes to D. For, while p with its uniform motion describes any spaces gD andDO>let P with its aoceleraW ed motion describe the spaces kD and DK ; and since the veloci^ of P at D is equal to the constant velocity ofp, DK is greater than DG (by ax. 1), and t>g greater than Dk (by ax. £). Complete the parallelograms B6, Eg, EK, Ek, and £K dhall be greater than £6, but £i less than £;. By ax. 2, the right line PM would describe a greater space than EKj with' its motion atthe term K continued uniformly^ in the same time P describes DK, or /MM describes £6. Therefore the velociQr of PM at K is greiLter than the constaiit velocity of pm. By ax. 1, the right line PM, with its motion at k continued uni« ibrmly, would describe a less space tiian EX: in the time P and p describe kD and gD ; and in the same time /mm with a constant * velocity describes Eg, which is greater than Ek. Therefore Ae velocity of PM at £ is less than the constant velocity of ' pm. In tiie same manner it is demonstrated, that the velocity dfpm is leasthan the velocity ofPMal any term after Ppaases D> but is greater than the velocity of PM at- any term before P comes
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    Chftp. n. ptdne fictiliheal Figures. Ill P comes to D« Therefore the velocity of pm is equal to thd velocity of FM at the term or moment ydien P comes to Di When thetnotion of P is retarded^ it appears in the same man«* ner, from ax. 3 8c 4^ that the motion of PM at D is equal to the constant velocity of pm. The uniform velocity ofp, or the motion of P at D^ being measured by DG^ the motion of pm is measured by the parallelogram £0 (by art. 78)> which there* fore measures the motion of PM at D^ or the fluxion of thid parallelogram AM when AP becomes eqtial to AD« In the same manner it is demonstrated in general^ that when a given line, by revolving about a given center or axis, describes any area ; or when a given surface, by moving parallel to itself, or by revolving on a given axis, generates a solid ; the motion with which the area or solid flows at any given term is always the same, when the velocity of the generating figure at that term is the same, whatever variation the motion of die gene* rating figure may be subject to before or after that term« 81 . Let the right lines AO, AV (fig. 17 J, be given in position ; aad,while the point P describes thebase AO,let the right line PM> by moving parallel to itself, generate the triangle APM. At the same time, let the point p describe the right line ao ; and a given or invariable right linepm, by moviAg parallel to itself^ generate a parallelogram am always equal to the triangle APM« When P comes to B, let p come to d, PM to D£, and pm to de : then the velocity with which the base AD flows is the same as the velocity of the point P at the term or moment when it comes to D (art. 10), and the velocity with which the triangle ABE flows at that term is the same as the velocity of the invariable right line jpm when;? comes to d. Therefore^ when the velocity of P is given at any term of the time, to de-* termine thence the velocity of the right line pm at that term^ is the same as from the fluxion of the base AP to determine the fluxion of the triangle APM (art. 11); and if the velocity of pm b given, to determine thence the velocity of P, is the same as from the fluxion of the triangle APM to determine the fluxion of the base AP. 82. It is manifest, that when the place of the point P at any term of the time is given^ the place of the right \ixkepm at that term
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    ll€ &f tkt Phtsdcns cf ^kl. tBrmls ftmittl liy^q^ptying npM the given riglit line m describethe pa* nUielograma Adand itt'in any equal times that immediately sac* eeedaftet onmnother ; aadlec the pointPdeseribe th^tight lines BD and DG in the same equal thnes: Let BC^ D£, and 6H^ parallel toPM; DMjet APin C> E, and H. Then, because the i|paces described by jpf0 are supposed to be always equal to the spitces desdf ibed in the same time by PM^ the parallelbgram be will be equal to the trapessttrm BDEC^ and the paraHelogifam dh equal to the trapeaitiin D6HE« Because the motion of P is uniform, BD is equal' to BG, and the trapezium DGHE i» gieater than BfiEC in the same proportion as the sunr of DE and GH is greato: than theaum of DE~and BC^ or the sum of AG and AD is greater than the sum of AD and AB ; and the paralielogramifi is greater than hi in the same proportion^ Tiiereibre^ when tha base increases^ uniformly, the spaces be and

  

  
    Page 150
    

  
  
    The text on this page is estimated to be only 28.54% accurate
    r Chap. II. plafu rectilineal Figures. 1 1$ and dh described by pm in any equal times that succeed after one another^perpetually increase; and the motion of jwi is accelerated perpetually. But Dv len the base decreases^ the point P moves from O towards A; the right linepn by moving from o towards a, describes in any equal times that succeed after one another the parallelograms hd and eb that perpetually decrease ; and its motion in this case is perpetually retarded. The motion with which the triangle flows is measured by the motion of pm; and is therefore perpetually accelerated when the base increases uniformly^ bat perpetually retarded when the base decreases uniformly. 84. When the triangle APM (fig. 1 S) increases uniformly^ the* base increases with a motion that is perpetually retarded; but when the triangle decreases uniformly^ the base decreases with a motion that is perpetually accelerated. For^ when the triangle APM increases or decreases uniformly, the motion of the right line|im is uniform, by the supposition. While pm describes the equal parallelogmms be and dh in any equal times, let the point P describe the right lines BD and DG ; and, the trapezium BDEC being equal to the parallelogram be, and DGHE equal to the parallelogram dh, the trapezium BDEC is equal to the tcapezhun DGHE, and BD is greater than DG in the same proportion as the sum of DE and GH is greater than the som of DE and BC. Therefore, when the triangle increases uniformly, or the motion of jpm from a towards o is uniform^ the spaces BD and DG described by the point P in any equal times perpetually decrease, imd its motion is perpetually retarded. But, when the txvmgle decreases uniformly, or the motion of pm from o towards a is uniform, the spaces GD and DB described by P in ai^iy equal times perpetually increase, and its motion is accelerated perpetually. 86. All the rules for the operations in the direct metliod of fluxions may be deduced from the two following propositions ; and there can hardly remain any ground for objectionsagainst it, whenthese are established in an unexceptionable manner. We shall therefore demonstrate them at some Icngtb,by themethod which seems to set the evidence of this doctrine in the clearest light, and to resolve in the most satisfying manner the difliculties that have been raised against its ti-uth or ac juracv. VOL. I. U 'prop.
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    1 14 Of the Fluxions of Book L PROP. II. The sides AD, AE (fig. 17, * 19;, of the triangh ADE given in position, and the angle ADE being abo given ; in the same time that the motion with which the base AD Jhws, continued uniformly, would generate any right line D6, the motion with which the triangle AVE Jhws, canHnued ^^ formfy would generate the parallelogram £6. Or, iht fluxion of the base AD being represented by D6, the fluxion of the triangle ADE is accurately measured by the paralUlo* gram EG; While the point P describes the base AO^ and the variable right line PM by moving parallel to itsdf generates the triangle APM, let the invariable right line/Tm, by moving parallel to itself along the right line ao, generate the parallelogram mm always equal to the triangle APM, so that the spaces described hypm may be always equal to those described in the same time by PM, as in the preceding articles ; then the motion with which the base flows, or its fluxion^ shall be always measured by the velocity of the point P ; and the motion widi which the triangle APM flows, or its fluxion, shall be always measured by the velocity of the invariable ]xaepm. When AP bec6mes equal to AD, let ap become equal to ad (that is, let p come to d when P comes to D) ; and the right lines PM, pm shall come to DE and de at the same term of the time. Suppose that, if the motion of P was continued uniformly from diis term, it would describe the line D6 in any given time; andthat,ifthemo» tion of pm was continued uniformly from the same term, it would describe a space equal to the parallelc^ram dc, in the same given time : then shall the parallelogram eft be equal ta the parallelogram EG. Casel C/?g. 17). When the base increasesuniformly,orthemotion of thepoint P from A towards Oisuniftnm; themgtioaof/wi^ from
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    Chap. IL - plane ncHUneal Figures. tlS firom a towards o is a motion perpetually accelerated^ by the last lemma. Let the point P describe BD and DG in equal times that succeed immediately after each other ; and let pm describe the parallelograms bt and dh in the same equal times. Let 6C^ DE^ and 6H parallel to PM meet AV in C^ E^and H; and the paiBllelogram bt shall be equal to the trapezium BDEC^ and dh eqnid to DGHE, by the supposition. The motion o(pm being accelerated perpetually^ it follows from ax. 1, that the paral-^ lelogram tk is less than the parallelogram dh ; because the space dk is described by pm with an accelerated motion^ and ek is the space that would be described in the same time by pm with its JDAotion continued uniformly from the banning of that time without any acoelemtion. By ax. 2., the same parallelogram €k is greater than be, which was described by pm in an equal time before its velocity at the term when it comes to d was acqniied.' Therefore the parallelogram tk is less than the trape« sium DGHE^ but grisater than the trapezium BDEC. It is evident also^ that the parallelogram EG is less than DGHE^ but greater than BDEC. I say further^ that the parallelogram ek is precisely equal to EG. For^ if it is not equal to £G^ it most be greater or less than it. Let tk first be greater than EG, and produce BE beyond E to R, till DR be grieater than DEin the same ratio; and^compIetingtheparallelogramDRLG, . it shall be to EG as BR is to BE (Elem. 1, 6), or as ^il is to EG (by the supposition) : and therefore the parallelogram RG win be equal to tk. Let RL meet CH in N, and NQ parallel to BE meet the base in Q. Suppose that pm would describe the parallelogram ew, by its motion continued uniformly from the term when p come to d, in the same time P describes BQ with its uniform motion. Then^ the spaces described by dny uniform motion being in the same proportion as the times in which they are described (by theor. 1. art. l6), the parallelo^gram tk, or RG, shall be to theparallelogram ex as B6 is to BQ, or as RG is to RQ ; and therefore the parallelograms ejp'and RQ a];e equal. But, while the point P describes BQ^ the right ' line pm describes a space equal to the trapezium BENQ^ by the supposition ; and, its motion being perpetually accelerated during this time^ it follows from ax. 1, that BENQis greater H2
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    jlfi Of the Fluxibm of Book T. ih$iSx.ex;^t4pMt which would have been described in the same time by pm, if its motion had been continued uniformly from the beginning of that time without any acceleration. Andy smce DR is greater than D£ in the same proportion as eft is supposed greater than EG> the parallelogram RQ is greater than the trapezium DENQ ; and therefore is surely greater than ex. But RQ was proved equal to ex : and these being contradictory^ it follows^ that the parallelogram ek is not greater than the parallelogram £6. 86. Let us suppose now that the parallelogram eA is less than the parallelogram EG ; and^ Dr being supposed less than DE in the same proportion^ complete the parallelogram rG ; and, rG being to EG a^ Dr is to DE (Elem. 1. 6)^ or as ek is to EG; rG must be equal to ek. Let rl produced meet CE in n, and nq parallel to DE meet the base in q. Suppose that ^nn would describe the parallelogram ex, by its motion continued uniformly from the term when p comes to c^^ in a time equal to that in which P describes jD« Then, by theor. 1^ the pai:alleIogram elc,or rG, shall be to the parallelogram ex as DG is to qD, ob.as the parallelogram rG is to r^r ; and therefore ex is equal to rq. ]^t while P describes qj), the right line pm describes a space equal to the trapezium ^ED, by the supposition ; and, its motion being perpetually accelerated during this time, it follows from ax. Q, that the trapezium ^iiED is less than ex, the space which would be described in an equal time by pm with the motion continued uniformly which it acquires at the term when p comes to d. And, the trapezium qhED being greater than the parallelogram rq (since Dr is less than DE in the same proportion as ek is supposed less than EG), it follows^ that the parallelogram ex is greater than the parallelogram rq. But ex was found equal to rq : and these being contradictory^ it fol* lows, that the parallelogram ek is not less than the parallelo^ gram EG. Nor is «ft-greater than EG ; and, consequently, these parallelograms are equal to each other. Therefore, when P and p come to D and d, if the motion of jpm was continued uniformly from that term, it would describe a space equal to the parallelogram EG^ inthesametime thatthepointPdescribe^ DG with its uniform motion : and, the fluxion of the base AD being

  

  
    Page 154
    

  
  
    Chap. n. p^ne rectilineal ligures. 117 being represented by J)G, the fluxion of the triangle ADE (which is measured by the velocity of pm at the term when P comes to D and/? to d) is represented by the parallelogram EG. 87* Case 2. Let the base decrease imiformly^ or the motion of P be uniform from O towards A; and the motion of the right linepn from o towards a shall be perpetually retarded^ by lemma 3. In this case (the construction and figure being the same as in the former)^ the space eh is greater than the parallelogram eb, or the trapezium DECB^ by ax. S, and ek is less than the parallelogram hd, or the trapezium GHED^ by ax. 4. I say further^ that the parallelogram ek is precisely equal to the parallelogrfmi EG. For^ ]Sek be not equal to EG, let it first be greater than EG ; and^ DR being supposed to be greater than DE in the same proportion, let RL parallel to the base meet GH in L : and ek will be equal to R6. Then, in the same mianner as in the 85th article, the parallelogram RG, or eky is to the parallelogram RQ as the base DG is to DQ : and it follows from theor. 1, that, in the time P describes QD, pm would describe a space equal to the parallelogram RQ by its motion continued uniformly from the term when P comes to D ; and, by ax. 4^ this spacemust be less than the trapezium QNED, which is equal to the space that was described by pm with its retarded motion before p came to d while P described QD. But the parallelogram RQ is greater than the trapezium QNED, since DR is greater than D£ in the same proportion as the parallelogram ek is supposed greater than EG : and these being contradictory,] it follows, that the parallelogram ek is not greater than the parallelogram EG. Let ek therefore be ^supposed less than EG, and Dr less than DE in the same proportion ; then, completing the parallelogram tQ, as in the last article, rQ shall be equal to ek : and since the parallelogram ' rG is to r^ as the base DG is to D;, it follows from theor. 1, that in the same time P describes J)q, the right line|»n would describe a space equal to the parallelogram rq, by its motion continued uniformly from the term when j? comes to d* But this space (by ax. S) must be greater than the trapezium DEn^, which is equal to the spase described in the same tim^ time by pm when its motion is perpetually retarded from the H3 same
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    118. Of the Flusions of Book I. same term : and the parallelogram rq is less than the trapezium D£»j^, since tir is less tlumD£ia the same proportion as the parallelogram'^^ is supposed to be less than E6. But these are contradictory ; and therefore ek is not less than EG. Nor i^ ek greater tlian EG ; and therefore ek and EG are equal. .88. Ca$e 3 . Let the triangle APM (fig. 19) increase uniformly^ or the motion otpra from a towards o be uniform ; and the motion of P from A towards O shall be perpetually retarded, by art. 84. In thiscase^ if ek be supposed greater than EG, letDR be greater than D£ in the same proportion; and the parallelogram RG shall be equal to ek. Let RL parallel to the base meet EH in N, and NQ parallel to D£ meet the base in Q. Then, since the parallelogram RG is to RQ as DG is to DQ; and it is supposed, that, in the time pm describes the parallelogram ek (or RG) with its uniform motion, the point P would describe DG with its motion continued uniformly from the term when it comes to D : it follows, firom theor. 1^ that the point P would describe DQi by th^ same motion continued uniformly, in the timepn describes a space equal to RQ. Therefore the point P would describe a line less than DQ, by the same motion continued uniformly, in the timepm describes with its uniform motion a space equal to the trapezium DENQ, which is less than RQ. But while pm describes a space equal to DENQ, the point P describes DQ with a motion perpetually retarded (by art. 84), and therefore, by ax. 3, it would describe a line greater than DQ in this time by its motion continued unitbrm]fy irom. the term when it comes to D : and these being contradictory, jt appears that ek is not greatei^ than EG. Let eA: be. now less than EG; and, if Dr l)e less thanDE in the same proportion, ck shall be equal to rG. Let rl parallel to the base meet CH in », and nq parallel to DE meet the base in q. Then, since the parallelogram rG is to r^ as the baseDG is to l)y, it follows, from theor. 1, that, in the same timepn describes a space equal to rg with its uniform motion, the point P would describe a line equal to Dy by its motion continued Vniformly from the term when it comes to D; and therefore P Vrould describe a greater line than D j, by the same motion continued uniformly, in the time/}m describes a space equal to the trapezium
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    Chap. U. plan^ rectitineal Figures. 1 ig trapftzinm gnED, which is greater than the parallelogram rq. Bat in this time the point P describes ^D with a retarded motion (by art. 84X and therefore it would describe a less line than qD in the same time with the motion that remains when it comes to D continued uniformly^ by ax. 4. And these be^ ing contradictory, it follows, that the parallelogram ek is not less than EG. Nor is ek greater than £6 ; and therefore these parallelograms are equal to each other. 89. Case 4. Let the triangle APM decrease uniformly, or the motion ofpm from o towards a be uniform ; and the motion of P from O towards A shall be perpetually accelerated, by ait. 84. In this case, if ek was equal to any parallelogram RG greater than EG (the construction being similar to that of the last article), the point P would describe a line equal to DQ, by itsmotion continued uniformly froAi the term when it comes to D^ in the same time pm with its uniform motion describes a space equal to the parallelogram RQ ; and the point P would describe a line less than DQ, by the same motion continued uniformly, in the tame pm describes a space equal to the trapezinm QNED. But, while pm describes a space equal to this trapezium,'the point P describes QD with an accelerated motion ; and it would describe a line greater thanQD in this time, with the motion it acquires when it comes to D continued uni« formly, by ax. 1. And these being contradictory, it follows that ek is not greater than EG. If eA was equal to any paral* lelogram rG less than EG, then the point P would describe D^^ by itsmotion continued uniformly from the term when it comes to D, in the same time pm describes a space equal to the parallek^am rq ; and P would despribe a greater line than J)q, by the same motion continued uniformly, in the time pm describes a space equal to the trapezium DEn^r, which is greater than the parallelogram rq. But, while pm describes a space equal to DEnq by its uniform motion, the point jp describes the line Dq with an accelerated motion ; and it would describe in this time a less line than Dq, with its motion continued uniformly from the term when it comes to D,by ax. 1. And these being contradictory, it appears, that the parallelogram ek is not less than EG. But k is not greater than EG ; and there* H 4 fore
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    120 Of theFluxions of ' Book I. fore these parallelograms are equal to each other^ whenetthe^ the base AD, or the triaogle ADE, increase or decrease uniformly, go. The last three cases might have been demonstrated from the first, by art. 47 8c 57* But, for the illustration of this method, we chose to deduce them immediately from the axioms and the first theoi^m. When the motion ofpm is accelerated, and the motion of P accelerated or retarded, the prc^sition may be demonstrated in the same manner. But all the other cases of this proposition are briefly deduced from the first, by the eleventh theorem, thus. In general, let the motion of P, while it describes AO, be accelerated or retarded at pleasure ; but let it come to D with a motion that, continued uniformly for any given time, wouM generate the line DG : and therightline pm shall come to de with a motion which, if it was continued Uniformly for the same time, would generate a parallelogram ek equal to the parallelogram EG (fig. £0). For, suppose QN parallel to PM to generate the triangle AQN; let the motion of Qbe unifoim, and equal to that with which P comes to D; let qn, equal and parallel toji^m, generate the parallelogram £ij^^ always equal to the triangle AQN; and, if the motion of j^n was continued uniformly from the term when jr comes to d, it would describe a space equal to the parallelogram EG in the same time Q describes DG, by the first case (art. 85 & 86). Therefore, since the velocity of Q is constant, the velocity of ^n increases or decreases as DE, or as AD increases or decreases ; and, con* sequently, it is accelerated or retarded in a continued manner. It is evident, that aq is determined from AQin the same manner as ap is determined from AP. Therefore, since the points P and Q are supposed to come to D with equal velocities, the points jp and q shall come to d with equal velocities, by theon 11, and the velocity of pm at that term is equal to the velocity of ^. From which it follows, that if the motion ofpm was continued uniformly from the term when^ comes to d, it would describe a space equal to the parallelogram EG, in the same time that the point P would describe DG with its motion continued uniformly from the same term. Therefore, in general, the motion with which the base AD flows would generate DG, and the motion with which the triangle AD£ flows, continned uniformly.
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    Chap. II. . plane rtctUintal Rgurct. 1£1 uniformly^ would generate a space equal to the paralielogrant £6, in the same time : sothattheflaxionof thebaseADisre* presented by T)G, and at the same tim^ the fhudon of the tri« angle ADE by the parallelogram £0. 91. Corollary I. The motion with which the trian^e flowt is the same^ whether it increase or decrease with an uniform or with a variable motion^ when thebase is of the same magnitiide^ and flows with the same motion. For> when AD and DG avo given^ the parallelogram EG is of a given magnitude* 92. Cor. II. The triangle ADE (fig, 9\), any trapezium ABEF when the line FE is given in podtion^ and the parallelogram ADEL when the side AL is invariable^ flow: with the same motion when the motion with which their base AD flows is given. For all those motions continued nnifcnrmly woul4^ generate the same parallelogram EG ii| the same time. 93. Cor. III. While the base AD by increa»ng uniformlj acquires the augment DG> the triangle ADE acquires the aug« ment DGHE. But it is. only the part EG of this augment that can be said to be generated by the motion with which the triangle ADE flows at the term when P comes to D. The part EIH is generated in consequence of tbe accelerations of this motion : for the space EG is all that would be generated by the motion with which the triangle ADE flows, if that motioii ' was continued uniformly, without any further acceleration^ for the time in which the base AD acquires the augment DG. If the motion of /mi was to be accelerated no more after it amves at dy then we have shown that pin proceeding with an uniform motion would describe a space equal to £G^ and not to the trapezium DEHG^ in the time P describes DG ; and^ in measnr* ing this motion of pir, or the fluxion of the triangle ADE, the part EIH of the increment which the triangle acquires in this time ought to be rejected. When the base decreases uniformly, the triangle decreases with a retarded motion, the pa^ rallelogram EB> or EG, is equal to the space that would bis generated by this motion, or the motion oipni at d, if it was continued uniformly, while P describes DB : but a less space DECB is generated in this time by the retarded motion with which the triangle flows; and the diflerence ECS arises firom the
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    1S3 Qf^^ Fluxions o^ Book I. the retardation of that motion. In general^ whether the.motion c^ P be uniform or variable; whatever is generated by the motion with which the triangle flows more than the parallelogram £6 (in the time P would describe DG by its motion at D), arises from the acceleration of this motion ; and whatever is generated less tj^an £G is owing to its retardation. Those accelerations or retardations may observe various laws. They depend upon the motion of the point P before or after it comes to the -term D ; and are difiSsrent when the point £ describes different light lines, But the motion with which the triangle AD£ flows when P comes to D is not affected by them^ and depends upon the motion of P at the term when it comes to D and the magni* tnde of the right line D£ only^ the angle £DG being given. 94. Cor. IV (fig.lS). When the base increases uniformly^ the triangle increases with a motion thai is uniformly accelerated. For, if DG be described by P with any uniform motion in a given time^. DG will be of an invariable magnitude^ and the parallelogram £G will increase in the same proportion as D£ or ^D^ and therefore will increase uniformly ; so that the veloc^ily ofpnij or of the point p, will be as the time from the beginning of the motion^ supposing the point P to begin its motion at A. When the base decreases uniformly, the motion with which the triangle flows is uniformly retarded : for it decreases in the same proportion as D£ or AD decreases ; and the velocity of pm, or of the point p^ decreases in the same proportion as the time that remains to flow till P come to A. The motion of pm, or ofp, in the first case^ is similar to that of heavy bodies descending by the action of influence of an uniform gravity ; and the motion of pm, if it. was to be. accelerated no more after it comes to d, would be similar to the motion of a heavy body^ if^ after a like term^ the action of gravity upon it was to cease^ or was destroyed by an equal opposite action^ pressure^ or resistance. . And thus it appears^ that we have made no suppositions^ in demonstrating this proposition^ but such as aie not only easily conceived (which however is all that is requir* ed in geometry) and generally admitted^ but are also founded in nature and conunon observation^ and are illustrated by the motions thsd; aie most universally known* When the base AD decreases
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    Chap. II. plane rectilineal Figures. 1£3 decreases uniformly, the motion o£pm, or of the point p, is similar to the motion of a heavy body rising in a line peq^endicnlar to the horizon against the action of an uniform gravity. 95. Cor. V. It may be worth while to observe, that the doctrine of motions that are accelerated or retarded uniformly is easily demonstrated from the two first cases of this proposition^ without supposing any quantities indivisible or infinitely diminished. When the motion of P is uniform, AP represents the time ; the space described hy pm, being always equal to the triangle APM, increases in the duplicate ratio of the time AP (Elem. 19. 6), and the spacedescribed by the point p increases in the same proportion. The velocity ofp increases uniformly, in thesame proportion as AP,the time/rom the beginning of the motion, by the last corollary. From (fig. 2 1 ) whichit follows,conversely, that if the motion of any point, as p, be accelerated uniformly, or in the same proportion as AP, tiie time from the beginning of the motion, the space described by it from the beginning of the motion shall increase in the duplicate ratio of this time. For, if the velocity of p be equal to the velocity ofp at any term of the time, their velocities, and consequently the spaces described by them in the same time (by theor. 4)^ must be always equal. And this is the celebrated theorem discovered by Galileus. Because the parallelogram EG is to the parallelogram A£ as the base DG is to AD ; it appears, that, in the time P describes AD, the right line pm would describe a space equal to the parallelogram AE, if the motion it acquires at d was continued uniformly. But the parallelogram AE is double of the triangle AD£, or of the parallelogram ae. Therefore the point p would describe a line double of ady if the motion it acquires at <2 was continued uniformly, in the same time that it describes ad with a motion that is accelerated uniformly : which is another of his theorems. Because the trapezium BCH6 is double of the parallelogram EG, it follows, that the space described by a motion that is uniformly accelerated is equal to the space that would be described in an equal time by the motion at the middle term of that time continued uniformly ; as was shown in a different manner in art. 7£. When the base AP decreases unifoxmlyj the velocity ofp from 0 towards a decreases nni �
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    124 Of the Fluxions of' Book I, uniformlj^ and may be always represented by AP. The space. pa that remains to be described by the point/? before its motion be at an end, decreases in the same ratio as the triangle APM decreases, or in the duplicate ratio of AP ; that is, in the duplicate ratio of the velocity ofp, or of the time that remains to flow till the end of the motion. Therefore the spaces that may be described by bodies before their motions be destroyed, when they are continually retarded by an uniform gravity (or by any nniform power or resistance that diminishes their velocities cqaully in any equal times), are in the duplicate ratio of their velocities. 96. Cor. VI. If the angle APM be a right one, and PM be double of AP, the triangle APM shall be always equal to a square described upon AP ; and the motions with which this square and the triangle APM flows shall be always equal, by theor. S. Therefore, when P comes to D, the motion witli which a square upon AD flows, continued uniformly, would generate a rectangle equal to EG, in the time P describes DG. But the rectangle EG is equal, in this case, to a rectangle contained by 2AD and DG; and this rectangle represents the fluxion of the square, when DG represents the fluxion of AD the side oTthe square. The parallelogram ad being equal to the square of AD, the right lines of, AD, and ad are in continued proportion ; and, the rectangles ek and EG being equal, DG (which represents the fluxion of AD) is to dk (which represents the fluxion of ad) as of is to DE, or 2 AD ; and DG is to one half of dk in the subduplicate ratio of of to ad. Therefore, when three quantities are in continued proportion, and the first is invariable, the fluxion of the second term is to the fluxion of the third as the first term is to twice the second term ; and the fluxion of the second term is to one half of the fluxion of the third term in a subduplicate ratio of the first term to the third, 97. Cor. VII. When the base flows uniformly, the velocity of the motion with which the triangle flows increases in the same proportion asPM or AP increases, and is equally augmented in any equal times. • Therefore the fluxion of this velocity, or the second fluxion of the triangle, is constant : and if we conceive the continual acceleration of this velocity to be the effect
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    Chap. II. plane rectilineal Hguru, 125 effect of some power^ the exertion of thid power must be sup^ f>osed uniform. When P comes to D, the motipn with Which the triangle flows^ continued uniformly^ would generate the parallelogram EG in the same time P describes D6. When P comes to G^ the motion with which the triangle then flows, continued uniformly^ would generate the parallelogram DM in the same time. The difference of these parallelograms^ or the parallelogram IN^ represents the second fluxion of the triangle ADE ; and IN is double of the triangle EIH^ which is the part of the increment of the triangle that is generated inconsequence of the uniform acceleration of the motion with which it flows while P describes DG. It is evident, that if the motion i>fP be increased or diminished, then the motion .with which the triangle ADE flows^ or its fluxion, is increased in the same pro*» portion ; because the parallelogram EG increases in the same proportion as its base DG. But the trian^e EIH, or the paxsii^ lelogram IN which measures the second fluxion of the triangle^ increases or decreases in the duplicate ratio of DG^,or of the space EG which measures its flrst fluxion. And, the velocity of P remaining, if the time in which DG is supposed to. b6 described be continually diminished, then {IG which measures the first fluxion of the triangle decreases in the same proportion ; but IN is diminished in the duplicate ratio of this time, and its ratio to EG may become less than any assignable ratio. The parallelogram IN (which measures tlie second fluxion of the triangle ADE) is equal to the difference of the increments DECB, DGHE which are generated while P describes BD and DG. The increment DGHE is equal to the parallelogram EG (which measures the fli*st fluxion of the triangle) added to one half of IN which measures its second fluxion. Tbete things agree with the 74th, 75th, 76th, and 77th articles, and illustrate them. When the base flows uniformly, it is evident that the triangle has no third fluxion : and what we have said of the triangle APM is easily applied to the right line op, which always flows in the same manner, because the rectangle contained by it and the invariable right line o^is always equal to the triangle, by the supposition. I LEMMA
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    ISfi Cftht Fbmon$ of Book L LEMMA IV. ge. Let ihepoinii P a^ Q(fig. 22 4r 25) describe the right Une$ AO^ AV given in position, with motiam that are either imu fortft, or are always to each other in an invariable ratio ; rnnd, the parallelogram APRQ being completed, the point R shall be always found in the same right like. WhQe the point P describes BD and DG upon the line AO, iet Q describe KL and LM upon the line AV ; complete the ptfallelograms ABCK^ ADEL, and AGHM ; let CN parallel to AO meet DE and GH in S and N ; and let EI parallel to AO meet GH in I. Becanse the velocities of P and Q are t0 eaeh other in an inrariable ratio^ it follows from theor. 6, that BD is to DG as KL is to LM. Therefore BD b to BG aa KLis to KM^ or CS is to SE as CN is to NH ; and, con* aeqnently, any three places C, E, and H of the pcnht R being ih a right line, it follows, that the point R is always found in the same right line. PROP. III. 99. The fluxions of the right lines AD and AL (fig. 22 & 23) being represented by DG and LM, the fluxion of the rectan^ gle AE, contained by AD and AL, is measured accurately by the sum of the rectangles £lG and EM when these lines increase or decrease together, but by the diff^erence ofBQ and EM when one of those lines decreases while the other increases. Case 1 . Let the sides AP, AQ (fig. 22), of the rectangle AR both increase, or both decrease together,by theuniformmotions of the pointsP andQ. When P comes to D, let Qcome to L, and R to E; and while P describes DG, let Q describe LM, and R describe EH : and the point R sh^sdl be always found in the right
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    €3iap. n. plane reetilmtal figures. Ijfel7t right line EH^ by the last kmma. Produce H£^ and let it meet AD m F before it meets with AL : then^ the rectangle AR being always equal to the sum of the triangle FPR and trapezium AFRQ^ the increment or decrement of the rectangle is always the sum of the increments or decrements of the triangle and trapezium that aro generated in the same time ; and by theor. 7j the motion with which the rectangle flows is al« ways equal to the sum of the motions with which that triangle and trapezium flow. But^ by prop. 9, (art. %5\ if the motions with which the triangle FDE and trapezium AFEL flow were continued uniformly, the parallelograms EG and EM would be generated by them in the same time that the points P and Q describe D6 and LM with their uniform motions. Therefore, if the motion with which the rectangle AE flows was coa-« tinned uniformly^ a space equal to the sum of the parallelo* grams EG and EM would be generated by it in the same time ; and, if the fluxions of the sides AD and AL be repre3ented by DG and LM, the fluxion of the rectangle AEmust be represented by the sum of the rectangles EG and EM. The demonstration is the same when HE produced meets ALbefore it meets with AD : only, in this case, EM represents the fluxion •f the triangle, and EG the fluxion of the trapezium ; and if HE produced pass through A, the point F coincides with A, and the rectangle AEis the sum of two triangles, the fluxions of which are represented by the rectangles EG and EM. 100. Casf 2. Let the side AQ (fig, 9S) decrease while the side AP increases; and the motions of P and Q being still uni« form,thepointRshalldescribearightline£H,by the last lemma. Because the angle MHEis acute, andtheangleHMLright,HE produced shall meet with AL produced beyond L in some point f; and it shall meet with AD produced beyond D in some point F. The rectangle AE in this case is always the excess of the trapezium ADE/'above the triangle/LE ; and the motion with which it flows is always equal to the difference*of the motions with which that trapezium and triangle flow, by art. 4 1 • Therefore, if the fluxion of the sides AD and AL be represented by DG and LM, the fluxion of the rectangle AE shall be represented by the difierence of the rectangles EG and EM. 101. Ca$c
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    19S Of the Fluxions of Book L 101. Case S. When the .motions of the poiiits P and Q are variable, but are in aa invariable ratio to each other^ the point R stiH cl^cribes a right line, by the last lemma ; and the motion with which the rectangle A£ flows is still measured by* the sum or difference of the rectangles EG and EM when the motionsof Pand Q, at the term when they come to D and L, are measured by DG and LM^byprop. 2. In general, let the motions of P and Q (fig. 24) be varied at pleasure ; and let them ^me to D and L with motions by which, continued uniformly, they would describe DG and LM in any given tune. Let the right line AC constitute with AD an angle tliat is half a right one ; produce ED and EL till they meet AC in C and K : and KE, or C£, shall be always equal to the sum of AD and AL. Upon AD produced let AF be always equal to CE, and FR parallel to DE meet AC in R ; and the triangle AFR (which is equal to KEC) shall always exceed the rectangle AE by the two triangles ADC, ALK. Therefore the motion with which the rectangle AE increases is equal to the excess of the motion with which the triangle AFR increases above the sum of the motions wi th which the triangles ADC, A LK increase. When the sides AD, AL increase together, take FT equal to the sum of DG and LM, but equal to their difieience when AL decreases while AD increases. Let GQ and TX, parallel to D£, meet AC in the points Q and X ; let MY parallel to AD, meet AC in Y; let CP and RZ, parallel to AD, meet GQ and TX in P and Z ; and let KS, parallel to AL, meet MY in S. By prop. 2, if the motion with which the triangles AFR, ADC, ALK, increase were continued uniformly, they would generate the spaces FZ, DP, LS in the same time tiiat the motions with which their bases increase, continued uniformly, would generate the right lines FT, DG, LM. But, when the sides AD, AL increase together, FT is equal to the sum of DO and LM ; and FR is equal to KE, or EC: and therefore FZ is equal to the sum of the rectangles ES and EP. From which sum deduce DP and LS, which measure the motions with which the triangles ADC, ALK increase, and the remainder is the sum of EG and EM ; which therefore measures the motion with which the rectangle AE flows. But if AL decrease while AD increases.
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    ISO Of the Fluxions of Book L gad LM, the rectangle A E is increased by the space DELMHG : but there is no more than the parts EG and £M of this increment generated in consequence of the motion with which the rectangle A£ flows at the term or moment when P. comes to J), end Q to L. The part \b is generated in consequence of the uniform acceleration of this moUon while the points iP and Q describe D6 and LM. This part is rejected in measuring the motion with which the rectangle A£ flows at that term ; but the increase or acceleration of this motion generated in a given time, or the uniform power by which this increase may be conceived to be produced^ may be measured by it. A space double of Ift would be generated in the same given time by an uniform motion equal to the difierence of the motions -with which the rectangles AH and AE flow ; and therefore the second fluxion of the rectangle AEmaybemeasured by thatspace; as was demonstrated in the fifteenth theorem. 103. In the second case, the fluxion of the rectangle AE may be expressed by the rectangle that is contained by LM and the difierence of FD and AD, or of AF and 2AD; for that rectangle is equal to the difierence of the rectangles EG and EM. In this case, the fluxion of the rectangle AE contmually decreafies while AD increases ; it vanishes when AD is equal to DF, or to one half of AF ; and the rectangle AE is greatest at that term. When AD becomes greater than FD, the fluxion of the rectangle AE becomes negative ; that is, the rectangle decreases continually till it vanish, when AD becomes equal to AF. The second fluxion of the rectangle is invariable, and is measured by 2li, as in the first case : but it is considered as ne^ gative, because it continually diminisfaes the first fluxion, or retards the motion with which the rectangle increases till AD become equal to one half of AF, and accelerates the motion with which the rectangle decreases after that term. If we suppose, in the first case, the points P and Q (fig. 92) to move from O and V towards A, and theu: motions to be continued aft«r P comestoFandQ toA, we shall have the first and second cases comprehended in one view. 104. 'We have insisted so much on the two preceding proportions for the reasons mentioned in the 69th and 85th articles.
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    Chap. 11. plane rectilineal Figures. * 131 trcles. In delivering those elements, we have endeavoured to avoid every thingthat might appear abstruse or obscure, and to obviate the objectiops that have been advanced lately against this doctrine^ though we have not taken particular notice of them. In the third lemma, we demonstrated that the motion with which the triangle flows is perpetually accelerated while the base flows uniformly. Nor do we see how this can be disputed^ since that motion cannot be supposed to be either uniform or retarded for any partof the ttme^ how small soever. Some Philosophers may be of opinion,,that a line or velocity cannot be conceived to increase or decrease continually, but by certain small indivisible increments or decrements only. How repugnant so* ^er this principle may be to what is demonstrated by Geometricians,,the preceding propositions and a great part of this doc* trine may be easily adapted to it, as we hinted in the 7th article. It was in effect in this form that some part of its elements first appeared in the method of indivisibles : but we proceed to establish it on the more accurate principles of the antients. CHAP. III. Of the Fluxions of plane curvilineal Figures, LEMMA V. 105. J, HE base of any figure being supposed to increase urn-' formly, the area flows with an accelerated or retarded motion, according as the ordindtes increase or decreau while the base .. increases.' . '- . While the point P (fig.26) describes thebase by moving from Atowards a,or from a towards A ; let the right hue PM, by moving pahallel to itself from AF towards af, cn^ from of towards AF^ geoerate the 4rea APMF> or aPM/. Let ?D and PQ be ,. > I £ equal
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    ClMp. in. phnu cumlimal Figures. ISS case, with aq Accelerated raotimi^ by the last lemiDft ; abd^ if this j;Qotion vas costumed luiifora^y from the te^rm or mGrnemX wbiefx P coppes to B> a^aoe woidd be gencarated by it gt«9ler than BDEC (bj ax. 4), bat lew thaa DGHE (by ax. 1), in the MgoQJe time P describes DO widi its uiofonofi motion. Let this space be s«{^osed equalto X^and XshaUbe eqaidto the {isJFaflelograni £G. For, if it be said to be greater tha* £Q^ Jet DR begieater tbaa D£ in t^ same ratio; oHiiplete tbe parallelogf iMBEi DRLG> and it shall be equal to X, becaase it is to EG as DR is to D£ (j^em. l, 6),or as X b to EG. Ut RL ifus^ the cunre CH i& N^aad NQ parallel to D£ meet the base in 0 is to PQ^ i(t f^QWB, from the first geaeral theorem (ait. |6)^ that a ^aoe eqaaj to the parallelogram RQ wotfkl bege^ nerated by the motioaii with which the area APAIF fiowsj coo* tiiwed unifpmUj f ixsop fiae tarm or moment when ^ coiftes to J), in tba sai^e tin^ P describes SQ. Bat, whilie P deaciibes ^ line I>Q, the area DENQ is geaervted by the accelerated motion with which the asea flowf \ aa^ D£NQmast be gx^al^ er ifajap t^eqrfoe which WQal4 have been generated in this titnc^ if the motion with which the area flows had been continued ui|i£uinfy £ram the beginning of the time witiiouft anyaMde* ration^by thaftrata^uom. Therefore the area D£NQ is ^eabST thaa the payi^telogram RQ. B^t^ beeanse PR isgreater than t>£ (in the sao^ proportion as X ^s supposed to be greater thaa EG),and the ocdinates &am D|S to QJN continnally increase^ the parallelogram RQ is greater than PENQ. ^sid these be^ ing coatradictory, it follows tiiat the ifpaoe X is not ^eatef than EG. If Xbesaid tp be less than EG^ let Dr be lesp than P£ in the same proportian^ con^plete the parallelogram DrlQ^ and it shall jbe equal to X. Let r/p)nodaced meet d^e curve in n^ and nj paraM to PEmeet the base in jr. Then^ since the pa* n^Uekgram rQ is to r f a^ the base PG is to Dq, it £)Uowsj that a space equal to the parallelogFam rq would be generated by Ihe motion with which the area flows^ continued uniformly fron^ the tenn wh«i P comes to P^ in the same time P describes a Unequal to P^ with its uiM&rm motion. But^ while Pde* scpibe4 fP })efoie ^ came to P^ the s|^ace fn£P was generated I3 tgr
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    134 ' Of the Flnxiohi of * 'Book 1. by the accelerated motion with whidi the area flows ; and this q>ace ^^ED must be less than the space which would be generated by the motion with which the area flows^ if it was continued nnifonnly from the term when P comes to D, by the second ^axiom ; that is, y«ED is less than the parallelogram rq • which is absurd. Therefore the space X is neither greater nor Jess than- the parallelcjgram EG, but precisely equal to it. When the base decreases or increases uniformly, and the ordinates decrease at the same time, the area flows with a retarded motion ; and the demonstration is the saine asthat of the 87 th article. 108. Let the area APMF(/?g. 27) flow uniformly, and acquire theaugment DESKin any given time. LetDGbe the space that would be described by P with its motion at D continued uniformly for the same time ; and the area DESK shall be equal to the parallelogram EG. For, if the ordinates increase while the base increases, the motion of P is retarded (by art. 106), and if the area DESK besupposed equal to any paraUelogram DRLG greater than EG, let RLmeet the curve EH in N, and NQ parallel to ED meet the base in Q. Theti, because the parallelogram RG is to RQ as the base DG is to DQ, it follows, that the point P, with its motion continued uniformly from D, would describe the line DQ, in the same time that the area by flowing uniformly acquires an augment equal to the parallelogram RQ ; and the point P would describe a less line than DQ^ by the same uniform motion, whilethe area byflowing uniformly acquires the augment DENQ. But because the motion of . P is retarded while the area increases uniformly, it follows, from Ihe third axiom, that the point P would describe a greater line than DQ, by its motion continued nnifonnly from D, while the area acquires the augment DENQ. And these being contradictory, the area DESK is not greater th^h EG. In like manner, it appears from the fourth axiom, that the area DESK is not equal to any parallelogram Dr/G less than EG. Therefore the area DESK is equal to the parallelogram EG. When the ordinates decrease while the base either increases ordecreasfs, and the area is supposed to flow uniformly, the base flows with 'an accelerated motion ; andthedemonstrationisthesame as in the 89th article. In those cases, when the motion with which
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    Ckkp, HL plane curvilineal Figures. 135 which the area flows is uniform, the parallelogram feG (which is eqaal to the space that would be generated by that uniform motion in a given time) is of an invariable magnitude ; and the velocity of the point P is always reciprocally as the ordinate PM : whence it may be determined, whether the motion with which the area flows is accelerated or retarded, when the law according to which the velocity of P varies and the nature of the curve FEH are known. • 109. In general, whatever the motion of the point P may be, or that with which the base flows, the proposition is de« monstrated universally from art. 107> by the ninth and eleventh general theorems, in the manner that was described in the 90th article. Therefore, when the fluxion of the base AD is represented by DG, the fluxion of the area ADEF is represented by the parallelogram EG. And, conversely, when the fluxion of the area is represented by the parallelogram EG, the fluxr ion of the base is represented by DG. 110. Cor. I. When the fluxion of the base AD is given, the fluxion of the area ADEF is the same, whatever line be described by the point M if it pass through E. If the base flow tiniformly, whatever is generated more or less than the parallelogram EG by the motion with which the area flows in the time P describes DG, proceeds from the acceleration or retardation of the motion with which the area flows at the term when P comes to D. 111. Cor. II. When the fluxions of the bases of two figures that are generated in the same time are equal, the fluxions of the areas are as their ordinates ; and when the ordinates are always in a given ratio (as in the case described in the introduction, page 1, fig. 1), the areas that are generated in the same time are in the same given ratio, by the sixth general theorenv. When the fluxions of the bases are reciprocaUy as the ordinates, the fluxions of the areas are equal ; and when the fluxions of the bases are always to each other in this ratio^ the areas that are generated in the same time are equals by the fourth general theorem. 112. Cor. III. Let AE (fig. 28) be a rectangle containedby the two aides AD, AL; while AD and ALflow with any accelerated I4 or
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    1 134 ' OfikeFluxiMsof ' -Book L by the accelerated motion with which the area flbws ; and this qMtce qnED must be less than the space which would be generated by the motion with which the area flows^ if it was continued nniformly from the term when P comes to D, by the second ^axiom; that is^ qnBD is less than the parallelogram rq: which is absurd. Therefore the space X is neither greater nor .less than> the parallelogram EG, but precisely equ^ to it. When the base decreases or increases uniformly, and the ordinates decrease at the same time, the area flows with a retardcfd motion ; and the demonstration is the same as that of the 87th article. 108. Let thearea APMFOfg. 27) flow uniformly, and acquire the augment DESK in any given time. Let DGbe the space that would be described by P with its motion at D cbntinued uniformly for the same time ; and the area DESK shall be equal to the parallelogram EG. For, if the ordinates increase while the base increases, the motion of P is retarded (by art. 106), and if the area DESK be supposed equal to any parallelogram DRLG greater than EG, let RLmeet the curve EH in N, and NQ parallel to ED meet the base in Q. Theri, because the parallelogram RG is to RQ as the base DG is to DQ, it folloH that the point P, with its motion continued uniformly from D, would describe the line DQ, in the same time that the area by flowing uniformly acquires an augment equal to the parallelogram RQ ; and the point P would tlescribe a less line than DQj by the same uniform motion, whilethe area by flowing uniformly acquires the augment DENQ. But because the motion of P is retarded while the area increases uniformly, it follows, from the third axiom, that the point P would describe a greater line than DQ, by its motion continued nniformly from D, while the area acquires the augment DENQ. And these being contradictory, the area DESK is not greater th^ti EG. In like manner, it appears from the fourth axiom, that the area DESK is not equal to any parallelogram Dr/G less than EG. Therefore the area DESK is equal to the parallelogram EG. When thcordinates decrease while the base either increases ordecreasfs, and the area is supposed to flow uniformly, the base flows with 'an accelerated motion ; and the demonstration is the same as in the 89th article. In those cases, when the motion with which
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    Cha{». TIL plane curvilineal Figures. 195 which the area flows is uniform^ the parallelogram EG (which is equal to the space that would be generated by that uniform motion in a given time) is of an invariable magnitude ; and the velocity of the point P is always reciprocally as the ordinate PM : whence it may be determined, whether the motion with which the area flows is accelerated or retarded, when the law according to which the velocity of P varies and the nature of the curve F^H are known. • 109. In general, whatever the motion of the point P may be^ or that with which the base flows, the proposition is de« monstrated universally from art. 107^ by the ninth and eleventh general theorems, in the manner that was described in the 90th article. Therefore, when the fluxion of the base AD is represented by D6, the fluxion of the area ADEF is represented by the parallelogram EG. And, conversely, when the fluxion of the area is represented by the parallelogram EG, the fluxr ion of the base is represented by DG. 110. -Cor. I. When the fluxion of the base AD is given, the Huxion of the area ADEPis the same, whatever line be described by the point M if it pass through E. If the base flow uniformly, whatever is generated more or less than the parallelogram EG by the motion with which the area flows in the time P describes t)G, proceeds from the acceleration or retardation of the motion with which the area flows at the term when P comes to D. 111. Cor. IL When the fluxions of the bases of two figures that are generated in the same time are equal, the fluxions of the areas are as their ordinates ; and when the ordinates are always in a given ratio (as in the case described in the intro* duction, page 7^ fig. 1)> the areas that are generated in the same time are in the same given ratio, by the sixth general theorem. When the fluxions of the bases are reciprocally as the ordinates, the fluxions of the areas are equal ; and when the fluxions of the bases are always to each other in this ratio^ the areas that are generated in the same time are equal, by the fourth general theorem. 112. Cor, III. Let AE (fig. 9S) be a rectangle containedby the two sides AD, AL; while AD and ALflow with any accelerated l4 or
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    Chap* III* plane iurviUneal Figure9. t9t the aane maimo; if 4lie aotion or exerticn o£ aay fawBt Aitt, ModtiorUMB or lelaids jnotiun be alvays BefMresentedtiy the er* dinate PM while the base AP represents the time^ the motion that is generated or destroyed by this power in the time AP ia to the motion that is generated or destroyed in the time AD as the area APMF is to the area AD£F; Quantities of all kinds t^at increase or decrease while the time increases in any xegulnf manner whatsoever^ may be thus sulyected to mensuration by the qua^jbr^ture of figures. 1 15. Cor. VI. Here is anoAxer general theorqn in the doctrine of motion that also follows easily from this proposition. Let the base AP (fig. 27) represent the space described by any motion ; let the ordinate PM be always reciprocally as the velocity ; thai isylet the ¥c4oeity at any placeP be always tothe veloeity at aoyolherplaceDastheoFdinaiteDEifitotheoidtRatePMs and the tune in which the fine APis deisoibed shall be to the time in which AD is deseribed as the area APMF is to the area ADEF« Fox it follows fiom this proposition^ (art. 108) that^if the atea APMl^ flow uniformly^ iAxe velocity of the point that describes the base shaU be reciprocally as PM ; that is^ its velocity at P shall be ta its velocity at any given term D as DE is to PM. From which it easily fellows^ conversely (as in art. Qi), ^at, if the velocity of a point tlmt describes the line AP at any term of that line^ as P^ be idways reciprocally^ as tiie ordinate PM^ die area APMF shaH flow unifonnly^ or in the same proporlioH as the time ci the motion. 1 16. Let a given right Une SP^ revolving about the center 8^ g^erate the circle ADa, and meet any curve FEH al« ways in M ; then, if the ray SM increases while the ardi AP hiGPeases, it is manifest, that, when the motion of P in the cir^ osmference ADa is uniform, the area FSM flows with an accelerated motion. For, if BD and DG be equal arches described by P in any equal times, and the rays SB, 8D, SO meet the curve FMH in C, E, and H, the area SEH shall be greater than SEC. The sector ASP and the angle ASP increase uniformly hi this case. If the motion of P be variable, but its velocity at Bhe measored by the ardi DG, the motion with which the sector ASD flows shall be measured by the sector DSG^ and the motion
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    158 Of the Fluxiom of \ BoakL noliffli with which the angle ASD flows by the angle DS6 ; as maj be  let it first be greater than.lhat sector. Produce SE to R till SR be to SE in tlie subdupUcste ratio of the. space X to SEI ; let the arch RjL described froia the center S meet the rays SD, SG in R and L^ and the curve in N ) and the space X shall be equal to the sector SRL< Let SN meet the circle in Q ; and since the sector SRL is to SRN as DG is to DQ^ it follows (by theor. 1% that, if the motion with which the area FSE flows be continued unifcurmly^ it will generate a space equal to the sector SRN^ in the time that P describes the arch DQ. But tliis space must be less thi^ the area SEN which is generated in the same time by the accelerated motion with which the area FSM flows^ by the first addom. Therefore the sector SRN is less than the area SEN. But this is absurd ; and, consequently, the space X is not greater tha^ the sector SEI. If it be said that the space X is less than the sector SEIJetSr be less thanSE in the subduplicate ratio of the space X to the sector SEI, From S as center describe the arch rl, meet«
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    Chap. III. plane curtilineal Figures. IS§ meeting the rays SD^ SG in r and I, and the ciurve EC in n. Let S» meet the circumference of the circle ADa in q ; and the space X shall he equal to the sectgr Sri. But Sri is to Sm aft rl is to m, or DG to Dq ; and therefore (by theor. l)j a space equal to the sector Sm would be generated by the motion With which the area FSE flows continued uniformly^ during the time in which P describes an arch equal to qD ; and this space must be greater than the areaSitE which is generated by the «iqcelerated motion with which the area flows while P describes qjy before it comes to D, by the second axiom ; that is^ the sec* tor Snr must be greater than the area S12E : which is absurd. Therefore the space X is neither greater nor less than thesec« tor SEI^ but is precisely equal to it. 1 18. The rest remaining as in the last article^ suppose the area FSM (fig, 32) to increase imifonnly^ and to acquire the equal in* crements CSE^ESH in any equal times that immedi ately succeed after each other. Let the rays SC and SH meet the circumfertnce ADa in k and K ; and, since the rays from S terminated by the cun^e CEH aresupposed to increase continually from SC to &H, it is manifest^ that the angle ESHis less t];ian£SC^ and that the arch BK is less than Dk. Therefore the motion of the poiniP,in describing the circumference A'Ddj is perpetually retarded.   Suppose that the point P would del^cribe the atch DG by its motion at D continued uniformly^ in the same time that the area FSE by flowing uniformly acquires the augment ESH ; and the area ESH shall be equal to the sector ESL For, if ESH be greater than ESI^let SR be greater than SEin the siibduplicate ratio of ESH to ESI ; let the arch RL described from the center S meet SG in L, and the curve EH in N ; and let SN meet the circumference DG in Q. Then, since the sector SRL is to the sector SRN as the arch RL is to the arch RN> or as DG is to DQ, it follows, that, in the time the area FSE by flowing uniformly acquires an augment equal to the sector SRN, the point P would describe DQ with its motion continued uniformly from the term when it comes to D ; and, in the time that the area FSE acquires the augment ESN (which is less than the sector SRN), the point P would describe an arch less than DQ by the same motion continued uniformly. But^ while
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    Clkap« til. plum curvUkual Ftgf^rnt 141 12ft. The amikvify of cnsvilincal ftgOMis may be dnriio^ ftom duii^ q£ icotalmeal figuics that 4re ahrajs sittilarly describe edin ihem; or^wenaycompiehendaHaOTU of fiflHiiirfigeMi pliemes, or solidsj in this general definition. Figures are similar when they may be supposed to be placed in such a manner, that^ any right line being drawn from a determined point to the terms that bound them^ the parts of Uie right line intercepted betwixt that point and those terms are always in one constant ratio toeteh otker. Thns the figures ASD'O^. d5)> aS(2are similar^ when, any line SP being drawn always from the same point S meeting AD in P, and ad in p, the ratio of SP to Sp is invariable. It is manifest, that the rectiU jle^l inscribed figures APDS, apdS are similar in this case, according to the definition of such figures that is given in tbe Elements^ If the right lines FM and jm. pajraHel to eacb other meet SAt in M and m ; theft PM sha}l be to jpm as SM is to Sm, or as 9A i& to Sn ; and AM is to iKne as PM is to pm* And, conversely^ if AM be dways to am as AS is to aS ; and PM be always to pm as AM is to am, it is manifest, that the points ^,p, and P are always in one rigfiftBne, arid that Sp is to SP in the invariable ratio of S« to SA. From which it appears, that the common definition of similar figures, paflicularly that of jfpollonius for the conic sections, and of Cavalerius for any figures whatsoever, is in* eluded in this, or is easily deduced from it. When the simi* lar figures are in the situation we have described, they are also similarly situated, and all their homologous lines are either placed upon one another, or parallel. 1^. If flie right line SP, by revolving about the given point S, geneMe the similar ffgures ASP, aSp, their fluxions shall he to each other iA the duplicate ^atio of SP tol^, or of SAto Sa ; and, consequently, in an invariable ratio. Therefore, by the sixth'general theorem^ the similar figures ASP, aSp which are generated in the same time are in the same invariable ratio. Theiriaiigle& ASP, a^ and the segiftents ANP, anp are in the sailtte derplicate ratio of SA to Sff, or c^ AF to ap. If we sup]^ose tht ray Sa and the figure aSd to inx:rease or decrease so as fo remain always similat to a given figure ASD; the fluxioii of tlie area ttSi shall be to the fluxion of the inscribed triangle aSd
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    ]4£ Ofihc fluxions of SoHds^ . Book L «S«i in the invariable ratio of that area to the inscribed triangle ; and the jfluxion of the area aScfmcreases or decreased imiformly when the fluxion of Sa is constant* CHAP. IV. »  Of the Fluxions of Solids, and of third Fluxions. PROP. VI. ' 124. Jl HEJluxion of the solid that is generated by the revo^ lution of the area ADEF about the axis AD (fig. ^6 J is measured by the cylinder that is generated by the rectangle E6^ when thtfluxionofthe axis AD is measured by DG. The demonstration is the same as that of the fourth proposition ; and it is easy to deduce corollaries from this propo* sition similar to those which were inferred from the fourth* PROP. VIL 125. The fluxion of a solid that can be conceived to be gent* rated by any plane surface moving parallel to itself, andper^ pendicular to a given axis, is measured by a prism that has the generating surface for its base, and its altitude equal to the right line which measures the fluxion of the axis. By a prism weunderstand^in this proposition^ any upright solid tliat can be generated by an invariable plane moving parallel to itself perpendicular to a given right Une. When the generating figure isof an invariablemagnitude^thepropositionisdemonstrated as in art. 80. The axis AD being supposed to flow uniformly, if
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    Chap. TV. Of the Nuxions of Solids. 143 if the generating plwe LM (fig. 34) continually increasej it i3 evident that the solid must increase with an accelerated mo^ lion. Let this motion be supposed to be continued uniformly £rom the term when the plane LM cuts tiieaxis in D^and toge* nerate a soUd equal to R in the same time that the axis by flowing uniformly acquires the augment DG. Then shall thejsolid R be equal to the prism upon the base LM of the height DG: for, if the solid R be said to be greater than that prism, let AD be produced to P till Im (the section of the solid through P parallel to LM) be to LM as the soUd R is to that prism ; and the solid R shall be equal to a prism upon the base Im of the height DG. From this it follows (by tbeor. 1), that the motion with which the solid EBML flows, continued unifoirmly, would generate a solid equal to a prism upon the base Im of the height DP, in the time that the axis acquires the augment DP by flowing uniformly. But the motion with which the solid flows when continually accelerated fromi the same term, gene* rates in that time the firustum included betwixt the sections LM and Im, which is less than the prism upon the base Im of the height DP; and, if the motion with which the solid flows was continued uniformly from that term, it would generate in the same time a less solid than that fiiistum, (by ax. 1), and there* fore less than the prism upon the base Im of the height DP. But these are contradictory ; and therefore the solid R is not greater than a prism upon the bas6 LM of the height DG. In like manner it is shown, that the solid R is not less than this prism. And the demonstration is extended to the other cases ofthe proposition in the manner that was described in art. 90. Therefore, the fluxion of the axis AD being represented by DG^ the fluxion of the solid is accurately measured by a prism upon the base LM of the height DG. And, conversely, when the fluxion of the solid is represented by that prism, the fluxion of the axis is accurately measured by DG. 126. Cor. 1, Let the solid ALM (Jig. 3o)beapyramidthathas its vertex in A, and let the section LM be triple of the square of AD: thenshall thes(did ALM be always equal to a cube described upon AD. Thi^efore the fluxion of the cube upon AD is accurately measured by a pai-allelopipedon upon a base that is \ triple
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    144 OftkeFlmwmefSeflulk Bookt triple of the sqaare of AD, of a height eqnal to D6 that wut^ mresi the Andoa of tlife side AD, ot by a paraUddpipmloii vpiM l&e scpiaie of AD of vh^ighit) trij^ of D6. From i^Aiidt it foHd^s^ tkiKl, wIko foar quantitiev are in eontinaed propoitH>B> and^thci fiint tam is invariable, the flanon of die secoad tena ia tao&d Aird part of th^ flaxionof tiie foaffth as the first term is to die diird
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    Chap. tV. q^tkiti tbisitmi. I4« 190. These tkneparUnuq^ be distiiigiiisbedfiome^ in the foikwing maimer. Letthelria]ig}eMBfli(^g.36)>bymoring pci)pei|4iciilar to the li^t line AP^ geqerale the p jnramul AJrla HI. w nue tnepomt ir oeacriaes JAxjiet tne pyramMi aoquie themerfmentthaikteradnatedby thepjanes EDe, HGAperalldi to UPm; lei BI and a parallel to D6 meet OH ahd gk in I and 1^ and eN parallel to EH meet HA in N. Then the frustom of the pyramid tenninated by the planes EDc^ HG&»reBolved into tbjcee parte ; the prkm WDelQi, the f^^im EIHet N^ and the pyramideNtA. The fint of these^ the prim EDelGi^ measwes the fiist flaxion of the pyramid ABSe when 1X> represents Ae fluxion of AD^ by the serenth popesition. Hie seoond^ viz. the prism ElHdif, measaies one half of the flaxion of the fffst^ the aUitade DG being supposed invarieble* For the fluxion of the triangle tiDi, or lOi, is »easared by the parallelogram IN (the fluxion of DE or GI being measmed by IH}^ by prop. %, and the fluxion of the prism ED^IGt is therefore measaxedby » paraUdapipedonNHEf «pon the base IN of the ^tode DQ, which is double of the prism EIHetN that is t^>on die same base IN and of the same altitude. Therefone the prism EIHeiN measures pne half of the ftixionof the pntm, EDf IGi, or onehalf of thesecondfluxionof the pyramid ADEe . The last part of the firasSum ED^HGA, viz. the pyramid e^ih, measures one sixth part of the fluxion of the parallelopipedon KH£«. For^ ccHnpletin^ the parallelogram NiRA and the parallelopipedon NALe^the fluxion of th^parafldograin IN is measured hf the parafielogram NR (by prop. \, IH being in« vurialile)^ and the fluxion of the paraMopipedon NHEe is measured by thepacaHelc^ipedon NALr^of whidh the pyramid eNih is one staetb part. T}ierefore this pyramid measures one sixth part of the fluxion of the pardQelopipedon NH£e> or of the third fluxion of the pyramid ADEe. ISO. nmstbe solids £D audits fluxion islepi^ented by DG» The &ree parts iMhich omstitatethe frustum EDcfi^A^or^dste incn-ement 
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    146 ,0/ third Buxiata. . "Book! ion^ the second measures one half of the seboxkl fluxion, the last measures one sixth part of the third fluxion of the pyramid ADEe; and this part eNiAbeipg invariable^ the pyramid has no fourth fluxion. The first of these is the solid tliat would have been generated bj^ the motion with which the pyramid ADEf flows^ if it had been continued uniformly for' the time in which P describes DG. The second part is whatiwould have been produced more than the first, if the acceleration of the generating motion had been continued uniformly from the term when P ccmies to D, in the same manner as the triangle EIH (fig. 21) is the space that is generated in consequence of the acceleration of the motion with which the triangle APM flows, while P describes DG, according to what was shown in the 93d article. The third part e NiA is what is generatefl in consequence of the continual uniform increase of the acceleration of the ge^ Derating motion, or of the uniform increase of the power by which we may conceive this acceleration to be produced. Tlie first fluxion of the pyramid ADEe is accurately expressed by the first of those parts of its increment, and the other two are justly neglected in measuring it. The second part serves for comparing the second fluxion of tlie pyramid at the term When P comes to D with its second fluxion at any other term, or with the second fluxion of any other solid. The third part eN/A serves for comparing the third fluxion of the pyramid with that of any other solid, or witli the third fluxion of the same pyramid when the axis AD flows with a different motion. 131. The prism EDcIGi, which measures the first fluxion of the pyramid ADEe, is to theparallelopipedon NHE«, which measures its second fluxiQn,««s one half of DE is to £K, or as one half of AD is to DG. The parallelopipedon NHEe is to the parallelopipedon UhLe, which measures the third fluxion of the pyramid ADEe, as NH i? to NA, or as AD is to DG. And It is manifest, that tliese ratios, by dimipishing D£, or.bydimiiiishing the increment of tlie pyramid. EDeHGA, may become greater than any assignable icatip. Therefore the ratio of the quantity that measures the first fluxion pf the pyramid ADEe pq that which measures its;(econd fluxion, and the ratio of the ]j^ei to that which measures, it^ third fluxion; may become  ... greater . » A
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    n greater than my ajfeigiiable ratUbj when the ijoiuitity that mea-» sures its first jBuxipn is oontinually diminished. The pyramid A6HA is pxeciaely equal to the sum of these four solids^ the py-; ramid ADlS^, the prism EDelGi, the prism EHIrNi^ and .the pyramid eHih. When D6 is continually dimtxiisbed^ the first x>f those four solids approaohei to the pyramid A6HA, so that theirdifferencemaybecpmel^ss than any assignable magnitude; hut the smn of the first two approaches much nearer to the pyramid AGHA ; and the ratio of the difference betwixt this sum and that pyramid^ to the difference of the pyramids AGH A and ADEc,mBy become less than any assignable ratio. The sum .of the first three of those solids approaches still nearer to the Y^ue of the pyramid AG HA ; and the ratio of the difference her twixt that sum and this p3rramid/to the difference of the sum of the first two sdi^s and the same pyramid^ may b€fcome less than any assignable ratio. Thus we are led to approximations of va^ rious d^rees of exactness by this method^ as well as to accurate mensuratiofis. For^ in general^ the value of a fluent at the beginning of any small time being given^ we approximate to i^ value at the end of that time^ by adding to the former^ firsts the quantity that would have been produced in this time by the generating motion^ if it had been continued uniformly from the beginning of the time (which we suppose to measure the first fluxion of the fluent); then one half of the quantity that measures its second fluxion^ and one sixth part of the quantity that measures its third fluxion. The approximation is the more accurate, the more we add of those quantities together, in the order we have described them : butof this we shall treat more* fully afterwards. .132. When AB increases uniformly, the prism KDcIGi increases in -the same proportion as the triangle EDe.(it|i| altitude . IXjr bei^g mvariable), or in the duplicate ratio of AD; rjtfae parallelopipedon NHEe increases in the s^^i^e proportion as £increa8e8^ because the Bi
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    Ui Ofthif^ ttuitioksi lMk\. [tilled llife second ilM^ of tlyiA;fr5%4|^ ChiMMxtM of lihe sdAe ffimAis i^tit«ines/^r d«M^^^ A Vbk trij^tete Vatid of ei,  %fa« secoftA fluxion Varied fti the AipttcAife^kMlii^ ttM 'llk^ VAM ttn^ mih the MpOcaC^ l^tio of thilttewU^hlli^ftist A*tdMi «M^.. 1 33 . AH we haVe^id'€t1(he)^yk'M^i/i At>Sfc ^ t9 d/ei6niil be««i^M: 'Ite "itad EH) -and the doneES/(BI^ being the^iffbrence^fiC^MC^ taken ^^^tli^r. l^ife cyitnaer Y^ Kih^ ¥eilolY«a«)R» «^pU«i, 
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    dhftfuIV. QftiMMmwL 149 4«a»i«ii 0f liti^iMitMi^cmtiaiiecl Ij^ £H %TidCZ) is vneasiuBd by the square of BZ Of of C$( ftpd ibf flo^vm of tbe aa)id ge«i Qflittih} Iqp Ibe f$K4wglf^ HX Is thca^oie «i«^ttred bjr the cy* liMlev Ihtl Konlil b^ dMmhed by the xetUiBf^ £S i-evohang abaulGBi ^ipb QrUnidfer is triply Qfibecoae £^. Thus it qqieim^ th^t ^ tibe thii^ solids whicb takea together aie e the hoUow solid dcsoribed by the ndapgle HX measures one half pf its se« QQttd Au^iqUj and the cone. £1^ measures pi^e sixth past of its l^ufd iunkm, the axis Iiei^g supposed to flow unifonnijr, and its flttxiofi being veproaenSed by D6. 134^ iM the pcMBti^ describe the right line l^insuoh % mmt^ ner that em upright parallelppipedoQ upon a gtven iiwariahle hue, as the squane of any giyen line fi, ^nd of a height eqni|) to Vp, iD^y be almfgns equid to the pyramid APMei (fig« S^, aatfl^ ih^ci^otaoH of ji being then siaiilar to that with whidi the pjnsymid flows> the acceleration 9f its motion sholl increase uni* fimsdy^  wfaoi ^e aoljon (rf* the point P is iipifisni. LstdS h»d9aaitK6libj p iB0ny giyien time ; Jet i/C he t|ie space thai would be described in 4hat time by it with its modoii conti^ i^ued laii^insily £nass d; and Igt 4fht the space that would hflne been deacrihed if^ theiuo^ time^ if the aooderation of its HMitiOnhed been ioonttnned unifawniy ftom that tern« Then T^ 9 f f 4 C/S  w  / % ft ^ i ■ a • z t T t 9 >'^Jf .J a sh^BaprighipataUfliopipedotsontiieipyaiial^base thalts fup* poead e^pal io 4he aqoaie of e^ and of thealtitades dC,4^ and /S,he Mspcdivefy equdto the prisms EBeIGt^EHl€Ni/uKl4he pjmsoidi^Nit; and^heri^lioesdC, C/.and/BshaD.measiwe K3 the
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    150 Qfihird'^Nttxiens. Bosedtfaat p would describe dC with its motion continued ifiiformly from d. ThQn the motion of; shall be uniformly accelerated^ and. the motion of r uniform> when the motion of Pioi the Ime AG ffig. 36) is supposed uniform. Let dS^ Vv, and lUke spaces described by the points p, q, and r in the same time; and let VI be the space that would be described by q in tliat time by its motion continued uniformly frctoi V. Then dC, \l, ahd T/ measure the firsts second^ and liiird fluxions of Etf^ re« ipectivieiyi Theuprighjbparallelopipedonson the square of the id/^ariable line'a^ of altitudes respectively equal to dC, Yl, and T4 are equal to the solids EDelGb'^ NHEe i^nd NALe; C/isone hai£ of VI, sndJB is one sixth part of Tt ; so that. dS is equd 1ot|ie sum Q{.dC,x>ne half of V/, and erne sixth part of T^^talceu' together.: '•, '•'..• r .156. BeeouseySis the differenceof cS and df, and is equal fo.bnesisfth part of T/ ; it follows^ that one sixth part pf l^e tfaurd fluxion raf the fluent Fp is measured, at any term, by the Aiflbvetlce ofdie inotement^ that iaire produced in a given time^ whto'the aotelemtion of the gena:atingi motion is continued unifd^-mly, and. .when the incoease of this acceleration is continued uniformly, from that term ; and it is determined by a ^ifliilar difference when the generating motion is continually retarded, or when its acceleration decreases, 137. The rest remaining as in* the 129th article, \etBD(Jig. 37) be equaLtoDG, and the plane OBo parallel to £De meet AE, Acy EI, eiy and eNin the points O, o, Y, y,^ audit. Then, the frustum RDeOBo being equal to the excess of the sum of tl^e prlsmEDeYBy and pyramid cc^.ebpve the prism EYOi^, tt< follows,- that the difference betwieen the frustums ED^HGA #rfd;£D
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    ChAp. IV. Of third Fhxiom. 151 uniformly^ and its fluxion is represented by D6. It is als lo .other cases, the ratio of T^ to that excess, or of one third of Ti to the. diffidence between fS and cC, may not b^ a ratio ojf equality ; but^ it approaQhas to that ratio^ wbea those increr . ments arc contumally diminished, as its limit. 139. It appears, from what was sbowp in the introouctioi^ that the third fluxion of any solid that can be generated by a , conic section revolving on its axis is invariable, wh^n the axis , flows uniformly ; the parabolic conoid excepted, which hasl^ second fluxion constant, and has no third fluxion. This aocount of third fluxions i? similar to that we gave of second fluxionfy in art. 97. We have deduced those illustrations of them from the common geometry, because what relates to second and third fluxions has been represented as veir abstruse, and beeause it is the application of this part of the method thathas been fomid to be most liable to mistakes* K4 CHAP.
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    I5t OfthcFluiiMitfCkaMiHes BtfricI CHAP. t. Ctfthc tlutiom tf Quantities that arc in a eonftn^ed geamc'* itiekl FrogreUio^ tbcjirst Term of whitk m imariabU. lii yight m^es in A; ^tifl, AS^ AP, and AL bdtkg in gebmetrical l^rdgtfeMott, let SA be taken v^^bt KB, A? upoh AE, and At l^oh A/; ahd SPt sh^ be atWay& a right Mgle. Let SA be invariable \ and^ while the point P with an nmform itiotioA di^cribes any eqti^ Unes pP^ Vp, let the point L describe IL atid L/ ; produce \p and ^ tin they meet LP produced in d tod D. "nen, because the angte ^Vd is equal co Spd; the attj^e PSp is ei^ul to LA: %xi, titnce SPL is b right aft^e, ttle atv^ SPp is equal to HH. D^erefote the triwgted I^^ leA i&re simllat, Ih like manh^r, the triangles t^, LD/ i^tB ridiH^f. thde^oi^L/ist6Pjpttsl)Li5tt)SP,M4liiit6pp a^^ is to dp; ^ that L/ is to Lias DL is to ^ But the angle PSD is i^qual to 3Dpe, ox j)SA, and the angle PSrf is ^quai t6Pp(f, 6t pSA ; and consequently, the angle PSD ex'c^6 t^ bV t>d^, edual to pSp : so i9iat DL being greater %ta'dt, U U gre&tcir ft^h LI. iTierefote, when the motion dfPts unifdrm, the s{)aces described by Im any equal succeed* Ing ti^es^ ]^rpetually increase, and \X& motion is accelerated. 141. Because the ancl6j)Sl) Is equfil to ;)PD, or PSA, it is Ife^s than j?S/, and;?!) is less t'han pt Therefore T^th less than «pf. I^t thfe angl^ pSrf being equal to dPp, or PSA, it is \i^?LtA than pSl ; and, ^ beihg ^erefote greater l!han pi, dX r42/lTie velocity 6fLls to the velocity of Pas SAP is to SA. For, if the ratio of the velocity of L to the velocity of P>be a greater ratio than that of 2AP to SA, let it be the same as that of 2Ap (any quantity greater than SAP) to SA, or of ^l to Sp. Then, because D/ is less than 2p/, the velocity of h shall be to the velocity of P in a greater ratio than D/isto Sp,
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    QbipuT. imn g€milrical Pr&grt$d(becaitse 41 k gveater than "SplX ttte vdocity of L shall be to the vel»cilyof P in a less talio thdn that of LI to I^. Bolt it foHows, . &cm ilie seooiid astkiiby that U ia to Pp lA It less ratio tha^ Mlocil^ of L is to ihe velooity of P. And these b^ng contra* ^k:bairfi,it ay^peocs, that the ^ocity of L is to the velocity of P^ or the fnidon^f AL to ^e fluxion of AP^ as 2APas toSA. 143. Ijettlie«nglesSPL(/g.39)J'Uf »LM[N,MNR^.bealways rights and the angokr points P, U M, N, R, S^c. descnhe always the light liAesAE, A/; Ae.AF^AE,^. TheashdlSA, AJP^ AL, AMj AN, AR, Ife. be abvays a series of quantities in A ootttimiedgeometricalprogitession, ithe&Btteimof wfaichSAis iliirnahle. While the pdntP describes any eiqital linespP,]^ t»n the line AE, let the points L» M, N, R, 4^. describe the ^spaces IL and U, mM and Mn^nN and Nn, andirR and Rr,Sfc. on the lines Af, Ae, AF, AE, the angles Spl and Spl, plm and ^bn, bun and tmn being ahvays right. Jjdt Ip and Ip prodaced «ieet LP prodnced in d and I> ; let asl lodm/ prodaced meet ^L ingauid O ; let as and nm, m and rmfifCfttoAoced meet NM, RS, 4rt;. in h and H, ft and K, ^. respectively. Then it ismanifeM» Aat the triangles PSp, hHyMga^, Nin, ^c, and 4he tristnii^ P%t, LD4 MOm, NHn, RKr. i^c. are each a )serie84)f ssaiilar triangles. It is also evident, that the angles f&A, PSD, LD6, M6H, NHK, ifc. and 4be angles pSA, fSi, mg, M6A, NH/^ ifc. are eaeh a series of equal angles ; and ^tat'anjr angle of ihe former aeries exceeds always thecorres^poadsDg aai^leof ihe latter series by the difference pSp. LEMMA
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    1^4 Of the Buxiom of (Entities . Book I. t i ' LEMMA .VI. 144. ^fVhen the first term ofn geomttrieal progression, is invarta-* He, and the second term increases uniformly^ each of thejhi-• hzoing terms increases with an accelerated motion. , Because the triangles PSp, Ldl, Mgm, Iff An, R/ir, iic, are similar, the incrementa pP, IL, mM, nN, rS, i^cJ are in Ae stfme proportion as the right lines SP/ rfL, gM, AN, AR, ^c. -aid, the triangles PSp, LD/, MGm, NEDi, 4rc. being also similar, the increments l?p, U, Mm, N», Rr, 4r^. are in the same pibporiion as the right liAes SP, DL, GM, HN, KR, 8^c. Therefate, pP being ec^aal to Pp, IL is to L/ as dhk to DL; mM istoMm^ss^M istoGM, nN istoNnasANistoHN, rR is UrRr . as AR is to KR. ' But DL is greater' than dL, GM is greater than ;M, HN is greats than AN, KR is greater tha;n AR, and so on ; Because the angles PSD, LDG, MGH, NHK, S^e. exceed tit* angles PSirf, LDg, MGA, NHA, ^c. respectively (the I excess being always equal to the angle'jpSp). Therefore U, M«i,' Nw, Rr, 4rc. exceed LI, Mm, No, Rr, '8^e. respectively ; ' and, the motion of the point P be^ng. uniform (so that the equal lines pP, P/) may be described by it in equal times), the motioilsof 'die points L, M, N, R, i^c. are. perpetually accelemted. 145. It is manifest, that the lines D/, Gm, Hn, Kr, Sfc. nx^ V respectively less than Qpl, Slm^ 4mn, 6nr, S^c. but that the lines di, gin. An, Ar^ ift, are respectively greater than fijd, Sim, 4m n, 5nr, ifc. For the angles pSD, IDG, mGU, nHK, ^c. being always equal to each other and to the angle PSA, and the • angles j^S/, Ipm, mln, nmr, ^c. being also equal, the latter air ways exceed the former by the angle PSp. i Therefore as pi is greater than pj), and D/ therefore less than 9pl ; so 6^ is less than £//», and iim less than Sim ; Km is less than Smn, and Hi? less than4mn,* K/iislessthan4iir,andKrislessthan5iir. intl:fe same manner, the angles ^Sd, Idg, tagh, nAA, Sfc. being alwajs equal to PSA, and the angles pSl, 1pm, mln, nmr, S^Cf being * e(|ual.
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    PUfe»'Jta/:*
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    Chdp. V« in a geometficat ProgremM* 155 equal> the former angled always exceed the latter by the angle PSp. Therefore^ as pcf is greater than pl^ and consequently  and 4mn is to Sp in a greater ratio than Hn is to Sp, or Nn to Pjp. Therefore the ratio of tlie velocity of N to the velocity of P is greater than the ratio of Nn to F^« But the motion of N being ac-^ ceferated while the motion of P is uniform, it follows, from the first axiom, that a less space than Nif would be described by the motion of N continued unifotmly in the time Pp is described by P. Therefore the velocity of N is to the velocity of P in a less ratio than Nn is to Pjp. But these are contradictory, and therefoie the ratio of the velocity of N to the velocity of P is not greater than that of 4AM to SA^ or of 4AN to AP. Let the ratio of those velocities be that of 4Am to SA, Am being any line less than AM. Tl^cn^ 4Am being to SA as 4mn is to
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    1 Sp» and 4mm WUig km tbm Ap (bf ;»H» }43)|i H £4Imi6« tbui the melocJty of N ia to ibe veloei^y ef P tp a l99«nklio thaji Aa istoSp^orNnisto Pp»* 13itt» b; tfae peMil4 Aioodsi^ » graill^ space than Nft ivmld b» de9eribe4 by tkoinatidiiipf N eooiH nned HaifoffmIjr>:m the time pP is 4eaarib^ bjr P i wA thmen fore the velocity of N is to the Telocity of P in £^ greater ratio than Nn is to Pp. But these being also contradictory^ the velocity of N is to the velocity.of P |:)f i)^er in a greater nor in a less ratio than that of 4AM to SA^ or of 4 AN to AP; and there* fafetiKfloKiM pi AM is to theflwiw.^^P pAi^ly !» ibt aBtme ratio «3 4AJK. i& to AP, AU th^ akber q9§^ of Uiis f^oposHioo^ whM the wc^tJM of P is vairi^^, 9tf, ^mly ditdM^ iii;Ai klm case;, hgr tbt Al^Yestibi geperp> i>]mfl¥^ bjr tlie.sane. » HiereiftKe the Samoa oTAK isto dbe flntfion «f AMag ilAfil isioSAM^ and i^m Vianifeat, liukUheaaaHi dflawnn^wtiaamay lie afpliadwhan the fuooions of any odiher tesms of l^e pm^sabn axe isunpared ts^iiter. MS. It Mlowrs £rom svliat has ioeea idemonBtiwted, ^Jtmt,iS Ae motiacis of tbe points P, dLi, M, V, fi> ijre. vese oonti^ued nnifonnly, fines reipeotiffcly leqpalto.SA, ^AP^dAI^ >4AM^ ^MH, %. woidd be (j^eaonbed by tfaem ia^ibe saaie ^ftime. 140. llie
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    M9. Thi^MMnd^ thinl, mM Higher JaacMoa of aiijr ttva of IH« t>i-d^6^iiM>«Miy beite|prdteii«dlbjr ooiilttB imiltiplMof tbc ^r«> and is fepccsBilBl by the invariable right line SA. Fpr the velocity of the point N^ or the first fluxion of AN, being represented by 4AM ; the fluxion of this velocity^ or the «eooBd fluxion of AN, may be represented by four times the fluxion of AM (which is itself measured by 3AL), or by 12AL ; the third fluxion of AN is nfiMM^Bi by viAP (1»ec«uM the fluxion «f AL as nfSMeiAed by 9AP), its fourth fluxion by 24SA,' and it has no fifth fluxion. 150. If Att be a mean^roportional between AL and ikf (^g^ ^, lUid AP 9ow tttnfmttJyjiiexi iu SLk equal to the Hne-tfiift tM^cM be ^en^ratied by tlie ttotion widi winch AL flows cond*tLuei turifottnly fdr *the time in nrhicli P describes Tp^ anfl "die diJRfretiee )ictwi>kt hi and Lte is what is generated in eonse(({(letide t>f the %icce3eration of tiiis motion during Amtttme. fill: Aais to AL in the siA>dtr|ffie«te ratio of Al to AL,t>ria theititib'of^to AP; aa»ftLttistef5pas AL is to AP^wat AP fe t6 SA. mret^orfe '2Lu is to 1^ as '«AP is to BA, w as Ihfe i^oefty of flife point L is to the vetecfty of P. Let A%und Aft ht two mtpim proportronttls "between AM and Am ; mid if itit tnotion of M ^6twixt A/: and' MA. The differenciel>e^wikt Mm and3A&, or the excess of the difference betwixt km and hk above the difference betwixt hk and MA, . is what is generated in. conseqilence oTthe increase o^f that acceleration during Ihe same lime. 'iTie proportions betwijrt those differences and the lines 4liat latMtBme the-fiist/secoiid^ and\thiid.fluMions.ofAM7 easily 4ppi6ar, tmd 'hsvi^ been ladready showh in the hot i«haptef . 'Any term haJs Huxions dfastnany degrees iats thei'care terms thfl^ precedeitin ihe .profession, when the ^xion of AP is invariable ; and the increment of any '^esfia 4bttt.i8'g«ierBted in
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    158 Of Logarithms; and the Fluxions Book I* in a given time may be resolved in this manner into as many parts as it has fluxions of different orders ; and each part may be Gonceived W\>e generated in consequence of its respective ftixion. But this will appear more easily aftearwards. CHAP. VI. Of Logarithms^ and the Fluxions of logarithmic Quantiticsm 151. JLHE Logarithms were invented for facilitating com-'' putations in Arithmetic and Trigonometry, by the celebrated Lord Napier, Baron of Merchiston, and have been found since to be of great use in the higher Geometry, particularly in the method of Fluxions. Their nature and genesis is proposed by the inventor in a method similar to that which is applied in this doctrine for explaining the genesis of quantities of allsorts, and is described by him almost in the same terms. He begins his treatise on this subject, by defining that a line in* creases equally, when the point that describes it moves over equal spaces in equal times. Let A (says he*) be the term from which the line is to be described by the flux or motion of A C D E F B n c d e f mg  o Q R S the point P. Let it flow from A to C in the first moment (or in any small part of the time) from C to D in the second * SifpuncXui A k quo Aiceitia sit lineajlwnt alierius fiimcii qui tit P. flitat ergo priwto momento V ah KmC^ $eeundo wuwiemta 4 C m D, &c. Mirif, Logir. Canon, deicript. defin. 1. He afttrwardt lays down a postulate, similar to what we assumed in the first chapter, in these words : Quam quoUbet moiu \S iordior ^S wlodtr daripossil^ sequefur necessarid cwque wwtui ^quheloeem (quern net tarJiorem nee -veladorem JefiniwmO darip09$e, moment.
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    Ch^. VL of logarithmic Qianttties. lSf§ monaeDty firooi J) to £ in the Jtbird ; md so on for ever^ de* scribiDg always the equal parta AC^ GD^ D£^ £P^ t^c. in equal times, N Ttiis line is then said to increase equally^ 152. By his second d^nition/aline decnaaes praportiet^ mUy, when the point that nioyies.Qver.it describes sach parts in equal times as are alwajis.in the same oonstant ratio to the lines from which they are subducted^ tir to the distances of that point at the beginning of those times from a given term in the line. Let the ratio of QR to QS be any given ratio ;'let ac be to ao, cd to co, de to do, ef to to,fg to fo, 8^c. always in the same invariable ratio of QR to QS. Suppose that the point p sets out from a^ describing iic^ cd, de, tf,fg, 4rc. in equal parts of the time ; and let the ^pace described hyp in any given time be always in the same ratio to the distance of p from o at the beginning of that time. Then the right line|K^ is said to decrease proportionally. It is manifest^ that the lines, ao, co, d^, c6yfot i^c. or the distances of the point jp from o at equal succeeding intervals hi time^ are in a continued geometrical progression. 153. Suppose now that the uniform > motion of the point JP in describing the line AB is equal to the motion with whiehjp sets out from a in describing the lij^e^a; and the line APthai is described by P with this uniform motion^ in the. same time that oa by decreasing proportionally, becomes eqifal. to. op^ is the Logarithm of cjp.f Thus AC, AD, AJE^ AF, ^c. are the logarithms of oc, od, ot, of, Sfc, respectively; and oa is the quanUty whose logarithm is supposeid equid to not|iing« 154. In like manner, suppose the line oa to increase propor-; tionally; that is, let the point p move in ^he line oa procfaioed beyond o, and in any equal times describe spaces prc^rtional to its distances from o at the beginning of each time; so that ."i ... * Limea ^pprHcnaltier in ireviorgm dccreicere.Sictt»j quum punciw earn fmm-t currens ^tqualihus wiomeniis segmtnta ahtciadit cjutdem eoniimio roHoms oditBeps^m quihus ahscinduniur. Ibid, defin. S. ' . ^ * t Logariihmus cujtisqut snA% est maherui qu^ ^rcxim iefiniens liriram qtuB ggquaiiitr crevii^ inlerga dim sdi^ UHus UnecK^apotttumaUter in ittutn stnmn decrevitf exiaienle utroque moiu $^hrano, atqu$ imijo ^pdwloec^ Ibid* That tbis doctrine may be more general, we abstract from nuiAben^ asul repi^aient the logafitbmt by Sues, as weU as the quantities of which they are the Ipg-arithms. . • o a the
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    t69 CffJUganam,ttmitheBa)ei# A£^ AF, S^c. ate the iogarilhma ^^, ad, tff^o^^rc.fea m d € i«p P A € ]> e F G W»^—i ^P— ^— ^^ "^F— I^Wi^-^ ipectively. It is manifesty that the Knes oa, oc, od, ee, of, e^c. aie in eontiimed geometrical proportion. If ac ^^fg be deaciibed byp in equal inter? als of time, axid an,fin be described hy it in any etiul paits of Aose times \ tlien shall ac be \ofg, and imto^,«S6€iistoof^ or iLS oc istoog*, or as on i3 topm; tfaat is, the spaces described iy p in equal times are in the same fvopoition to each other as ^ distances of jp from o, at the keghming> end, orany sim9ar teim of those times. 1$6. When n ratio is given, the point p describes th^ differenee of the teitns of llse rstio in the same time. TTIiei) a rar tio is duplicate of anoAer ratio, the point p describes the difference {rf'ihe terms in a double time. When a ratio is triplieate of anc^er, it describes the difference of the tenos inj^. triple time v ttd so on. Thus the ratio of oi to on is duplicate ef the ratio of oc to oa ; and, liie lines ac, cif being described \jf in «qttal times, die time in vliich ad is described by it is double of that in whidi it describes ac. The ratio of ot to oaJatEipIifiila 0f the Mtio ofoc4o«a, and the time in m^xtAx «eas
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    lS9i Wkal «t ham rad of the times «f the motion ofp wbcn 0p ia^i€Mef propostioQaUy^ is to fae«ppiied io theq^«Q4ii duift eMdtetoribed by P in tho« time* with iti nnifona ouHieai imd htnoe the diief piopertieB of the logarithms are dedui^ed* The 4i9Btemo9 4)f the logarithns of the terms of the sraie nulia is ahmfs the Sine. WhenaratioisdiipUcAteof aootherratie^ 4ie iSffcMAoe of tiie logaiitfams of the terms is douUe ; wbea a mito is tripKoato, thai' diffntnoe b triple ; and so on,. The diflbreneeoflfcetegarithmsofthetegmaofacomLpPiindr^tio ii equal to the sum that is produeed by adding together the differences of the logarithms of die terms of the simple ratios fiwi which H is iumipoanded. 157. Thus logarithms are the measures of ratios. The ex* cess of the logarithm of the antecedent above the logarithm of the consequent measures the ratio of those terms. The measure Of the ratio of « greater quantity to a lesser is positive^ as diis ratio cQflipsKmded wkh any other ratio incxeases it. The ratio of equality compounded with ai^ othe mXio oeitiier increnfiei nor diminishes it ; mdits measure js nothing. The measure of the ratio of a lesser qnaatit]; to a greater is negative as this n^io compounded widi any other ratio dimtniAes it The xat lie of any quantity A to unit compoanded with the ratio of unit to A produces the ratio of Ato A^or the tatloof eqeafity; and the measures of those two ratios destroy each other when eMediogether; so that when the one is considered as positive^ the other is to be considered as negative. By supposing the lo^ gartthms of quantities greater than oa (which is supposed to re* piesent unit) to be positive^ smd the logarithms of quantities less than it to be eegative^ ite same eoks ser^for the open^ tfoos by kgaritlttiB^ whedler ibe quantities be greater or Je^i tfMtiee. FiomwhatiN^hevetfBid^itiseeqrteaeehDwtbele^t gariflnas serve far abridging oomputations. Because uoit is to my qaantity Aas Bis to theptodact of A and B, and the W« garifkm ofuidtisnotldag^ihe logaridunof cgBgrprodnet is equal to-flie sttm ef the logmMsins of the factors, and the Ie« gioMhm of aey power of A is to fhe fefsotiim of Aea the e«r peeem oPthet peeisr is to «mit. VOL; L L 168. Wheft
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    I^ Of LogArithms, and the Iluxiom Bool L 158* When op increases proportionally, the motion of p is pferpetually accelerated ; for the spaces uc, cd, de, SfC. thai are described by it in any equal times that continnalij soooeed after each other^ perpetually increase in the same proportion as the Hnes oa, oc, od, ^c. When the point/> moves from a toiraids o, as in the 152d article^ and op decreases proportionidly, the mp« tion o(p is perpetually retarded ; for the spaces described hy It in any equal times that continually succeed after each other^, decrease in this case in (tie same proportion as op decreases* PROP. X. 159. The fluxion of a quantity that increases or decreases pro-? . portionally, varies always in the same ratio as the quantity . itself. Let the line op increase or decrease proportionally, and the Telocity of the point ji (or the fluxion of op) Aall always vaiy in the same ratio as its distance from o. Thus the velocity of p at the term c shall be to its velocity at any other term g, as oc is to og. For, if the ratio of the velocity of p at g to its velocity at c be greater than that of og to 9C, let it be the same as that of any line ok greater than og to oc ; and let oA be to oc as og is to ok. Then is gh to kc as ok is to oc, or as og is to oA > and the lines q n  k c g  k ke, gk are dep scribed by the point p in the same time, by the supposition* Let op first increase proportionally ; and, because the motion of p is then perpetually accelerated (art. 15B), it follows, from the first axiom, that a less line than gk would be described by it, if its motion waa eontmued uniformly firom g, in the same time that it describes g4 while op increases pr<4>ortion£dly ; and it follows, from the. •eoond axiom, that a greater Une than kc would be described in an (Bqual ttmebyp,if its motion was continued uniforixilyfrom the teiia v^ Therefore the velocity of p at g is to its velocity at c in a ratio that is less than, the ratio.of^A to kc,, or of o& to 9C« But it was supposed; that Ate velocity of p at g i; jto.fte velocity
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    Chdp. VI. ofhgaHthmic QMntitics. 16S locity ofp at e as oh is to oc. And these being coDtradictorj^ it fdlow8> (hat the velocity of jp at g is npt to its velocity at c in any ratio greater than that of og to oe. In the same manner itappeaiSj that the velocity ofp at c is not to its velocity at g in any ratio greater than that of oc to og ; from which it foikiws, that the velocity ofp atg is not to the velocity of p «t c in any ratio that is kss than the ratio of og to oc. Therefere the velocity ofp atg b to the velocity ofp at c precisely as og is to oc ; and the fluxion of og is to the fluxion of oc in the same ratio. When op decreases proportionally^ the demonstration is deduced in the same manner from the third and Iburth axioms. 160. But it may he of use for illustrating the account of logarithms that.is proposed by the inventor^ to demonstrate the converse of this proposition from the axiomsj^ and show that when the velocity of jp is always as the distance op, then this line increases or decreases in the manner that is supposedbyhim. Let the velocity ofp therefore increase always in the same proportion as op increases ; let afhe to gm as oa is to og : and tlie spaces afy gm^ shall be described by the point p in equal times ; that is^ op sh{ill increase proportionally. For^ if the time in which o^ is described by p be supposed to be greater than the time in which gm is described by it^ let on be greater than oa in the same ratio* J^et oa, oc, od, oc, 0/^ be a series of lines iii contimied proportion^ the number of proportionals between oa and o/'being increased till the term oc (which is next to od) be eome less than on. Because oa is to of as og is to am, if og,oh, o a en d e f g h  k  I  w* P ok, olj om, be also in continued proportion^ and the number of terms be the same as in the other series^ tiie lines ac, cd, dc, cf^ gh, hk, klj /m, shall be in the same proportion to each other re**' spectively as the lines oa, oc, od, oe, og, oh, ok, ol, or as the lines oc, od, oe, of, oh, ok, ol, om. Suppose first the line ac to be described by an uniform motion equal to tliat ofp at the term a, cd to be described by an uniform motion equal to that ofp at L2 the
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    1 64 Of L&garkkms, and ih ttmans &o6k L the term c; and ek, ef,gk, kk, My /m^ tobedeseribedby uniform motions equal to thoM of thepoinlp at the respedtife termsif^ #> g, k, k, t. Tben^ these spaces Me,cdy Jk, if, gh, Mr, hi, Im beiog in the same ratios to each other a| the irdooities of tli# tmtfenn itto* ttons by which thay are Supposed to be dosoftbedjit fbll^in^ thait they are all described in this case in equal ti«ias; and, the t&iiti in which a/*knd gfft are thus described behMr Mttitiiiilliiiles ctf the times in which ac and gh aro described) tHey arethev^ra equal. Suppose now the same spaces B€, ed, dd, if,gk, kk^ kl, Im, to be described by uniform motions pespacti vely equal to tihose ofp at the terms c, d, e,f, k, k, /> m, and the tiiaaa iin whiek they are in this case described are all equal to each otlier, fbr the same reason ; and^ consequently^ the times ia whiok d^and gm are thus described are equal in this ca«e ajso. The time tji which af is described in the frst of tliose two casesy is to the time in which it isdeseribed in the seoend^ as thetime ia which the line ac is deseribed in the first is to the time in whioh the same line is described in the second (Eiem> 15. b), or as the velocity of the uniform motion by which it is described in the second is to the velocity of the uniform motion by whMi it is described in the first ease ; that is^ as oc is to (mi» Ficm which it follows, that the time in which ^?^i« described in the first oase is to the time in which gm is described in the second (which is equal to the time in which of is described in the smne case) in the same ratio of oc to oa. But the motion of |i being acoeie«* rated continually while op inoi^eases, the time in which ac is de* scribed hjp is less than the time in which ac is described by an uniform motion equal to that of j9 at a accordmg to the first supposition. In the same manner; the timesin which cd, de, and e/are described by p are less than the times in which those spaces aredescribedbyuniformmotions respectively equal to the motions of p at the terms c, d, and e ; and, consequently, afis described by ji in a time less than that in whidi af is described hi the first of the two caaesthat were supposed by us* In the same manner, the time in which gh h described hyp is greater than that in which gh is described by an uniform motion equal to that of p at A ; and the time in which gm is described by p is greater than the time in whioh gm is described in the second of

  

  
    Page 210
    

  
  
    The text on this page is estimated to be only 13.34% accurate
    of diott bm ^atifi. Tberefbi^ ^ time in ^ioh n/is ddscrib'^ #d hf p « to the. ibse in irliieh gr^ n described by it^ in ft kfft futio ibim AetifM m which of it desottbed in the formcsf case is to the time in which gm is described ia die latter ; thttt isj in ulesi hiti^ tblti o^ is to 9a ; and, eoii9eqiieiitl7> ifi a ksi Yatio than ofs it Co oa. But the times in which af aod gm sura descvibed by p were vetyposed to be in the same ratio as m is t^ *a. And theat being oontradictnry^ it follows^ that the tiaoe in which o/* is described bj j? is not greater than the time in which gm is deacribed by it* In the same manner it apfNsars> that the laibler of those timaB cannot exceed the foriaen Therefore the lines afand gw$ are described by p in equal tim^A when the velacitjr of p Increases in the same proportion as op increases. A dcmonstratiesi of the same kind is easily adapted to the case .when op is sapposed to decrease. Idl* Cor, I. The fluxion of any quantity op is to the dax-Urn of its logarithm AP (fig. art. I5l and 154) as op is to oa, which represents nnit, and has its logarithm equal to nothing. l%e motioiiof F>hy which AP> the logarithm of op is describe ed^was sappctaadChs art. l^Sand 154) uniform and equal to the telocity of ji at ie^ oa being the quantity whose logarithm is nothing. Thcrefiiifi, by tfail prcq>ositaoin; the velodty o(p at any term of the time is to the constant velocity of P as 0/1 is to oa. When the logarithm AP is supposed to flow with a variable motion^ op does not increase proportionally : but^ from what we have shown^ it may be demonstrated by the eleventh general theorem^ that the velocity of p is still to the ^^^lacily 0S P (op being always the line of whieh AP is tb^ logarithm) as op is to oa. 16s. Cer. II. When op increases proporUonally^ the increments that are generated in any equal times are accdrately in the same ratio as the velocities ofp, or the fluxions of op, at the beginnings end^ or at any similar terms of those times. Tbxm af it to gm (fig« art, idO) as oa ia to o^^ or as o/* is to om, or as o€ ia to oA. z l6d. Car. III. When op increases or decreases proportional-* ly, the fluxions of this line of all the higher ordersincrease or dtcaoase in tfaesaaaeproportion as the hue itself increases or de-* L 3 creases
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    1 166 Of Logaritkms, and the FluxioM Book't. creases ; so that one rule serves for comparing togethtt those of any kind at different terms of the time. For^ the" velocity ofp being always as op, it flows in the same manner as op flows, and its fluxion (or the second fluxion of op) varies in the same manner as the first fluxion of op, or as the fluent opitself varies. In the same manner, when the second fluxion of op is considered as a flowing quantity, its fluxion (or the third fluxion of op) is as the velocity ofp, or as the line op. It is evident, that^ the higher fluxions of op vary in the same manner ; and that in this case we never arrive at any constant or invariable fluxion. In treating of those higher orders of fluxions, we never suppose any fluxion of op to be the veloci^ of a velocity ; but we find that the fluxion of any order flows in the same' manner as op flows ; and, considering that fluxion as a flowing quantity, its fluxion is as the velocity ofp, or as the line op. Tiie fiiBC fluxion of any fluent is not the velocity of that fluent, but the velocity of the motion by which it is conceived to be generated ; and, in like manner, the second fluxion o>f that fluent iff not the velocity of the velocity of this fluent, but the velocity of the motion by which the quantity is generated that always represents its first fluxion : but of this weaaidenough above, in the first chapter, from art. 70 to the end, and in art. 07^ 134, 135, 137> and 138. PROP. XL . r l65. Let the logarithms of two quantities he aboays ta each other in any invariable ratioy andthefluxiom of those quan^ . Jit its s/uill be in a ratio that is compounded of the ratio of . the quantities thenuelves, and of the invariable ratio of their logarithms. Let the points Q and P set out from A together, and describe AB with uniform motions ; and let the velocity of Q be to the velocity of P in the invariable ratio of £ to F. Let the .points f andp set out at the same time from a in the right ]ine ab with vek)citics recipectively equal to the velocities of Q and P. Then, if
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    Chap.TI. of logarithmic Quat^itks. iQjif Of and op inoettie proportionally^ AQ shall be thu log^nthqii of oq, and AP the logarithm of op ; and;, AQ being to AP aai the velocity of Q i» te> the velocity of P, or as £ is to Fj iti Mldws^ that thebgatdtbxn of oq is always to the lof anthxn of d a e k ., * P ' 9 1 ♦ A C • K B ] B F p a ap in the invariable ratio of £ to F. When p comes to c, lei T, q, andQ come to C^ k, and K respectively ; and AK shall be to AC as E is to F* The velocity of 9 at A; is to the velocity of ^ ataas o& is to oa^ byprop. 10, The velocity of ^ at a is to the velocity oip at a as £Li to Fj by the supposition. The velocHy of p at a is to the velocity ofp at c as oa is to oc, by^ firop. 10. Therefore^ by compounding those ratios together^ the velocity of f at & is to tlie velocity of p at c as the rectangle contained by ok and £ is to the rectangle contained by oc an4r F. But the fluxion of oA; is to the fluxion of oc as the velocity of 9 at ifc is to the velocity of p at c ; that is^ in a ratio compdonded of that of the lines ok and oc, and of the invariable^ aratio of their logarithms AK and AC. • 166. Cor, I. When oa, ^ ^^ o& are in continued geometri
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    1 tB» Of lAg4ritkm^ and tie fkxiom Botk Iw »tke namhei ^i^tm ihk% imoed€ okiM to Ikt «nikv #f l««tti fieU ^Moede (X) ; ahdthft fluxidil^fdJbiitothiflttjdQK of p^ift iTaii(^^e^yfii^A^dlMK3li^traMlfii tht itiMh pmposliM in a diiFerent manner. ? lQ7> Cor. II. Xfit Qg4yyg^^ ptoportionally wliileopincreafl* C8 ; let the motions of the points Q ind P be uniform/ but in opposite directions from A, and be respectively equal to the motions oXp sni 2 at th^ term a : then the velocity of q shall be to the velocity of |) in a ratio compounded of the ratio of og to op, and of the ratio of AQ to APj as before: but the fluxion of o(j^tnast be considered inthiscaseasnegative^beeauseoj^dcieioai* es. When op, M> aud 0f alft o. " q i» p in continued proportion, AQ Ihe logaritbitt of o^ ifl equal to Q A P APthelog^^moffip^tliovo^ T ' •" bcity of f to to th« irtlodity of jrasof tatoop; and any lines that measure the fluxions of tfao terms oq and op are in the same ratio as tho^ tenoM Ae»g6lv«i« lugeneral^when oq, oa vtniop, are terms of any geemeirieal pio« gression^ and the number of terms from oa to oq (tndiiding ono 6f those terms themselves) is to the number ot terms froto o^ to op (including one of these) nmrniaton; then AQ into AF as m is to n ; and the velocity of ^ is to the velocity of j^ in a ratio compounded df the mtios of oq to op and of ivt to o. Any quantities that measnre the fluxions of og and op are hi the saaio ratio ; but the fluxion of oq is considefed as negative whtt the Aixionofop is positive. Thus'itappearshowlhe^xioMof A# terms of a geometrical progression aredetermined when any ia« lermediate term of the progression is invariaMe. 168. Cor. III. In those cases^ the velocity of Q is to the v*^ lodty of P, or the logarkhm of o y to the logaiithm of dp^ hi « ratio which cati be e:q)ressed by that of rational uniiihttB. Bol the proposition is general^ and the ratio of thefluxioiif of 09 and! op is assigned by it wheto the ratio of AQ to AP i# iavttriable^ thoug)i this ratio cannot be expressed by that of numberto tkwak>^ l^r. According to the notation trbtcb is now itt tise in Aigfkfias, when AQ is tcrAPas m is to n^ and Mtwang Uttit^ ot iA eJfUia^ ^ «d
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    •d bj Ai tad It ia iul^pMed («B id art, 165) tiiftt •f fcacDom when ibepQintspMd f an oo the Mine aide of tlie point a» and by A ^ when tliey are on opposite aides of a* Whetker iha •Mfojom^X -^beratkmaliMrkfaftkmalt^ttiiethabaa^oMraalbt iniiiOA of oft ia to that trktch ittendttred the fiatton of oe m a fllllOGoa!i]^ifededi!jf the ratio of m teiii^ teoA oftheratioof o>to t. This notatiori by Irktional eitponefits at>pea» fitst iti Sit iJMMc IfmtM*^ letter to Mf . OldenbUtgh, dt OdblM 44, l67d« If die ratio of AQ and AP^ the logarithni^ 6f t^ and o^^ be tarii^le, let it be the tome aa that 0f os' to M (t^r ifanlt)) one k Q A P Q aod>opbetngexpfeaaedby A>Ar by r,ef tauiy be expiealed bjr A^(the loganthma of ponders aod theiff exponeata beiqg al« waya in the aame rado), «Bd is called an iSponetUial qaaniity ef the first degree by Mr« Lmbnii»§ who makea Hae of this notation in hia aaawer to th«t letter. The rectangle contained by AQ and oa ia eqUai to the rectangle contaided by At' and aif I and hence mka for determining the fluxions of auch ex« penentkl 
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    1 170 Of Logarithms, and the ITusions 'Book'L qneiit lams bf that geometrical progression. For, since jwiis to op in the invariable ratio of P6 to oa, it follows^, from the fifth general theorem^ that the flaxion ofpmh measored by a line which is to pm (that measures the fluxion of op) as PG is to OAjtOras jmisto op: butfniiis^chaline^becaQse.mnistojMit as pm is to op i and therefore mn measures the fluxion of pm, or the second fiuxicm of op. In tl^e same manner it appears, that nr measures the fluxion of mn, or the third fluxion of op ; and that each higher fluxion is measured by a oorresponding teoa of the progression* It is evidentj thp^t when op is detensin^, and pm (which ineasures the first fluxion of op) varies^ then mn (which measures the second fluxion of op) varies in the dur plicate rat^Q oipm; nr varies in the triplicate ratio oipm ; and each term of the progression varies in the same proportion as the power of pwi that has its exponent equal to the number of terms which precede that term in the series. • 170! We have sho\vn above, how to distinguish the increment of the fluent into such parts as may be conceived to be generated in consequence of its rcspectiye fluxions, and that bear a constant relation to their measures, in those cases when the fluent has no higher than first, second, and third fluxions. In order to iUustrate what relates to the higher orders of fluxions Xwhich is rq)resented as v^ry abstrii^)^ we shall now chuse an instance where fluxiofts of any order take place, and we never come to an invariable fluxion. Let oq, oa, and op (JigAi) be in continued proportion; and, op being greater than oa (which we suppose invariable), let the motion of ^ be unifmm : then the velocity ofp shall increase in the duplicate ratio of op, because it is to the velocity of ^ as op is to oq (wet. l67X or in the duplicate ratio of op to oa. While q describes hi, let j9 describe ck ; and, oh being tooa as oa is to oc, and o/ to oa as oa is to oky it follows that ok is to oc as oh is to o/, and ck to oc as A/ is to oL Let cd he to dk, de to tk,ef\jofk,fg to gk, as A/ is to ol; and the lines cd, de, cffg, gx, shall be in a geonietrical progression that may be -continued at pleasure. The sum of the terms of this progression approaches continually to the increment ck as the series is produced, so that their diflerence may become less than any assignable line. The liQe ok being sup �
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    supposed ' to flow imifomdy> let its fiuxioa be represented by hl\ and the firat^^oond, third, fourth^ and all the higher fiuxions of oe>shaU be represented respectitely hy ed^^dcj 6ef,24fg, tod the subsequent terms of theprogressioa having ooefficieuts prefixed to thm. that arise by the continual multiplication of the numbers 1, % 3, 4> 5, 6, 4*c. The line ck which is the ior crementof theflu&ntoc consists of the parts cd, de, ef,fg,gx,^. and we approach continually to its value by adding to cd, which kepnsenta the first fluxion of qc, one half of the line that repre* jenfts ita second fluxio«)^> one sixth part of the line that rcpreaents its tbild fluxion, one twenty-fourth part of the iine that fcpresants its fourtli fluxion, and so pn. The first part cd is whut would hnvebeen generated, in the timep and q describe 4:^: and A/, if the motion of p had been continued uniformly from the term when it comes to c,* the sum of the two first parts cd and de (viz. cc) is what would have been generated in the same time, if the acceleration of the motion of p had been continued uniformly from the same term, as in the 74th and 97th articles ; the sum of the first three parts cd, de, and ef (jdz* cf) is what would have been generated in the some time if the increase of that acceleration had been continued uniform* ly, as in the. 130th and 134th articles, or the line that represents the second fluxion of op had increased uniformly ; and so on. To demonstrate these things, suppose oa^ oc, om, on, or,Spc. to be in continued proportion ; then cd shall be to om as JU is to oa, dt to 0J» in the duplicate ratio of hi to oa, efto or in the triplicate ratio of hi to oa, and any term of the series cd, de, ef,fg, gx, Src. is to the corresponding term of the series om, an, or, o$, ^c. in a constant ratio, because hi and oa are invari^ able. Theref(»re, by the fifth general theorem, the fluxion of cd is to the fluxion of om as cd is to piti ; and, in general, the fluxions of the corresponding terms in those two progressions are in the same ratio as the terms themselves. But^ by art. l6d>, the fluxion of om is to the fluxion of oc as 2om is to oc, the fluxion of a» is to the fluxion of oc as Son is to oc, the fluxion of x»r is to the fluxion of oc as 4or is to. oc ; and so on. Therefojre the fluxion of cd is to the fluxion of oc (which is represented by cd) as 2cd is to oc ; and, 2de being to cd in the same ratia
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    n ire Of L(pgaf4ikm, m^ tkB JRuwionM ' Bpokl. r»tio of Sci to 0t, it foUcfvn, Aki Hm fluxioft ^ed i% iqm*> tented by 2 ^ are rqnrMentcd respectively by ed^ 2de, Sef, 4/^> 5gx, i^e. Thegecand iaxiM of o6 is the dame as the firtt fluxion oiod, and is tfaeveiDre ia^ presented by dde. The tliird fluxion of oc is tha same as the first fluxion of Q^s ^^^ therefore is represented by 6^« Vbe fourth fluxion of oc is the first fluxion of &/, and is raptesMHii by Ufg ; and so on. Whik 6q decreasesap incraasea ; mdi, the fluxion of oq being eon^d^d M negative^ all the iax«> ions of op are positi^. When oq increases^ qp dacnMsat) and^ when j9 comes to e, all the fluxions of ix; are representad by tixe same quantities as before ; but they are ahernately fiog«* tire and positiTe when the fluxion of 09 is intariable. PROP. XII. 171. Let op be greater than oa, ad to ap as oaU to op (fig. 43) ,• and kt oa, ad, de, e/,/g, Sec. he in continued proportion : then, by adding together ad, idt, \ef, ifg, &c. tre approximate continually to the ualue ofAP the logarithm of op. iLet op, oa, and oj be in eontinued prapoftion, and the motion of 7 from m towBrds a be uniform^ as in the last article* Then^ be^se aq is to iij> asaa i*to op^tfd is equal to «fy and the ve* locity of rf is equal to the consUnt tneloc^af f. The veioeity ef P is to the velocity of p as oa is to op (by art. iSl)^ aad tile Telocity of j» is to the velocity of ^ (aril) as op is to #9 (by art. 197). Therefove the velocity of P is to the velocity of if as aa is 09^ or as ap is to oa ; so that the motioti of P increases in the same ratio as ap increases* .Tbefluxioaof AP is to the fluxion of ad in the sameratio of op to a« ,* aad the terms oa, ad, de, ef,fg, i^t. being in a oontimted geometrical progressionj the first term of which oa is invariable, it folkma^ from the eighth proposition^ tbu theflaxiooof «f if tofiiaiiw* ions
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    Gbttp^VI. if logarithmc Quamtkiei. 17s iooiof ye, ^ef, ifgi i^e. ropectifvcb^, MMutoad^de, tf, 4^. Tktfcfon theflosicn of AP i» to the flaxioM of ad, ide^ fO^ i^» ^ n^ectmly, as op is to the t«noB om, ^d, de, c^ ^, BfA, by adding togetliftr the terms oa, ^mI^ ife^ ^ ^. wt affM^dmalc ooaitiiiuaBy to op ; ibrml is lx>ii^, det0€p,4fto fy, ^c. a« Mift to op; and the differenoe between op and the son of the lame oa, md, de, ef, ^c. mssy become lets than aof •iiagnRble magaitiide^ by eoatimung the progresskm. Tbei«» fore^ by adding leather the flaxions of ad, i4c, \ef, \fg, ^-e. we appoxunate oonti&ttaUy to the Tahie of the flaxion of AP; aad^ oonaBqaently^ by summing up the lines ad, ^t, ^, \fg, 4rc. we approach oontinuaUy to the Talae of AP the logarithm rfop. PROP. xni. 172. Tke same tldngs being mpposedasin the last proposition, we approximate contimtally to the logaritkm ofod hysum^ mmg up the dijf^erencts betwixt ad and frfc^ \ef, and \fgj \gh, and \h3:, -&c. Let od, oa, and 02: be in continued proportion j and oq shall be to o;2;aso£/isto(>p; sothat};rshallbetodfpaso
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    n 174 Of Logarithm, and the Ftuxions Book t^ fluxion of od (or o£ad)sBoa istood (by ait. ldl)> or aswis to oa ; and the fluxion of ad (by prop. 8) is to the fluxions.of the terms ad, {de, {ef, \fg, ^h, ^ik, ^c. respectively, as oa is to the terms oa, ad, de, ef, fg, gh, Sfc* Therefore we conti* anally af^roximate to the value of the fluxion of AD by snm* sung up the fluxions of the diflerences betwixt od and jde^ ^f and \fg, \gh and \hk, ^c. and consequently^ we appioximale to the value of AD, the logarithm of od, by summing tip these, diflerences themselves. 173. Cor. Let oa be to oei as op is to ox ; and the logarithm of ox shall be equal to the sum of the logarithms of op and od;, to which, therefore, we approximate by summing up Qad,^f^ ^h, Src. It is manifest, that ox is to oa as od is to o; ; and that the logarithm of ox is that which measures the ratio of od to oq. But od and oq have half theii^sum equal to oa and half tlieir difierence equal to ad, which are the two first terms of the geometrical progression oa, ad, dt, tf,fg,gh, S^c. and it is obvious, that what has ^n shown of these logarithms coin-* cides with whattlie excellent Dr. HaUey demonstrates in the Philosophical Transactions, num. 216. This would lead us to the method of computing logarithms, but we refer that to the next book. 174. Hitherto we have supposed with Lord Napier, in his first scheme of logarithms, that, while op increases or decreases proportionally, the uniform motion of the point P, by wlxich the logarithm of op (or the measure of the ratio of op to oa) is generated, is equal to the velocity ofp at a, that is, at the term * of time when the logarithms begin to be generated. But the uniform motion of P may be supposed equal to the motion of p at any other term, as when it comes to c ; in which case the constant velocity of P is to the velocity witli which p sets out from a when the logarithms begin to be generated, as oe is to oa ; and thus we may have as many systems of logarithms as we please. Tlic properties mentioned in the 156th and 157th articles, by which they become useful for facilitating computations, are common to all the systems. Tlie Bne oe is what the learned Mr. Cotes calls the Modulus ofiiie system. The mea« spres of a given ratio in the diflerent systems arc in the same . proportion
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    Chap. VI. of logarithmic Qu^mtUut. t7A proportion as the lines ot, t being ahrays die tain irbei» the velodtj oSp becomes equal to the constant Telocitj of P« The logarithm of any quantity in Napier^s first system become^ equal to the logaritlnn of the same quantity inauyother system^ whose modulus is oe, by mnltipljring it by the nuidber which erpiessestheratioof oe to oa; and the modulus of any system is tothemodufaisof any other system, as the logaridun of any given quantity in the first is to its logarithm in the second* Thus, in Napier^s first scheme, in the same time that up firom being equal to oa becomes equal to ten times oa, the point P describes a line the ratio of which to da is that of 2.3005809^ ifc. to unit^ But it was found convenient, that the logarithm often should be supposed equal to .unit ; and the motion of P was supposed to be so far diminished, that the space described by it in that tune mightbe equal only to oa ; that is, its veloci* ty in this case was supposed less thatf its vdocity in the former, in the same ratio as I is less than d.d025609, 4^^. If or be taken less than oa in the same ratio, the velocity of P shaU be equal in this case to the velocity ofp at e ; and oe shall be the modulus of this system, vrfiich theiefore is expressed by 0.434£g44, Src. oa being unit. P  F  1 75. When a ratio is given, its measure is always as the nuK didus of the system* It is therefore the same invariable ratio that is ahrays measured by the modulus of the system, which is by Mr. Coies called the ratio tnodularis. This ratio is that of oiffi to Of, if op by increasing proporUonally from being equal to oc become equal tq om, in the same time that P by its uni* form, motion describes a line equal to the modulus: oe* 176. WliiletbebaseOP(j^g.44)mcreasesuniformly,lettheor* dinatePpiacreaseor decreaseproportionally (that i6,ktthevelo« city of p iid the direction Oo be always as the i^dinate Pjp) ; and
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    1 ITS O/LogtuiikmsymiihiBuM Book I* Mi fkBfomlp nhJl deaoAe die bgoriihmic curve* The bait QP is flfarqfA theiogsfitiwi of the otMwtitt fp ; aad^ if Ae logarithsiB ; indthefloxkynofflOf •rriiuleislotJbeAinmcf dieb«aeafl.tliatordi3iateb toOo. llieoidiMtaislc^pttldifl^ iBDccs fiiam eac^ etfasr an ^ir&p in gTMcisfcdad pn^^ fiaoBiiriiidi it fioDiNra^ diat wlMi thekaaeaiid omw irefpiDr jhwrrl, riifiy nppmnrh tn nafth nriwr TTn»*fmr>lj rm rut liiir^ nn tbaft tiieirdhlMioe aMy btmtie Ins tluor amy aaBigiiaUe Mne ; Imtbaeaofla tbey can never maety thdiaae it thttiefiMre anaspnp^ toleof the curve. . When mof tma poinia df die enrae, aa e ani^ aKgiwen^yonnvif deloranneeaaaanymoiiepoai^ fllieme,hymm9igcfo6SmaMe»vfmkA^ aminamy gaoaietrioal prdgseMio^^f vbdehtiieaffdixiataBilajaad ikrf ase any aire teima. Whantiie carve it sapfMiaad to W d^ tcrflbeiiy die axpeaentiai qtianaif ipb aaa easi^ deberauoed by iL LettheoTdiaateAebaeaptetatdbyA; letOPbeioOAasany ipiancityespietasdbyjistoumit: and the ordinate Pp may ke MJpiatttd jy A^, att enpanential quatrtity of die firtt degiee when X is variable. 177 • Let Imn (Jig. 45) be an hyperbola^ o its center^ or and or its asT^pto tes ; let aljpmj and ^ parallel to the asymptote or meet the curve in I, m, and $L Let AL be equal to al, the angle LAP equal to lap, and AP be always the logarithm of op according to the 153d and I54th articles j then the hyperbolic area almp thall be always equal to the parallelogram LP. For^ if pg be to P6 as the velocity of p is to the velocity of P, that is (by art V6l), as op is to otf^ er as «/ is to jpm (^ the property of Aehjrperb^; -dien idiaHp^ betoFGr aaPM ieta fm^fihr .psrrilekMgrsin mg dheil be abrafs equd f» the partielogfaia MG, andfbypiop. 4Odie4aKiin0f tfaebypeiATOlicafea^lMjp equal lo d^ fiction «f the paraSeAogrMi LP. TheKfoie, by the fenifh general theoran^ tlie byperb
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    Chap. VL ^flogntiihmie QaakHHei* 177 mxwe for measaring rattoe^ as the arches or sectors of circles aerve (ox measaring angles. The former are divided into equal fMurte, by resolving a ratio into the equal ratios from which it is Aompouaded ; as^ by dividing the latter into equkl parts^ an angle is resdved into the equal angles of ^hich it consists. 1 78* The area of the parabola admits of a perfect quadrature^ a&d elliptic aieas are reduced to such as are circular ; therefore the areas of all the conic sections may he reduced to rectilineal £gures^ the measures of angles^ or the measure^ of ratios; and to one or mote of these all fluents ought to be reduced in this doctrineas much as possible. As a conic section passes from one species to another, by varjang the inclination of the plane that cuts the cone ; or by varying the circumstances of the descrip* tion^ when the curve is traced upon a plane by motion ; or by changing a sign^ coefficient or exponent dl a term, when the matare of the curve is expressed by an equation : so the expressions of the measures of angles and of ratios are by similar variations transformed into each other, and in some cases into such as represent rectilineal figures ; and, by a change in. the sigUj coefficient or exponent of a term in the expression of a fluxion^ the nature of the fluent is so far altered that it becomes reducible to a conic section of a difierent kind. When cp increases or decreases proportionally, the aoceleration or retardation of the motion of j9 is as its distance from the given point o ; but there are also other cases in which its acceleration or retardation observes the same law : and, by taking these together, we may comprehend the genesis of the lines that measure ratios and «iiigks in one ^ew. But we shall have occasion afterwards to consider ftirther the analogy there is betwixt those measures, end to treat of the logarithms that are called imfiginarrf. 179. In Napier's first system, the constant velociy of P (fig, 46), by which the logarithm AP is generated, is equal to the velociiy with which p sets out from a when their genesb is supposed to begin (art. 153 and 154). Therefore, if we suppose AP and Off to be diminished continually (AP being always the logarithm of op), their ratio shall approach continually to a ratio of equality as its limit (by art. 6?) ; and, aa being supposed to represent unit, if ap be very small compared with oa^it may be VOL. I. M supposed

  

  
    Page 223
    

  
  
    The text on this page is estimated to be only 26.02% accurate
    1 178 Of the Tangents of curve Lines. Book L supposed in approximations to bethelogarithm of op in this system^ which is called its hyperbolic logarithm; and any very small fraction may he supposed to be the logarithm of the sum of ' unit and that fraction added together. From this it follows^ that^ if a series of mean proportionals be interposed betwixt oa and any given line ob, and the number of all the terms without including oa be x, and on being the second term of the series an be to aft as unit is to the number q ; then, by increasing continually the number of mean proportionals betwixt oa and oby the ratio of x to q shall approach continually to the ratio of AB (the logarithm of ob) to aby as its limit* For the number x is to unit as AB is to AN (the logarithm of on) ; and unit is to q as an (which approaches continually to AN) is to ab. Therefore the ratio of x to 9 approaches continually to that of AB to ab. For example ; if 06 be double of oa, the ratio of j: to q* approaches continually to the ratio of the logarithm of 2 to unit^ which is nearly that of 7 to 10. CHAP. VII. Of the Tangents of curve Lines. 180. An arch of a curve has its concavity turned one. way, when the right lines that join any two of its points aie all on the same side of the arch ; or in general (that we may include, with Jrckimedes, f such lines as have rectilineal parts), a line has its concavity turned one way, when the right lines that join any two of its {)oints are either all upon one side of it, or while some fall upon the line itself, none fall on the opposite side. • Thw, if the fnction 1 + J (repreiented here Vy on) raised to the power jrbe supposed equal to 2, the ratio of x to ^ thall be nearly that of the lo^rithm of 9 to unit, when j ia a laTg^e number. See the J)actrittg of Chances^ probU 5, by the excellent Analyst Mr. de Moiyre. t De iphcn dr cylindro, defin. 2. 181. As

  

  
    Page 224
    

  
  
    The text on this page is estimated to be only 0.00% accurate
    PJa1e>I Pa,/7SyalJ.

    [image: Image 3]
  

  
    Page 225
    

  
  
    *

  

  
    Page 226
    

  
  
    Chap. VII. Of the Tangents of curve Lines. 179 181. As a right tiae is the tangent of a circle^ when it touches the circle so closely that no right line can be drawn through the point of contact betwixt it and ihfi arch^ or within the angle of contact that is formed by them ; so, in general, when a right iline ET (Jig. 47) touches any arch of a curve, as EH in £, in such amanner that no right line can be drawn through E betwixt the right line ET and the arch EH, or within the angle of contact HET that is formed by them, then is ET the Tangent of the curve at E. It is manifest, that the right lines ET and EH are on different sides of the arch EH ; and that when the arch has its concavity turned one way, the tangent at any point of it is on the convex side. 182. The rightlineT£(^.48)being continued toe,ifEf is the tangent of the arch EC the continuation of HE, then the arch HEC has a continued curvature at E. When the arches EH and EC are on different sides of the tangent TEt, the point E is called a point of contrary flexion. But if any right line ER (fig* ^9)f different from Et the continuation of ET, touch the arch EC, then the point E is a double poiftt of the curve, and is the intersection of two arches which have different tangents at that point, or are on opposite sides of the same tangent, and in some cases on the same side of it. 183. When two lines that have their concavity turned the same way have the same terms, and the one includes the other, or has its concavity towards it, the perimeter of that which in* dudes is greater than the paimeter of that which is included. This is the second axiom of the treatise of Archimedes concerning the sphere apd cylinder. LEMMA VH. 184. The base being suppoud to flow uniformly, the ordinate increases with a motion that is continually accelerated, and decreases with a motion that is continually retarded, when the arch is convex towards the base. But when the arch is concave towards the base, the ordinate increases with a rctarded motion, and decreases with an accelerated motion. Mst U, \
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    200 Qjf the T^*ni$ f^ curve Umi. BookL Let Ibf ig^^h be convex towwrdt Ae base, and kt ilie ordinate Tp (fig* 47) increase while the base APincieaaea. Let BD aad DG be equa) lines described by P with an anifonm motion in asj equal tiniestlMtimQiediateiyflaeoeed after each other. Let the ordinates BQ, JXB>, andGH meet the curve in the pointsC^Bt liid-H ; let t^ tangent at £ meet the ordinatesGH and BC in T and / i and let M£I parallel to the base meet these or* dinates in I and M* Th«, because BD and DO are equal, IT U e^ual to Ml I and»the arch C£H being convex towards the baas, IH is greater than IT, or M^ ; which is itself greater than DdC, for the same reaflon. Therefore IH is surely greater than MC. But MC and IH are the incranealsof the ordinate thi^ are generated m eqnal times while the base acquires the augntentsBD and DG ; aud^ since those increments continually iniftrease, it follows, thai th^ motion with which the ordinate flows ia continuaUy accelerated. When the ordinate decreases, the decremfsntsIH^MCcontinuaUy decEease,aBul the oniinaie flows with a motion that is eoAltniwdly retarded* 185. I^ the afch be concave lowaids the base ; and, the construction being tba samie, MC (fig. 50) shidl exceed Mf , or IT> which is itself j^alor Aan IH: so that MC being gieater than IH, the ordinate flows with a motion that is retarded or accelerated continually, a^ccording as it increases or'decieases while the base increases. 186. Themotion of thepointjpOEg.47),which is snpposedto decribe the curve, is peipetaaUy accelerated, when, the base being supposed to flow uni£omdiy, the curve is convex towards the base, and the ordinates increase whik the curve increases. For the arch EH being greater than its chord EH, which in this case exceeds the tengent ET (because the point T is betwixt I and H, and the angle ETH is greater than EHT), the arch EH b surely greater than the tangent ET. But the arch EC is less than the tangent Et, or ET ; for if CV panHel to the base meet the tangent Et in V, VC shall be less than V^ ; and, the arch EC bemg less than lj[ie sum of EV and VC (by art. 183), it nuist be less than Bt. Therefore the arch EH is greater than CE, and the motion of p in describing the curve is perpetually accelerated. In Ibeiuune maanei: it appears, that, when
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    Chmp. Vn. Of the Tiange9M of curve Llna. )81 wfaea the cunre it cODTex towaids the base^ and the onliiiatei decrease while the cmre increases^ the motion of p(or thai with which the curve Fjp flows) it retarded perpetuaUj. 187. But when the curve it concave towardt the bate^ andi the bate being tuppoted to flow uniformly, the curve increaiet while the ordinatet increase; the arch EC (fig. 50) it greater than the chord EC, and therefore greater than the tangenlEf, or ET, which it itself greater than the sum of £V and VH (VH parallel to the bate bdng supposed to meet the tangent in V), and consequently is greater than the aroh EH (by art 1 83). Therefore, in this case, the lines described bjp in equal succeeding times perpetually decrease, and its motion (or the motion with which the curve Vp flows) is peipetually letard* ed. But if the ordinates decrease, in this case, while the curve increases, the motion of p is perpetually accelerated. PROP. XIV. 188. Let ET'be the tangent of the curve VEatE; and, EI being paraUtl to the ba»e AD, let IT bepardUel to the or^ dkkite DE : then, the ftuxiom if the base, ordinate, and curve, ehall be meamred by the right Nme EI, TF, and £T> retpectivefy. First, let the arch CEH C/^. 47) be convex towards the bate ; and, the base beingsuppo8edtoflowuniformly,theordinateshall increase with an accelerated motion, by the lastkmm^ The figure and construction being the same as in the 184th article^ it follows, firom the first and second axioms, that, in the same time that the base acquires the augment D6, a line less than IH,but greater than MC, would be generated by themotionwith which the ordinate DE flows continued unifonnly* There* tare, if Uiis line be not equal to IT, first let it be equal to some line 11^ less than IH, but greater than IT. Join EL, and it shall meet the curve EH in some point R betwixt £ and H ; let the ordinate RQ meet the tangent in N, the base in Qj and theright line £1 in K. Then^ unce XL is to KR as EL Ms is
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    18€ Of the Tangents of curve Line$. Book I. is to £R^ or as DG is to DQ^ and^ when the generating mo* tion is uniform^ the quantities generated are in the same pro* portion as the times ; it follows, that, if the motion with which the ordinate D£ flow? was continued uniformly, the line KR would be generated by it in the same time that the base ac* quires the augment DQ. But, because the same line KR is ge* nerated by the accelerated 'motion with which the ordinate flows, in the same time that the base by flowing uniformly acquires the augment DQ, it follows, from the first ^xiom, that a less line than KR would be generated in that time by the motion with w^iich the ordinate D£ flows continued uniformly. And these being contradictory, it follows, that the line that would be generated by the motion with which the ordinate BE* flows continued uniformly while the base acquires the augment DG, is not greater than IT. If it be said to be less than JT, or Mt, let it be equal to M/ ; and, M/ being greater than MC, but less than M^, it follows that E/ must meet the arch CE in some point r betwixt E and C. Let the ordinate rq meet the tangent in n, the base in q, and the right line EM in k. Then, since Ml is to Ar as EM is to EA, or as DB is to Dq ; it follows, that, if the motion with which the ordinate DE flows was continued uniformly, it would generate a line equal to kr in the time that the base acquires an augment equal to D^. But, since the increment kr is generated in an equal time by the accelerated motion with which the ordinate flows before p comes to £, that is, before the motion with which the ordinate DE flows is acquired ; it follows, from the second axiom, that a line greater than kr would be generated in the same time by the motion with which D£ flows continued uni* fortnly. And these being also contradictory, it follows, that IT measures accurately the motion with which the ordinate DE flows, or its fluxion, when the motion with which the base flows, or its fluxion, is measured by DG or EI. 169. li^ the same case the motion of the point jti, that is supposed to describe the curve, is perpetually accelerated, by art, }86. If the motion of p was continued uniformly from E, a line Jess than the arch EH, but greater than the arch CE^ would be described by it in the time P describes DG, by the first and second
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    Cbap. VII. Of the Tangents of curve Lints. 183 second axioms. If this line be not equal to the tangent ET^ first let it exceed £T by TL ; and^ because this line is less than the arch EH^ which is less than the sum of ET and TH (by art. 185% it follows, that TL is less than TH, and that the right line EL must meet the arch EH in some point R betwixt E and H. Let the ordinate RQ meet the base in Q and the tangent in N. Then, since ET is to EN, and TLtoNR, as DGistoDQ; it follows, that the sum of ET and TL is to the sum of EN and NR as DG is to DQ ; and that a line equal to the sum of EN and NR would be described by /7, if its motion was continued uniformly from the term when it comes to E, in the time P describes DQ. But, while the motion of P is uniform^ the motion ofp, in describing the arch £R, is perpetually accelerated (by art. 186), and it follows, from the first axiom, that, in the time P describes DQ, a line les^ than the arch ER (and consequently less than the sum of EN and NR) would be described by p if its motion was continued uniformly from £. And these being contradictory, it follows, that the line which would be described by jr if its motion was continued uniformly from E, in the time P describes DG, is not greater than ET. If this line be smd to be less than ET, or E^, let E^ exceed it by tl ; and, since that line is greater than the arch EC (which is greater than the chord ' EC, and therefore is greater than the excess of £^ above ^C), it follows, that tl must be less than f C, and that the right line E/ must meet the arch EC in some point r between E and C. Let the ordinate rq meet the base in q, and the tangent in n : and, since E^ is to En, and tl is to nr, as DB is to D^ ; it follows, that, if the motion of p was continued uniformly from E, a line equal to the difference of En and nr would be described by it in the time P describes a line equal to ^D. But, the motion o(p being perpetually accelerated, the same Une must be greater than the arch rE(by ax. 2), and, therefore, greater than the difference of En and nr, which is less than Er, by art. 183. And these being also contradictory, it appears, that the motion of p at the term when it comes to E, or the fluxion of the curve FE, is measured accurately by ET when the fluxion of the base is measured by DG, or EI. M 4 190. Wheii
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    n 184 Of the TangetUz of eiiroe Um^ Book I« 190 (Fig. 50). When the curve is concave towards the baie» the proposition is demonstrated in the same manner from the third and fourth axioms; oritmaybe deduced fifom the precede* ing case^ by drawing anyrightlineaoparalleltothebaseinsttcb a manner that the arch C£H may have its convexity towards it, For^ if D£ produced meetoo in d, and the curve meet no in/^ the motions with which <2E and/£ decrease are equal to those with which D£ and F£ increase. When the base flows with a vari^r able motion^ the proposition is demonstrated from what we bavo shown by the eleventh general theorem^ and the 60th article. 191. Cor. (J^^,47) In the first case> when the curve is convex towards the base, the partTH of the increment IH of the ordinate D£ that is generated while the base acquires the augment DO, is owing to the acceleration of the motion with which the ordinate flows during that time. When the curve is concave to* wards the base, the increment IH0{g.50)of the ordinate is lest than IT ; and the difference arises from the retardation of the motion with which the ordinate flows. The fluxion of the oidi** Date is the same in all curves that have the same tangent at E, 192. The point S (fig. 6\\ the right line AO, and the circle FBBdescribedabout the centres, being givenin ]^osition,ktthe point P describe the right line AO, SP meet the circle FDB in N; and let the point M describe any right line SD so that SM may be always equal to SP. Let SA be perpendicular on AO ( and^ if the motion of the point P from A towards O be uniform, the motion of the point M in the right line SD shall be perpetually accelerated ; but the motion of the point N shall be perpetually retarded. For let A£, £H be equal lines described by P in any equal times. Let SA, S£, and SH meet the circle FDB in g, D, and 6* From S as centre, through k and H, de
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    Chap. Vn. Cftie TangenH ofcune Una. 185 SH greater dian S&, theangkHSLis lev than AS/^ and tbe motion of N is perpetually retarded. It is obvious^ that^ whett the motion of M iram S towards N is uniform^ the motions of P and N are retarded ; and that, when the motion of N ftom /"towards b is uni^Dnn, the motions of P and M are perpetually «cceler«led« ' PROP. XV. 193. The paha S (fig. 52) and the right line AO given in position, let the circle fUb described from the centre S meet AO in E; and the fluxions of the right Knes A£, S^ and of the archfE shall be to each other in the same ratio as the right lines SE,AE, and SA. While the point P describes AO, let SP meet the circle fEb in N, and upon SB let SM be always equal to SP, as in the preceding article. Then the fluxions of the right lines AE^ S£, and of the arch/E shall be measured by the velocities of the points P, M^ and N, at the term when they come together to E. ' Let the motion of P be uniform, and the motion of M shall be accelerated by the last article. It is manifest, that the Telocity of P is greater than the velocity of M. If the vdocity of P be to the velocity of M, at the term when they come to £, in a less ratio than that of SE to AE, let their ratio be tba same as that of SH to AH, or (EK being perpendicular on SH in K) that of EH to KH ; and the point M shall describe a line equal to KH, if its motion be continued uniformly from E^ in thetimePdescribesEH; and,KHbeinggreaterthanGHthe excess of SH above SE, it follows, that a greater line shall be described in the same time by M, when its motion is continued uniformly from E, than when it is continually accelerated from the same term, against the first axiom. If the velocity of P be to the velocity of M at the term when they come to E in a greater ratio than that of SE to A£, let their ratio be the same as that of SC to AQ or (£A bemg perpendicular on SCg in *) that

  

  
    Page 233
    

  
  
    1 Bfi . Oftke Tangents of curve Lines. Book T. that of EC to Ck; and the point M shall describe a line equal to Ck by its motion continued uniformly from E in the same time P describes a line equal to C£ ; and, CJk being less than Cg the excess of S£ above SC^it follows, that the line described by an accelerated motion is greater than the hue which is described in an equal time by the motion acquired by this acceleration continued uniformly, against the second axiom. Therefore the velocity of P is to the velocity of M, at the term when they come to E, as SE is to AEl This might have been demonstrated from the g6th article, in a different manner, because the fluxion of the square of SE is equal to the fluxion of the square of AE. 194. The ihotion of P from A towards O being uniform, the motion of N is perpetually retarded, by the ig2d article. If the velocity of P be' to the velocity of N as SH greater than SE is to SA, or as EH is to £K, the point N shall describe £K, by its motion continued uniformly from £ in the time P describes EH ; and, £K being less than the arch EG which is described in the same time by N with a retarded motion, it follows, that a less line would be described in the same time by a motion continued uniformly, than by the same motion perpetually retarded from the same term, against the third axiom. If the velocity of P be to the velocity of N in a less ratio than that of SE to SA; or (CR being perpendicular in R on ET the tangent of the circle at E) that of CE to ER,let it be the same as that of CEj to Ex; join Cx, and let Sz parallel to it meetAE in Q, the arch Eg in ti, and the tangent ET in z. Then, since Ex is to £z as EC is to EQ, it follows, that the point N would describe a line equal to Ez, by its motion continued uniformly from E, in the time P describes a line equal to EQ. But the point N describes the arch wE by its retarded motion in that time before it comes to E ; and the arch uE being less than its tangent Ez, it follows, that the line described by N while its motion is retarded, is less than the line which would be described in an equal time by the motion that remains after that retardation continued uniformly, against the fourth axiom. Therefore the velocities of the points P, M, and N, at the term when they come together to £, are in the same ratio as the right lines
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    Chap. VII. Of the Tangaits of curve Lines. 187 lines SE^ AE, and S A ; and tlie fluxions of the right lines AE^ SE^ and of the arcb/E are in the same ratio.- This may be shown in like manner, by supposing the motion of M or'that of N to be uniform ; and the proposition is made general by the eleventh theorem. 195. Cor. I. Let a circle A«l) described from the centre S meet SP in n, and SE in D ; and the velocity of n shall be always to the velocity of N as Sn or SA is to SN or SE,'by theor. 3. The velocity of N is to the velocity of P whea they come to E in the same ratio. Therefore the velocity of n at D is to the velocity of P at E in the duplicate ratio of SA to SE ; and the fluxion of the arch AD is to the fluxion of its tangent AE in the same ratio. In the same manner it appears, that the fluxion of the arch AD is to the fluxion of its secant SE as the square of SA is to the rectangle SEA. 196. Cor. II. If the points P and p set out with equal velo* cities from A and a in the right lines AO, ao at the same time ; and, the motion ofp being continued uniform, the velocity of P be always as its distance from S ; then ap shall be the logarithm of the sum of SP and AP. For the fluxion of op shall be to the fluxion of AP as SA is to SP, and to the fluxion of SP as SA is to AP. Therefore the fluxion of ap shall be to the sum of the fluxions of SP and AP as SA is to the sum of SP and AP ; and, when ap increases uniformly, the sum of SP and AP increases proportionally (by art. I60). Therefore ap is the logarithm of the sum of SP and AP, or is the measure of the ratio of that sum to SA, the modulus being SA. The velocity of P is to the velocity of j? as the velocity of p is to the velocity of n ; and, when P comes to E, the velocity of p is equal to the velocity of N. 197. Cor, III. Let the right line ao 0?g.53)given in position meet AO in F,and SP always intersectaoin/?; then the velocity of P shall be to the velocity ofp as the rectangle SPF is to the rectangle SpF; and, if Sa be perpendicular on ao, the fluxion of AP shall be to the fluxion of op in the same ratio. This may be deduced from the 15th proposition, or immediately from the axioms, thus : If ao meet SA in some point betwixt S and A, the motion ofp shall be accelerated when the motion of
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    ISS Of the Tat^tnH of curot lAna. Book I« of P from A towards O is uniibrm. For^ while P describes any equal lines CE^ £H^ let j? describe cc and th ; let UL parallel to AF meet SH and SC in L and / ; and it is manifest, that Le shall be equal to e(, but that eh shall be greater than tc ; and therefore the motion ofp is accelerated. Let Uc parallel to SE meet ehmk; and> if the motion of p was to be continued uniformly from c, the line ek would be described by it in the same time P describes £H. For, if it should he said, that it would describe ergreater thane/:inthattime,let S; parallel toLr meet EH in Q, rL in x, and eA in j^. Then, since rr is to ej aseL isto e;r, or as £H is to £Q,it follows, that the point p, by its motion continued uniformly from c, would describe eq in the time P describes £Q. But the point j7 describes the same line tq in the same time when its motion is continually accelerated from that term ; so that the same space would be described in the sametimeby p when its motion is continued uniformly from c, and when it is continually accelerated, against the first axiom* In like manner it is shown, from the second axiom, tliat the line which would be described by the motion oip continued imiformly from e,in the time P describes EH, is not less than eft« Therefore that line is equal to tk ; and the velocity ofp is to he velocity of P, when they cometo^ and£, asei is to EH; and the fluxion of ae is to the fluxion of AE in the same ratio. But the ratio of ek to EH is compounded of the ratio of eft to rl^or that of eFto EF, and of the ratio of eL to EH, or that of & to SE. Therefore the fluxion of a« is to the fluxion of AE as the rectangle Sf F is to the rectangle SEP. When the motion ofp is retarded while that of P is uniform, the demonstration is deduced in the same manner from the third and fourth axioms : or the same demonstration may serve, by supposing the motion of /> in those cases uniform ; for the motion of P shall then be accelerated^ When the points E and e come to F, eft is to EH as SA is to Sa ; and the fluxion of aF is to the fluxion of AF in that ratio. When ao is parallel to AO, it is manifest, that the fluxion of ae is to the fluxion of AE as S< is to SE, which in this case is an invariable ratio ; and is the same as that of Sa to SA. 198. Cor.
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    Chap. VIL €fAc TmgeaOs ofeitrvt lAna. 189 198. Cor. IV. The fluxion of SE is to the fluxion of AB «B A£ is to SE ; and Hie flaxkm of ae is to the fluxion of Se as Se is to oe. Therefore the fluxiim of SE is to the fluxion of Sc u the rectangle AEF is to the rectangle ae¥. Let Su constitute the angle oStf equal to ASF^ and meet aP in u ; then the fluxion of SE shall be to the fluxion of S^^ when the points E and $ come to F^ as the rectangle contained by AF and Sa is to the rectangle contsdned by oF and SA> or as ou is to aF« 199* ^rcAimeiies demonstrates O^g.54)^ in theCth proportion of his treatise concerning q>iral lines^ that a right line SP may be drawn from S meeting AE in P^ and the circle /E in N^ so that FN may be to the chord EN in any ratb less than that of AE to SA.' For> if SI parallel to AE meet the chord NE and tangent ZE produced in V and I^ PN shall be to EN as SN ot SE is to NV ; and since NV may beeqnal to any right line greater than EI^ it follows^ that PN may be to EN in any ratio less than that of SEto EI^ or that of AE toSA. It is also manifest, that as N approadies to E, NV decreases^ and that the ratio of SE to NV or of PN to EN continually decreases. In like manner he shows^ in the 7th proposition^ that a right line Sp may be drawn from S meeting the right line AE produced beyond Rm p, and the circle in n, so that pn may be to the ch(^ En in any ratio greater than that of AE to SA^ or tliat of SE to El ; because^ if En produced meet SI in v,pn shall be to En as Sn or SEis tom^^andnvmaybeequal to any line less than EL In this case^ when n approaches to E, 919 increases^ and the ratio of pn to En or of SE to nv continually decreases. 200(Ftg.55).Inthe8thpropositionofthesametreatiseheshowB, that PN may be to the tangent EZ in any ratio less thfn that of AE to SA> as that of SE to EL, EL being great^ than EL For let a circle described through L, S, and I meet SE produced in R4 then^ because EL is greater than EI, a right line SZY may be drawn from S meeting diis circle in Y^ so that ZY may be equal to ER. Supposing that SZ is such aright line^ the rectangle SZY being equal to LZI^ and the rectangle contained by SZ and EI being equal to the rectan^ contained by SP and ZI^ because SZ is to SP as ZI is to EI, it follows, that the rec« tangle LZI is to the rectangle contained by SP and ZI as the rectangle
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    IVO Of the Tangents of curve Lines. Book I. rectangle SZY is to the rectaogle cootaiDcd by SZ and EL Therefore LZ is to SP as ZY or £R is to £1, or as EL is to £8 or NS; and EZ is to PN as EL is to SE. It is easy to see, that when N approaches to E, the ratio of PN to the tangent EZ increases continually. In like manner he shows, in the 9th proposition, that pit may be to the tangent Ez in any ratio that is greater than that of SE to EI, or of AE to SA ; and it 18 easy to show, that, when n approaches to E, the ratio of jpii to Ez decreases continually. 201. Let P describe an arch FPH (/?g. 56) of a continued curvature; let SP meet the circleyiB6 in N; and suppose that SM is always taken equal to SP, as in art. 19£. Then, if SP increase contmuaUy, and, the arch being supposed to have its convexity towards S, if the motion of N be uniform, the motion of jNf shall be perpetually accelerated. For, if the arch EN be equal to En, and the right lines SN, Sn meet the curve in P and/?, and its tangent at E in T and t, Ei shall be greater than ET,. and the excess of Sp above SE being greater than the excess of St above SE, which is greater than the excess of SE above ST, it must be greater than the excess of SE above SP. In this case, the motion of P in the curve is also accelerated ; for it is manifest, th^t the arch Ep is greater than the arch EP. When the arch FPH is concave towards S, and the motion of N is unifbrm,the motion of M may be uniform, accelerated, or retarded. PROP. XVI. 202. Lei tJie circle fEb (fig. 57) meet the curve FPH in E, and SD perpendicular on SE meet the tangent ET in D ; then the fiuxioj^ of the. ray SE shall be to the fluxion of the arch fE m S&is to SD. Case 1 . The motion of N in the arch /Eft being uniform, let the motion of M in the line SE be also uniform ; in which case P describes the spiral of Archimedes. The fluxion of SM is to the 0uxion of y^ as the constant velocity of M is to the constant velocity of N, or as EM is to the arch EN. If the ratio
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    Chap. VII. • Cfthc Tangents ofeuroc Lintn. igi Tatio of those floxions be greater than that of SE to SD, lei it be the same as that of SE to SA ; join E&, and^ since ED is the tangent at E^ a part of EA^-mnst fall within the spiral. Let P be a point in the spiral within the angle AED^ and let PL perpen-» dicnlar on SE meet l£Jc in V. Then^ since the fluxion of SE isto the fluxion of/E as SE is to Sit, or as EL is to VL, EM shall be to the arch EN as EL is to VL. But EM is less tlian EL^ and the arch EN is greater than VL ; therefore the ratio of EM to EN is less than the ratio of EL to VL. And these being contradictory, it follows, that the ratio of the fluxion of SE to the fluxion of flS^ b not greater than that of SE to SD. If the ratio of those fluxions be less than that of SE to SD, let it be the same as that of SE to SK; produce DE and KE to d and I; and from p a point of the spiral within the angle d£lf let p/ perpendicular on SE.in /meet the .right line £1 in v ; let Sp meet the circle /E6 in n, and Sm be equal to 1^. Then^ since the fluxion of SE is to the fluxion of/E as SE is to SK, or as E/ is to ul, Em is to the arch En as E/ is to la. But Em it greater than E/ ; En is less than its tangent Er, and therefore 18 less than lu; so that Em is to Eir in a greater ratio than £/ is to lu. And these being contradictory, it follows, that the fluxion of SEis to the fluxion of the arch/E as SE is to SD. From this it foQows, conversely, that if SE be to SD as the Telocity of M in the ray SE is to the velocity of N in the circle yE&> or (supposing S^to be the position of the ray SN when P sets out from S the beginning of the spiral) as the ray SE is to the. arch /E, then shall ED be the tangent of the spiral at E ; and this coincides with the 21st proposition of^ the treatise of Archimedes concerning that line. 1203. Case 2. Suppose now the motion of M in the ray SE to be continually retarded while the motion of N in the arch NEn is uniform. It follows, from the fourth axiom, that if the motion of M be continued uniformly from the term when it comes to E, a less line than EM will be described by it in the same time N describes an arch equal to EN ; and, the fluxions of SE and /E being measured by the velocities of M and N at the term when they come to £, it follows, that EM is to EN in a greater r^tio than that of the flvxion of SE to the fluxion of
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    1 192 Of the Tangents of curv^Lktti. BookL /E. If the mtio of those floxkms'be greater tlian that of 8E to SD^ let it be thesame as that of SE to Sk, or that of £L to LV ; and, P being a point of the curve within the angle AEDj as in the last article^ EM shall be to EN in a' greater ratio than £L is to LV ; which is impoasiblej because EM is less than EL, and EN is greater than LV. If the fluxion of SE be to the fliudon ofy^ in a less ratio than that of SE to SD, let their ntio be that of SE to SK^ or (the conatmction being the $smm as in the last article) that of E/ to &. It follows^ firom the third axionij that Em is to En in this case in a less ratio thaa that of the velocity of M to the velocity of N at the term when these points come to E>or the ratio of the fluxion of SE to the iuxion offE. Therefore Em is to En in a less ratio than E/ is to lu. But this is impossible^ because Em is greater than Ei, and En is less than lu. Thorefere the fluxion of SE is to the jBttxion of /E as SE is to SD. 904. CatcS. Letthemotionof M0/£g.58)intheraySEbeacoelerated continually while the motion (^ N in the arch NEe is unifiurm, but so that the arch PEp maybe still on the same side of the tangent ED with S ; and the fluxion c^SE shall be to the fluxion of/E in a greater ratio than that of EM to the arch £N> by the second axiom^ but in a less ralio than that of £m toEfiy by thefirstaxiom. Let Sa be perpendicular on the tan* gentina; and^ if the ratio of those fluxions be that ofSEto SK^ whidi is kss than the mtio ofEaioSa, it follows, from the SOOdth article, that a right tine ST may be drawn fiom S meeting the tangent ED in T, the drcle/Ei in N, and the tangent of the arch EN in Z, so that TN may be to EZas SE is to SK. Let this right line STmeet the curve FEinP; and since TN is to the arch EN(which is less than the tangent EZ> inagreater ratio than SE is to SK, and therefore in a greater ratio than EM is to EN, it follows, that TN is greater than EM or PN, and that the pmnt T is between P and S, against the supposition. If the fluxbn of SE be to the fluxion of /E as SE is to Si, then, by the 199th article, a line St may be drawn from S meeting the tangent DEprodeeed beyond E in f, and the circle /E6 in n, so that the ratio of te to dbie chord Vm may be the same as that of SE to S^ or of the flexion of SE t6
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    Chap. VII, CfOc Tat^^mt 9f twr^ UMi t93 to the fluxmi of /£^ whiob is lete than the -ratio of pn to tJke oroh En. TlMvefdre> ttrpt>09mg S^ to be titcfa d Une^ tbs ratio of In to the arch Edi shall b^ ksathaii the ratio of|iii to tiia tame arch; add i«»ibattbe lesb thatipn> so that the ^foka^/t diall M betwikt p ind S^ agaiiffit the siippositioii« Thertfode the fliunoaaf SEiit to the fluxion Off /Bin a tslao that is nei* tber greater ribr less than that of S£ to SD. ' ^03. Cau4. LetthepaiDtSO%.^abdtfaeowrveFI^be by the sewoAsuionif bot in a ktt ratio than that of Efl^ to the jsrah £«> by the irst ajdoih. If the ratio of these fluxions be that of S£ toany Kne SK grestar than 80, let Q be any pobit betwixt D and K ; join EQ ; and, by the 2(X)dth artide, a right line SR may be drawn from S to the right line £Q meet^ ing it in R, the circle/£6 in N, and its tangent in Z, so that RN shall be to EZ as SE is to SK, and, consequently, in a greater ratio than that of EM 16 the afch EN. Suppose therefore SR to be such a right line, and RN shs^U be greater than EM OF P^ ; and^ because the ratio of RN to £Z continually increases while N moves towa^ds^E^ it follows^ that while N describes the arch N£, the ratio of RN to the aieh EN is greater than that of SE to SK, and tbajt RN is greater than PN. But RN is less than TN v therefora the right line RE passes thvoag^ the angle of oontact PET formed by the curve PE and ite tangent ET"; which is aboard, by art. 181. If the dttxioQ^c^ SE was to tbo fluxion of/£ as. SE is' to any Ipne S& les^ than SD y then, taking aay point q betwixt D and k^ jmningp f Ey and*]|^codiicing it beyond E^ a- light line 9r might be dll'^awD te^ it(by art« 199), meeting it in r, and the circle £fr kk ft, so* thaS m asight be to ibe ehoid Bm as SE is> to Sib, on asithe HiifS^p^ci SE is to the fluxion of^E, aliid, coi^sequently^ in>akasra^tbianthatof£ffl^pSjpiiyto'tbearch£it. LetSrbe soch a line^ and r^shall be^kss- than fu^ Suppose the point n 10 aov^ from n tkmards £| and the ratio (rffw^ to £i» shall docvea^e ^ontinntilfy, by art ig9> wd shaUbete^thuMliatof SEto VQL. I. N S;^;
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    1^ Of the Taf^enis rfeuroe Lina. Book t. ' SA ; therefore^ during that time^ m is less than jm ; but it b ^ glieater than tn ; sothat the right tine Er most pass through the «angle of contact /?£/ formed by thecarTeEpanditstangentfifywhtch is absurd^ by arU 181. Tbepefi^re the fluxion of S£ is to the fluxion of/£ precisely as SB b to SD. By joining these *C8ses together, the demonstration b applicable \f hen. the motion of M is accelerated on one side of •£ and retarded.on the pdier ; f8mll>y the ninth and eleventh theorems, and the 60fh article, itb rendered general. . When the tangent ET'b perpendicular to SE, and the velocity of N b given, the vdocity of M at -E and the fluxion of SEvanbhes. When the ray SB touches ,the curve in E, ^d. the velocity of M in the ray S£ is given^ the velocity of N at E and the fluxion of^E vaniidies. This proposition may be demonstrated in another mamier ; but thb seems to have the nearest affinity to the method of Archimedes. PROP. XVIL !206. The same things being supposed as in the last prcpositio7i, thefltution of the curve FE (fig. 5Q) is to theftuxion of the ray SE as the tangent ED is to the ray SE; For let SP meet the tangent always in T, and the velocities of the points P and T shall become equal at the term when they come together to E. First, let the curve FP^be convex towards S,and SP increase continually, as in the last article ; then, the motion of N being supposed uniform, the motion of P in the curve shall be accelerated perpetually, by art. 201. The motion of the point T is abo accelerated, and its velocity at the term when it comes to E is less than the velocity of P at any term after P passes E, as when it comes to p ; because a less line thiui Ef would be described by the motion of T continued uniformly firom »£,' in the same time that P would describe a greater line than thettrcb Ep (which exceeds ISJt) by its motion 
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    Chap. VIL Of the ToT^nts of curve Lines* 195 * p, bjrthe first and second axioms. Therefore, if the velocity of T at the term when it comes to £ was greater than the velocity of P at that term, it might be equal to the velocity of P at the term when it comes to some point h betwixt £ and|9. Let Sh meet Fd ing ; and it follows from the second axioms that the point P would describe a line greater than the arch £& hy its motion continued uniformly from h, in the time it de» scribes £A with its accelerated motion ; so that the point T would describe a greater line than £g by its motion continued uniformly from £ in the same time that it describes £g with its accelerated motion, against the first axiom. In lik^ manner it aj^ars, that the velocity of T at the term when it comes to £ cannotl>e less than the velocity of P at the same term. There* fore these velocities are equal, and, by prop. 15, the fluxion of the curve FP is to the fluxion of the ray SE as ED is to SE. 207. When the point P describes a circle that passes through the point S, the motion of N being supposed uniform, the motion of P is also uniform. In this case, P£ is always greater than TE, andjoE less than fE. Therefore the velocities of P and T are equal at the term when they come to E, by the 53d article. When the point P describes any other curve that is concave towards S, its motion is in some cases accelerated, and in others retarded. But it follows, from what was shown in the 64th, 55th, and 56th articles, that the>e]ocities of P and T are equal at the term when they come to E m those cases also. Therefore, in general, the fluxion of the curve FP is to the fluxion of the ray S£ as ED is to SE. 208. Angles are measured by the arches which subtend them in equal circles ; and in general they are to each other* in the ratio compounded of tlie direct ratio of the arches which subtend them in any circles^ and the inverse ratio of the rays of tliese circles. The angular motion of the ray SN (fg, 60) that generates any angle ASN is as the velocity of N in the circle EN when the ray SN is given, and is always as the velocity of N directly, and the ray SN inversely. The fluxion of tlie angle ASN is in the same ratio. . 209. Let the right lines CP, SP re vol ve about the given points C and S ; and let their intersection P describe any curve FEH N 2 'in'

  

  
    Page 245
    

  
  
    The text on this page is estimated to be only 10.44% accurate
    19^ Q^'^^ TsHgents ofiturvi Urnef. Book I. 10 the same plwe with tho^ poiiite ; produoe SC till it meet the curve in E^ aad^ when P oomes to B> tiia ftiigtflar motioii oC CP ^hall be to the angulajr iB^otion of 8P m SB is to C£. for let the cirole £N descril^ from the centre S through B meet SP in N ; and let the circle BR. dcsicribed from the centre G tfiroagh £ meet CP m R ; and let SD, CB he perpeiidi< A£ the tangent of the curve at B in X> and B. Then lodty of N shall be to the velocity of P at the term wheii they come together to B> as SD ia to S£. The veboity of k shall be to th^ velocity of P at the same term> as CB is to CE ; and 8D is to BE as OB is to CE. Therafgie the velo^ty of N is equal to the velocity of R at that term ; and the aogiUar motion ef SP is to the angular motion of CP, when P 001009 to £, as C£ is to SB^ by th^ last artioie. PROP. XVIII. SIO. Let P (jSg. 61 and 6a) the iMte9$ectum of the right Km^ CP and 8P revolving about the givimp^intM C and S^ d^ scribe the curve FEH; Ut AQ touch thit^cur^i im £; coas/t* itite the angk SET e^ual to CEA^ so Oo/ ET and EA may Kedifferetawa}fsfroniSl^audCl^\ mndhiKSmeeiCSm T. Then, if CA, Sa be night lineigivm iuf0sihon, thejhix-^ ion of the angle ACF si4M he to the JhusioH ofaSF, wheu P comes to IS,, as ST is to CT. From the centres C and S describe through tile pomt E the circles ER. and £N, meeting CP and SP in K anJl N respec* tively ; and let CB and SD be perpendicular on the tangent AO in B and D. Let CK parallel to BT meet SE, produced, if necessary, in K ; and let EQ be perpendicular on CK in Q» The angle QKE is equal to SET or CEB, by the oonstFUClkMi; and therefore the triangle QKE is similar to CEB, so thatG£ is to CB as EK is to EQ. The triangles SED, CEQ are also similar, and SB is to SD as CE is to EQ^ Bat when P and R come
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    r ClMp. VII. Of the 3Wi«aii^y tmHfc UhOi 197 g6IM to Ey ike velteilty of P ii to the ydooit/ bf R •» GE is to CB (by pro^. I5aiid 17), thafeisi a^ £K is to EQ. The Vclooi^ Of P I* tdtbe vcjlocity of N at tbesom^ term as S£ is taSP, ctr «i C£ id to BQ. TMr^ofe Ihfe velooily of R is to the velo^ oitj ^ N^ lihtk th^ teme topBiker to E) as CE is to EH. This tetio com^imde^ with the inTofse ratio of the tty GR to tbe ray SN, or with Ifa^ ratio of &E fo CE, gi^es tbe ratio of S£ to EK, dt (beeaase ET is parallel to Gk> of ST t« CT \ which fherdbre (by art. dDS> is the ratio of the aogulat vekoeity of CP about C t6 the angular telooity of SP about S wftoil P Gomes to E, or the paftio of the flOxion of the cfdgid ACE to ihe fhnion of the angle  Ae angular oliotions of CE «ad SE are equai/ and tbo iftixiOn 6f the angte AGE is equal to the AnifiOO of oSS. When the takq;BBft A£ passek thsosgh S^ iAmi point T fells on C ; and in ihis cosej tibe angti>kor vekidty of the ray CE being given, that of the ray SE va«^ nisbes. The pmnt E may coincide with Sy but we i^rve this baJe tin #e come to treat of the corvatore of liAes. The flux-* wn o#theatigle GPS is equal to the scntior difleftece of the 9mfAa» of the angles ACP, irSP, and is to the flinioir d( the angle AGP or the fluxion of ASP, when P cornea tb E, as CS ktoSTortoCT. When the points C and SO^g.GS^ are ik>t in the plaM of the curve FEH, the ratio of the asigtilar velocities of thera^ C£ and SB may be disdoced from this pvopoaitton* For if V bo any point in ^e tangent AB, aad the right Une V/e€(tial to VS be drawn in the plan^ CVE oonstitnting the angle /VE eqaul to^SVE, tlie anguter velocity 6f/£ about/ shdl he equal to the angtdar velocity of SEaboot E. tU. The preceding propositions ihow the anaiogy tlfei^ is betwixt the metfiod of Fhixions and the method of Tangents^ and sepvO for determiiiing the tangents from the fluxioBs of Unes itadaogles^ as well as for finding, these fluxions from the tangents. ]3esides these general theorems^ there are many parti* cdor propositions drnt are often of use in deternrinikig the tangents of curve hues ; some of wliidh we shoH briefly describe. ^ S (fig. 64) be a given point in the plane of the curve ALB> JLP a tangeat at L any point of the ourv^^ SP perpendicular on N 3 the L. • I
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    198 Cf^J^ Tangents iff curve Lines. .. Book L the tangent in P; and let P be always found in the curve DPE. Let PT constitute with SP an angle SPT equal to the angle SLP^ on the same side of SP as LP is of SL ; and PT shall be the tangent of the curve DPE at P. For^ firsts let the arch U of the curve ALB be concave towards S, and the rays drawn from S to the arch LI decrease from SL to S/^ and let Sp be perpendicular on Ip the tangent at / in p ; join Yp, and htpl meet PL in R : then because the angles SPR^ SpR are right, the angle SPp is equal to SRp ; and the angle TPp is equal to the difference betwixt the angles SLP knd SRp. The angle 6LP is equal to the difference of the angles SRP and RSL; the angle SEp is equal to the difference of the angles SRP and PRp or PSp : therefore the angle TPp is .equal to the differ* ence of the angles PSp (or PRjp) and RSL. But, by supposing /to move towards hy the angles PSp aiid RSL and their differ«» ence may become leas tlian any given angle. Therefore, while p moves towaords P, the angle TPp may become, less than any given angle. From which it follows, that no right line can be drawn through the angle of contact formed by the right line PT and the arch Pp. Therefore PT is the tangent at P. When ALB is a parabola, and S its focus, DPE is a right, line; but, when ALB is any other curve, DPE is a curve line. In the parabola, SRp is an angle always of the same magnitude where* ever the point / be taken, the point L being given ; and PSp is always equal to RSL, or one half of LSI. . In other cases, according as the angle PSp is greater or less than RSL (or the fluxion of the angle ASP is greater or less than one half of th^ fluxion of the angle ASL), the angle SPT is greater or less than SPp, and the arch Pp is concave or convex towards S. £12. When the arch JJ (fig, 65) is convex towards S, the constniction in other respects being the same, producepP to p; and the angle SPp shall be equal to 4SRp. Therefore the angle TPp is equal to the difference of the angles SRp and SLP, which in this case is equal to the sum of PRp, or PSp, and RSL; and, since this sum may become less than any given angle when / moves towards L, it follows, that PT is the tangent of the curve DPE at P. In this case the arch Pp is concave towards S. Let ST be peipendiCular on PT in T, and let the
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    the point T be always Ibund in tbe cuhre FT ; tiiea the lan-« gent of this curve at T ihkW cotistitute an anjgle with ST eqoil to SPTk)r SLP. Tliere is a series of curves xtshlch^may be co&^ cej^ to be derived froiH' eaab other in tbismaaisec: the tan* gents fonn always ec^al angfes tihh the rays drawn from S at tbe corresptonding points 
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    ^ foe roniMring sutf (i9Qd ki Kevolvi^ yre ahftll jn»k^ use of llw following ptincilple i« place of i^thatisimone geiieial,aiidfiMii4tQbeQo]aii^vido^ 1M GBHh^ aoLjr axch of a eiirve ; Md tet BG the iiw be divided by i coDiiauti bisebtion ioto any number of eq^^ pnits BK^ KD> DI>.:LQ. 1^ the mdiQfttes fiC. KM^ P£i I^N, GH (Jig. «ft n. 1, 2) ; meet the curve in the points C^M, fi, N, Htud lei Um tei0B&t%al; C^ M, Ei H foim the eircuinaenbedfiguie CQRaOH. Then» l^r coatiinuDg to bisect the pacts of the exit SG^ wA au^pceingthe enUDates^ (^ords; and tasgeats to be drair n aa be« Ave, the petimeteraof the oiroumacribed and mfcribed figurea eOB£QH, GMiNEH ahaU approach ocmtiBually to ftbe aroh (S^/H ; AndJiupposiiQg the whole figure to revolve aboat the ttdiL^G, the soifacQs desccibed by those periaoetera shall ap-* prpaoh IQ tfaesurfhcBdesoribed by the arch CBH» sfx that the chii|3rfii)cea ttefarixt them may heeotiifi less than any ffvtn aor^ fbee. . TbaiakSdiD 
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    lUevn/txAv^wy.
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    r Cbtp. VIII. Of the FbixtoM if curve Surfacis. fiOl AG; 9Ad the surface deaciibed by CH i» to the surface describe td by AHj as the (tUfoenoe of the squares of AH and AC is I to thf s that is (Elem. 8. d.) as the rectangle goq^ tabad by 4AE and £H is to the sqaare of AH^ or as the rect* angle contained by 2CH and DE is to the rectan^^e AHG« But the area of a circle whose radius is a mean proportional betirixt sCH and D£ is to the surface described by AH in the same ratio. Thecefore the surface decribed by CH is equal to the area of a circle vhose radius is a mean proportional betwixt £CH and DE. This coincides with the l6tb pcoposition of Jrehmedc^B tareatise cono^ming the spheare and cy« liuder. . ei7. C#r.I. When the sods o£ the cone AB increase am* fidrnily^ the convex surface of the oom^ described by the right lim AC increases with a motion that iacoi^tinually accelerated ; ht vhaft B6 the incveoient of tiie axis ia given> the suiiacedescribed by GH (which is the simultaneous incremient of the co-* meal surf aca) is aa D£i, which imaeaaea in the same proportion aa Al> incsea^. eiic Car. U. Let tk# right Ikkm KC« HK meet BC that i^ pevpeadiculnr to the 9pmT8Gs in C and K, aad let them meet DE in ]^ and L. Let HN bAseot ihs angle CHK^i and HI perpendiralar to HN sbaUjMset DE produced beyopd E when tb& aiiffeGUNislesathain^rjghtwe; k( them meet in L Then^ the figura being su^p^sed Wi«vo1vq about the axis BGj thesur* face desefibed hy ISC ^sAbtv%> th^siirfttoe described by HK as the Kctongte D£I is %» Iherreot^l^ DU. For let LE perpendbcnlarto HN wmi WSi ii% R ; andoithe a^ig^ RUl being equal to LRH> HL shall be equal to HR ;. and EH shall be: to LH (or RH) «a £1 iate^ L[;so that the reatangk DEH diall; he to.the veeteP^ DLH as D£I is to DXL But fay this ltmni0, the surface described by HC ia to the surface described by HK as the neelaiagie D£H is to* tbua rectangle DLH, and> ooBsaquently^ aathe reoMgle DEi is to DLL iilQ. Cor. UL O^, 7Uows from tibe last corollaiy,. that when D£ ia equmUe L]> Hie sulfates descdbed by HC and ' HK areequal. Therefoie, if 6H beproduoed beyond H till HM. be equal to GH, AF parallel to GH meet HK in Fji EM meet GO

  

  
    Page 253
    

  
  
    The text on this page is estimated to be only 21.65% accurate
    202 Of^ the Fluxiom of curve Surfaces. Book \, GO perpendicular to HNin O^ and BC produced pass through 0 ; the surfaces described by HC and H K shall be equal; For in this case^ DE^ HI> and OM intersect each other in die point 1 that is middle betwixt O and M ; and^ because GH is equal to HM^ DE is equal to LL 220. Cor. IV, Let CV (^g. 71) be perpendicular on HK in V ; produce it till it meet DE in S ; and^ ^en £S is either equal to ED, or less than it, the surface described by HC is greater than the surface described by HK. For; in the triangles £CS^ EHI, theside ECis equs^l toEH^the angle CES is equal toHEL but the angle ECS is greater than EHI (because the angle ECS is equal to the right angle CVH added to CHV, whereas EHI is only equal to the right angle NHI added to CHN) ; and therefore ES is grefafeer than EL Therefore, when £S is either equal to ED, or less than it, DE is greater than £1, the Rectangle DEI is greater than DLI, and the surface described by HC is greater than the surface described by HK. 221. Cor. V. The taoae things being supposed as in the latt' corollary, let k be any point betwixt C and. K, and the surfece described by HC shall be greater than the surface described by H/r, which is itself greater lllaft that which is dcscrib-ed by HK. For let Cii perpendicukt 6n Hfe in u be produce cd till it meet DE in /, and, ff being less* than ES (wliich^ is supposed to be either equal %b ED, ^ less), it follows, thal^ the siuface described by HC is greater than that which is de* scribed by H£. Let HA meet EL in e, and ko perpendicular on HK meet ^D in f, kxA eS bmUg less than eD, the surface described by HA must be greater than that which is described by HK, by the last corollairy. 222. Cor. VI. Lei A (Jig. 7^) be apoint on the line HC betwixt H and C, or any where within the triangle CHK; let AA parallel to HK meet CK in A, and he meet CK in any point c betwixt C and A ; then the surface described by ho shall be ' greater than that which is described by AA. For let hg parallel to HG meet the axis in A, let de parallei to hg bisect 'Rg in J, and meet Ac, AA in e and / ; and it is manifest, that if cu be perpendicular to AA, or parallel to CV, it shall meet ed in some point / betwixt e and d. 223. C-or.

  

  
    Page 254
    

  
  
    The text on this page is estimated to be only 23.44% accurate
    .Cb'ap.A^IIl. Of tke Uuxiom of curve Surfaces. fi03 . d£S. Cor, Vll. It appears io the same, manner^ that, whea h (fig. 73) is any point within the triangle CHK, c a point on CK, k a point on cK> if ch and kh produced beyond k meel CH in r and n, so that the angles Crhy Cnh be each less thaa the angle CHK, then the surface described by he shall be greater £ban the surface described by hk. . S24. Cor. VIII. Let HEC (^. . 68, n. l)be now aa arch of a continued curvature convex towards the axis BG; let tha ordinates from BC to QH increase continually, and let iba -ordinate DE bisect BG; let HT the tangent at H meet BC in T, and suppose that Hv perpendicular on CQ the tangent at C meets DEiny^ so that j^is either eqioal to th^oidinate D£^ or less than it. Then, the surface described by the arch H£C revolving about the axis BG shall be l^s than the surface described . by the tangent HT revolving about the same axis* For let HA parallel to the tangent CQ meet BC in i, and T« in V, the angle TVH being a right one, and the arch HEC being within the triangle TH^, it appears, tliat, if the chord HE be produced till it meet jCTT in r, the surface described by HT shadl be greater than that which is described by lAr, by ~ cor. 5, and the surface described by Er greater than that which .is described by EC, by cor. 7. Therefor^ the surf^cedeacribed by the tangent HT is greater than the sum of the surfaces which are described by the chords HE and EC. In like manner, the parts of the axis BD, D6 being bisected by the X>tdinates KM, LN, if the chords HN, N£, EM, be produced till they meet CT in u, x, and z, th^ surfaces described by Nu , Er, Mz, shall exceed the surfaces described by Njt, Ea, MC re^ctively, by cor 7, and therefore the surface desgribed by HT being greater than that which is described by Hti, which exceeds that described by HNx ; and this surface being greater tliaa that which is described by HNEz, which exceeds the surface described by HNEMC,it follows, that the surface described by HT is gres^t^r than that which is desqribed by HNEMC. It) general it appears, that the surface described by the tangent HT is greater than the surface which is described by the perimeter of any rectilineal figure inscribed in the arch HEC ; a^d it may be shown in the same manner, that it is greater thim the surface described by tibe perimeter of any rectilineal figure
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    004 Of tie Fburiom of curve Surfaces. Book I. figure droniMcribfld about the arch fontted by its tangettts* Therefi>re Ae sorfiice descfibed by the tangent HT Is greater than that which is described by the arch HEC^ fay articfe M5. Cor. IX. Join 6C, and, if the aaogfe GCQ irkkh it forms with the tangent atC be eitiier a r^ht aag^e^ or greater dMtt arigtA^^ne, and TBbe Mot lesB than TC, the nufate de•cribed by the tangeivt HT shatt be gretfto than that wfaioh it . iteicribed by the arch UEC : for, in cbig ease, tf n dther e hj art. £15« £26. Cor. X. Let i4ie cur^ F£H be convex towards the axis AG, and the ordinates ptn increase while the axis Ap in^ creases ; thffl, if the axis Ap increaae anifoiad}y, the surface described by llie curre Tm shall increase with an accelerattd motioB. For, while tlie axis acquires the equal augments BD; SG, let ^e curv^ acquire the angmentsCM £ and BNH ; and it is manifest, diat the surface described by the perimeter of amy tectitmeat figure inscribed in the arch HNE r»gt«ater than ^ surfftce described by the perimeter of a rectilineai figure inscribed by a similar confiftruction in the ansh EMC. Therefore the siNpface described' by the arch £H is greater than diat which is described by the arch C£. Let CQ meet Dfi in q, and^ the tangent at H meet DE in I ; then, the surfoce de-* scribed- by the arch CE being greater than that which is described by the tangent Cq, and the surface described by the arch £H being- less than that which is described by the tan*» gent N#when CEH is dimini^ed, as in cor. g,it foUows, that the
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    Chap. VIII. Of tht JFInmHtf tfewv€ Sitrfaca. <05 t}ie motion with which the snrfiu^e described by Fm Aowb^ while m describes the sareh C£H> it sjccderated in a conttniied manner. M7. Cor, XI. {fig. 75). The rest remaining as in the lul fx>roUgry^ when the arch C£H is concave towards the axis B6^ BD may be taken so small that the sorfiaoe described by the tangent ET shall be leas than the surface described by the chord C£ (by cor. 4% and therefore less than the surface de» scribed by the arch CE, whichexeceds that which ia described by the chord CE, by art. 215. The surface described by the arch EH is less than that which is described by the tangent £/^ by the same article. In this case^ when the axis increasea nnifonnly^ the motion with whloli the surface described by the curve flows may be uniform^ accelerated^ or retarded. LEMMA IX. $28. X#( BE and Qt (j%. l^fcrfendkular to the axis. aG meet aQ j/e £ md I ; amd^ in ti^ fi> or as Ad ia to AD. The space which is generated by the motion with whidi the surface oEe flowa continued amformly> m the time that the axia al> by flowing nmfermly acquires the augment B4 is to the space R aa DG is: to Dd (by theor. d)> or aa £^ is ta Ea» and therefore ie equal tntheareftof a ctrdewhose Tidins is a mean propavtinoal hetoixt. da aad S£a ; bnl the
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    ^pa Of the Fhunons of curve Surfaces. Book L the area of this circle is greater than the snrfiace described by the right line Eo, by lemma 8> and the conical surface d£x iaereases with an accelerated motion when the axis incieHses oniformly^ by art. 217* Therefore a greater space is generated in the same time by a motion continued uniformly^ than when the same motion is continually accelerated, against the first axiom. In the same manner it appears, from the second axiomy that the qmoe R is not less than the area of a circle ' the radius of which is a mean proportional betwixt D£ and PROP. XIX. 229. Let DE and GH (fig. 74) perpendicular to the axis meet the curve in E and H, and let GH meet the tangent at E in i; then, the fluxion of the axis being represented by DG, the fluxion of the surface described by the curve FE shall be accurately measured by the area of a circle the radius of which is a mean proportional betwixt DE and 2&. Let the ordinate PM always meet the curve in M and the tangent aE in N; and the motions with which the surfaces F/mM> a^n flow shall be equal at the term when M and N come together to E, or the fluxion of th^ surface VfeE shall be equal to the fluxion of the surface oEe. For, the construction being the same as in the^26th and 228th articles, first let the arch CEH be convex towards the axis BG, and the surface F/mM shall flow with an accelerated motion while P and M describe BG and CH, by art. 226. Suppose, first, BD to be so small, according to the 225th article, that the perpendicular trom T upon the tangent at C may meet DE in D, or in some point betwixt D and E, and the surfaceidescribed by .ET shall be greater, than the surface described by the arch EC. But the latter surface is greater than the space which would be generated by the motion with which the surface VfcC flows continued uniformly, in the time P describes BD with an uniform motion (by the fiirst axiom) ; and the former is less than the space
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    .Chap. VIII. Of 'the Fhscions ofcurot Surfaces. . ^ai q»ace which woald be generated in att equal tipie by the motioa with which the surface aEe flows contii^ued unifonulyj by the second axiom. Thereft»e the motion 'with which the surfiaoe aEe flows is greater than that with which the surface l^fcC flows ;. and it is manifest from the same axioms, that it is less than the motion with which the surface f]AH flows ; so that it must be equal to the motion with which the surface ¥fMli flows when M comes to some intermediate point of the arch CH. If it be said to be equal to the motion with which the surface F^xX flows, X being some point betwixt £ and H, let 4ZX perpendicular to the axis in d meetthetangent £r in o. The motion with which the surface VfxK flows continued uniformly generates a space greater than the surface EexX in the time P describes JM, by ax. 1 . The surface EexX is greater than the surface desoribed by the right line £o revolving about Hd (by art. £25). Therefore the motion with which the surface a£e flows continued uniformly, would generate a ^ace greater than the surface described by Eo,in the time P describes D^f uniformly ; but a less space than this surface would be described in that .time by the motion with which a£e flows continued uniformly, by the first axiom ; and these are contradictory. Therefore the motion with which the surface oEt flows is not greater than tlie motion with which the surface F/^E flows. Nor can it be less. For, if it be said to be equal to the motbn with which the surface VfyY flows, Y being any point of the curve betwixt £ and C, let Yd meet the axis in d, and the tangent £T in o. Then, the surface described by £o about the axis BD being greater than the surface £eyY (by art. 2£5), and this surface being greater than the space which would be generated by the motion with which ^^Y flows continued uniformly in the time P describes dD uniformly (by ax. 1), it follows, that the space which would be generated in that time by the motion with which a£f flows is less than the surface described by £o. But it is jpeater than that surface, by the second axiom ; and these are contradictory. There£Dre the motions with which the surfaces F/e£, a£f flow are equal. By the last lemma, the fluxion of the axis AD being represented by DG, the fluxion, of the surface aBc is measured by the area of a circle the radius of i which

  

  
    Page 259
    

  
  
    The text on this page is estimated to be only 6.53% accurate
    096 0/th^ BmiwAofauru Surfam. Bode I« which bameaopioportaoiialbetwiictD£aiidd&. LeiDGbe increased in anj pfoportian, and El shall be tncrefifled in the tame proportion; so that» if D6 lepvenenk the fluxion of AD, the flnxion^f the mnface TfeU shall be accurately measured b; the aiea of a circle the radius of which is a meia pnqpoi^ tiooal betwixt DE and £&. %Sa. Let the arch C£H0^.75)be now concave towaxda the axis; andBD maybe takenin this ease so small tbatthesurfisce described by the arch C£ shaK be greater than the surface dd^ scribed by the tangent ET(by art.S27); but the surface described by Elis always greafaerthanthat whichisdeseribed by dieardi EH. WheatlM:axbincxeasesanifb«mly,thenK)«io]iwithwbM^ tfaecofiiral surJacedesci ibed by aNflowsisoeMitinuidly aeseharaU ed^ by art. %ig, aad^wl^iber the motion with wUds the nmhct f^MLBomB be uniform^ accelesated> or retusded^it foUows^fima what was denMnstialed in the 53d> 54th and 56th artidai^ that Che motk—i with which the Bm&ice»TfcE,dEe flow are eqnsl Therefave^ the flnxiojDi of the axis AD behsg iqpfeseBted by IK}> the fluxion of the aadaoe F^Eis measured by the area of a drde whose radios is a mean proportional betwixt DE and £E^ XbedmnonstxatknLk rendcsedgeneralby thepsopoaitiooB which ham been so «Aen cited from the fiist cbE^ter. 25 1. Cat. I. LetEO(^|f.76)petpeiKiiculflar tothetaugcsitE^ meet the axis m O; astd^ because £0 is «» DE as El is td DOy it feBowB, that the flnxioii of the suc&ce 1^;^ is nfesaBured by the arenof a cirejbs wbeae CMhudsa meaapsopostianal betwiitfbftEO and DG, whai the flaiiixxi of the axil is iqisesenicd by D6. ^Fhecefoser when F£H iaaftarch of a ciacfe whose draoaefeet JkB coincides with die axis of motwi^diepefpcndietdar EObe* ing infiffiable;,. the spherical socfacttAE^IbwsnBt&tndywfa^ the ax» AD flapv9 nnifonnly f and,i» the same time that the uniform motion with whidhi the axis flows geaeratea AD^ tfsr nniforminotioawillswhixdi thesphericalsariiacefto^vsgeneraacs m surface e
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    Cfaap.VIIL O/theFhudomofcyrocSurfaca. ^ 18 qaadniple of a great circle of the q^ere, as was demonslrated after Archimedes in the Introdaction. iiS%.Cor. II. Butif the circle(y^.76)be mipposed to revolve about a diord AB that is not a diameter^ let VK perpendicular firooi the centre V upon AB meet it in K ; let L/ be the diameter parallel to AB^ Aa and Bi perpendicular to 12 meet the circum* ferenoe in a and b ; produce D£ till it meet the circumference again ine^andktitmeetARthetangiaitat AinR. Suppose the right Kne R to be the radius of a circle whose area is A. Then if R be a mean proportional betwixt fVK and the excess of AR above the arch A£ when £ is taken upon the lesser ary a circle whose radius is a mean proportional betwixt sVK and the difierence of Rr and Ef, and the fluxion of the surface described by the arch 
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    210 Of the Fluxiom of curve Surfaces. Book L whose-fVMliuf is a mean proportional belnfixi dVK and 2AR9 or betwixt the diameter and 2AD ; but when E is betwixt A and thy the sum of the surfaces described by A£ and ae is equal to 9 jdrcle whose radius is a mean proportional betwixt 4VK and 4he arch AE. Let bB produced meet AR in M^ and the sur* iaoe described by the ^ole circumference of the circle^ by reaving about the chord AB^ b equal to a circle the radius of fwhich is a mean proportional betwixt 4VK and the sum of the jright line AM and arch ALa. The difference of the surfaces ^described by the arches A116B and AEB is equal to a circle ^rhoseradius is a mean proportional betwixt ISV K and the whole fcircumference. WbentheaxisAB(^g.77)doesnotmeettheinr* .de, let li be thediameter parallel to AB^and let LA^/B^ VK^ dD be perpendicular to the axis in A, B, K^and D. Let Ebe in the Aipper, and e in the lower semicircle ; and^ according as the i^aare of R is eqnal to the sum or difference of the rectangles contained by £VK and the arch LE, and by 2VL and AD^ the aiea A is equal to the surface described by LE^ or that which :is described by Le. The surface described by the arch ELeis equal to a circle the radius of which is a mean proportional be.twixt this ai'ch and^V K ; and the surface described by the whole .circumference is equal to a circle the radius of which is a mean j>roportional betwixt the circumference and SVK. When the axis AB touches the circle, this radius is a mean proportional .betwixt the circumference and diameter. t ass. Cor. UL Ingeneral,letPy'C^g,78,n.l,a)beanarchofany -cwrre line, let ab parallel to AB meet DE in d ; and the areaof a circle whose radius is a mean proportional betwixt iDd and the arch F/* shall be equal to the sum of the surface described by the arch Ff revolving about the axis AB added to the suriace jdescribed by the same arch revolving about ab, when the arch JP/'is betwixt AB and ab, but equal to the difference of those tarfaces when AB and ab are on the same side of theardi If; J>ecan8e> in the feonercasej the rectangle contained by ltd and E^ is equal to thesum of the rectangles DEi, dEt, and in the latter pase it is equal to the difference of those rectangles : and therefore the sum of the fluxion of the surface described by FE •bout AB^ added to the jSuxion of the surface described by F£
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    Cbap. Vjn. Of the Huxians of curve Sutfacd. 21 1 about ab in the fenner case^and the difFerence of those flaxioiis in the latter case^ is equal to the ftS]|iton of an area that is al« . wayf equal to a circle whose radius is a mean proportional be* twizt 2Dd and the arch F£ : from which ii^foll so that the part ¥a be on the same side of ni with the axis AB^ and af be on the opposite side of ab ; then a circle whose radius is ^ mean proportional betwixt 2Dd and the arch Ff shall be equal to the surface described by F/* about AB^ added to the excess of the surface described by Fa about ab above that which is described by t^ about the same axis ab. Therefore, if the axis ab cut the arch Ff in such a manner in the point a, that the surfaces described by Fa, af (the parts of Ff that are on opposite sides of aft) about the axis aft be equal, then the surface described by F^ about AB shall be equal to a cirde whose radius is a mean proportional betwixt 2J)d and the arch Tf And, converady, if the sarface described by F/*about AB be equal to such a circle, the surfaces described by the parts of F/* that are on difierent sides ^ of aft must be equal to each other. 235. Cor. V. Let AB(/g. 80) meetthearchF/inA,so that the surfaces described by FA, A^(the pai;ts of F/'that are on different sides of AB) revolving about AB may be equal to each other ; let aft perpendicular to AB meet the arch F/* in a, so that the surfaces described by Fa, af (the parts of Ff that are on diflerefit sides of aft) about aft may be also equal to each other; and let aft meet AB in C. Then, if the same arch Ff revolve about any axis CN that passes through this intersection C, the surfaces described by FN, N/'(the parts of F/*that are on different sides of this axis CN) shall be also equal to each other. For, let CN meet the arch F/*in N; let K beany point given upon CN, and KI be perpendicular on AB in L Let E be any point of the arch Ff and let ED, EP,EM be perpendicular on KN, aft, AB in D, P, and M respectively ; and let EP (produced, if necessary) meet KN in R. The right
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    file C^Hk Fluxions afcumc SMrfacet. Book L line ERb Ihe difisrence of EP and PR when tlui poiat Eis taken upon the arch FA or af, in the case repiesonled by fig. 8(>« and £R is the sum of EP and PR when E is taken, npon the arch Aa. Bat ED is always to ER as KI is to CK ; aadj since PR ia to CP (or EM) jas CI is to KI^ it foUowi^ that the rectangle contained by CK and DE is equal to the difiSerence or sum of the rectangle contained by KI and PE^and that which iscontained by CI and ME ; and^ the fluxion of the arqh AE being rei»:e8ented by Bt, the solid contained by CK and therectangle DEt is equal to the difference or sum of the solid contained by KI and the rectangle PEt, and Ihat which is contained by CI and the rectangle MEty according as E is upon the arches ¥a» of, or upon Aa. Hence the solid contained by CK and the surface described by the arch AE (or aE) revolving about the axis KNj is equal to the difference of the solid that is contained by KI and the surface described by AE (or aE) abontaft and the solid contained by CI and the surface described by A£ (olt aE) about K&j when E is taken upon the arch FA or af^ bat to the sum of those solids when E is taken upon the arch Aa : therefore the solid contained by CK and the surface described by the arch FN about the axis KN is equal to the difference c^* two solids^ the first of which is that contained by KI and the difference of the surfaces described by Fa and aH about the a:ds ab; the second is the solid contained by CI and the difierence of the surfaces described by FA and AN about the axis AB. And^ in Uke manner^ the solid contained by CK and the surface described by the arch N/* about ELN is equal to the excess of the solid contained by KI and the surface described by N^about 4tb above tbesoUd contained by CI and thesurface described by Hf about AB. But it follows from the supposition^ that the difference of the surfaces described by the arches Fa and aN about ai is equal to the surface described by the arch M/* about the same axis ab ; and that the difference of the surfaces described by FA and AN about AB is equal to Uie surface described by N/" about AB, Therefore the surfaces described by the arches FN^ Nf about the axis KN ace equal to each other when the surfaces described by FA and A/* about ABare equal and the surfaces described by Fa and of about ah are equal
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    rrGhiqp* Tin. Cfikc Tlktimt of curve Surfuta. tlS equal at the same time. This demonstration is easily applied to the other cases that are not represented in fig. 80. 236. Cor. VI. It follows from what has been demonstrated^ that^ any arch Vf being given^ there is a certain point Cin the plane of this arch, through which any right line KN being drown meeting the arch in H, the mirfaoei described byFN^ jy^ (the parts of tibe arch that are on opposite side! of KN) retolving abocrt the axis KN iare always eqaal to each other. Hiis point is called the centre of Gravity of the arch(beetol^^ if it be supposed to consist of matter that is acted uponby an uniform gravis in parallel lines^ the momentum of the part FN abbut any aadsKNtbatpadites through Ci^equal to the momentum of thebart N^about the same Bxhy as we may haVe occasion to show after-' wards) ; and it follows from the two kist corollaries^ that the soriace descrB>6d by the arch F/* revolving about kn, perpendicular to any fine Cc drawn through C, Is ^qual to the area ot a circle whose radius is a mean proportional betwixt sCc and the arch PjTwhen Ten does not cut the atch F/*: but the diifer-* ence of the surfiices described by the pdrts of the arch Vf that are on oppbsite sides of kn is equal to that circle when kn cut^ the arch Ff. The area of such a circle is equal to the rectangle ^ohtained by the arch Vfand the circumference of the circle described by the point C when the figure is supposed to revolve about An; and therefore this corollary agrees with the celebrated theorem commonly ascribed to Guldinun. 237. Cdr. Vlll. Hence the distanceofthe point C from any right line kn is determined^ when the length of the arch F/'and the surface described by this arch revolving about kn are given. For a third proportional to the length of the arch Tf and the radius of a cfarcle that is equal to that surface shall be double of the distance of C from kn . Thus^ because the surface described by the arch AEB (fig.7^) revolving about the diameter U parallel to the chord AB, is equ&l to thearea of acircle whoseradiusis a mean proportional betwixt the diameter L/ and chord AB^ it ibHows^ that the distance of the centre of gravity of the arch AEB from the centre of the circle is to the radius as the chord AB is to th& axch'AEB. 0 3 CHAP,
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    a 14 Of th^ grtnitxt an4 kast Of&wtes. Boqk I. CHAP. IX. Of the greatest, and kast Ordinata, of the Points of contrary Flexion and Reflexion of various Kinds, and of other Jfec--' iions of Curves that are d^ned by a common or by ajluxional Equatiotf. 238. X HERE are hardly any speculations in Geometry move useful or more entertaining* tlian those which relate to the Maximd and Minin^a. Several prqpositions of this nature are to be found in tl)e writings of ^e antient Geometricians ; but they do np); seem to have had a general metl^ fpr resolv-^ ing prpblems of this kind^ Amongst the various improvements that began to appear in the h^her parts of Geonietxy about a hundred years ago^ Mr. de Fermat proposed a method for finding the maxima and minima. How the methods that were then invented for the mensuration of figures and drawing tangents to curves are comprehended and improved by the method of Fluxions^ may be understood from ^hat has been filready demonstrated. A general way of resolving questiqqs cojfh ceming the maxima and minima is also derived from it^ that is so easy and expeditious in the most common cases^ and is so successful when the question is of a higher degree> where the difiiculty is greater, and other methods fail us, that this is justly esteemed one of the most admirable applications of Fluxions. 239. When the nature of a variable quantity is such, that it either increases continually without end, or decreases till it ya* nishes,its greatest or leastmagnitudeis notas^gnable; and there is no place for enquiries of this nature. But, when there is a certain limit which the increase or decrease of the variable quantity cannot pass, and the term is assignable when it arrives at this limit ; or, more generally, when for some time Uie variable quantity first increases till a certain assignable term^ and theii * ApoU. Perf^. Conic, lib. 5. pni-f. ^ , cjecreascs.
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    Chap. IX. Of the graUeit and least Ordinates. 215 decreases, or first decreases till such a term, and then increases : its magniUide at that term is considered as a maximum, or nnni*^ mum, without r^ard to its variations in other parts of the time.' 240. In the problems of this kind of the first degree, the variable quantity is represented by an ordinate of a curve the na« tuie of which is supposed to be defined by what is given concerning the variable quantity. A curve line either returns into itself, or may be continued without end ; and theref(»re there are ^ways two branches of the curve that proceed from any point that is assignable in it. The ordinate from a point of the eorve is a maximum, or minimum, when it is greater or less than theMcaTt«s*s Lettetty torn. 9, bt 60. O 4 Ae
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    216 Of the greatest and hast OrHnates. Book L the e^r^e dwt proceed fmmthe cttspbareonthesameakkctf the ordio^te, because th^^se branches (or atleast the acyoiningparts oi each) are over the same base. But it seems to be more con^ sisient^ to include all ordinates that are greater^ arless^ than those from the adjoiniug parts of either branch of the curve (Jig* S3); the rather^ that in the latter case one of the branches of the cunre^ after beingreflected from tbeordinate^ oftenietama to it again^ and after cutting it^ proceeds on the other side^ so that one or more ordinates may correspond to any asB^;naUe base« However^ since it has b^n more usual to exchide this case> we have distinguished the greatest and least ordinates into two kinds in the preceding artide^ to prevent mistakes* ^^- (Jig* 31). When an arcn of a curve has its concavi^ turned one way^and there is apointin this arch wherethe tangent becomes parallel to the base, the greatest or least ordinate passes through that point. It isgreater orlessthan those&omthe adjoining parts of the arch on either side, according as the ardi is concave or convex towards the base. Supposing the base to increase, theinrdinate in the former case first increases and then decreasea,and in the latter case, theordinate first decreases and then increases. In both cases, the motion with which the base flows (or its fluxion) being given, the motion with which the ordinate flows (or its fluxion) first decreases and then increases, by the 7 th lemma : and this motion, or the fluxion of the ordinate vanishesi when the tangent becomes parallel to the base. For^ £1 (fig. 47 and 50) being supposed to measure the fluxion of the base, IT which measures the fluxion of the ordinate (b}^ prop. 14) vanishes when the tangent £T becomes pa^ rallel to the base, and coincides vrith EI. Therefore the greatest and least ordinates are discovered in such cases (which are thosethatmost commonly occur in the resolution of proMems), by enquiring when tbe fluxion of the curve becomes equal to the fluxion of the base, or when the fluxion of the ordinate vanishes, the fluxion of the base being given. In this ca9e,how«* ever, the curve must be continued on both sides of the ordinate: for, if the curve be rejected from the ordinate D£, then the point E is a cuspis, and tfaie ordinate D£ is neither a maximum nor minimum when the aTche8CE,£H have their convexity towards
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    Chap. IX. Of the greateii and Ua$i Ordinates, 617 wards each other (/tg. 84, fig. 85); and it is a maximufh or minimum of the second kind when those branches are on the same aide of the tangent at E, the convexity of one branch being towards the concavity of the other. £43. The arch being supposed to have its concavity turned one way^ and the tangent at E {fig. 81> n. 1) being supposed parallel to the base^ if the arch meet the base we may conclude that D£ is a maximum (fig, 81^ n. 2); but if the arch be of that kind which maybe continued above the base without end^ DE is a ndnimum. The greatest and least ordinates are distinguished from each 6ther more generally^ by comparing them with the ordinates from the adjoining parts of the curve ; or by supposing the baseAPto increase^ and observing whether the fluxion of the ordinate PM is positive before the point P comes to D, and becomes negative after P passes D, or is first negative and then becomes positive^ the ordinate being itself considered as positive : ' it is a maximum in the former^ and a minimum in the latter case* 244. In the application of this rule for finding the greatest and least ordinates^ it must be observed^ that the ratio of the fluxion of the ordinate to the fluxion of the base maybe sometimes represented by the ratio of two quantities, which at certain terms may both vanish together : but it does not follow, that in such cases the tangent becomes parallel to the base, or that the ordinate is a maximum or minimum ; for the ratio of those fluxions may be represented in such cases by that of other finite and assignable quantities. When two or more branches of the curve are over the same part of the base^ the ordinate must arise to two or more dimensions in the equation of the curve. 'The fluxion of the base being given, the fluxion of the ordinate isatleast twofold ; and when the ordinate passes through a point where two or more branches of the curve intersect each other, we are to expect, that though the base and ordinate be both given, the fluxion of the ordinate will arise to two or more dimensions in the general equation by which it is to be determined.   But if the general equation of the curve can be resolved into* these particular equations which belong to the difierent branches of the curve from which the general equation is compounded, then the fluxion of each ordinate may be determined from

  

  
    Page 271
    

  
  
    218 Of the greatest and leaU Ordinates. Book I. from the fluxion oi the equation of each branch. But we maj have occasion to illustrate this further afterwards. £45. (JPig- 82). When the fluxion of the curve coincides with the fluxion of the ordinate^the tangent becomes perpendicular to the baseband coincideswith the ordinate. In thiscase^if £C^£H the two branches of the curve form a cuspis at £, being on different sides of the ordinate DE^ then is DE a maximum or nUmnwn according as those branches have their convexity or concavity towards the base. The maxima and minima of this sort are discovered, by enquiring when the fluxion of the curve becopies equal to the fluxion of the ordinate, or (which is the fame thing) when the fluxion of the base vanishes, the fluxion of the ordinate being given. In this case, also, it is necessary that the curve be continued immediately from E on both sides of the ordinate DE ; for if the two branches EC, EH be on the same side of DE, the ordinate is either no maximum nor minimum^ or is one of the second kind. 246. These are the two rules that are commonly given for determining the maxima and minima of the firstkind. But there IS still anotherlimitation besides those already mentioned, with* out whiph these rules may lead us into error. For we are not always to conclude that the ordinate DE isa maximum or minimum, either when the fluxion of the ordinate vanishes, the flux* ion of the base being given ; or when the fluxion of the base vanishes, the fluxion of the ordinate being given, though the curve be continued immediately on both sides of the ordinate: in the former case the tangent at E is parallel, in the latter, perpendicularto the base; but E C^g.9l) may be a point of contrary flexion, so that the ordinates on one side of DE may be greater than DE, and those on the other side less than it; and there may be no maximum nor minimum perhaps from the wfiole curve. In any curve that has a point of contrary flexion, the ordinate discovered by those rules is not a maximum or minimum, if the base be parallel or perpendicular to the tangent at that point. The rules which are given for finding the pointsof contrary flexure are liable to exceptionsof the same nature for a similar reason. In order to set these rules and the necessary exceptions in a clear hght, it will be of use to premise the following proposition. PROP.

  

  
    Page 272
    

  
  
    The text on this page is estimated to be only 26.98% accurate
    Chap. IX. Gfthc greatest and least Ordinata.. « 19 PROP. XX. S47. Let the ordinate PE (fig. 86) 9/ the curve AEH tneet the curve Teh in e, and the rectangle £6 contained by DE and 4. given right line DG be always equal to the area ADcF; then, the rectangle JieLG being completed, £T the tangent of the curve AEH at £ shall be parallel to the diagonal DL. And, conversely, £K being equal and parallel to DGj if KT parallel to DE meet the tangent ET in T, and, De being taken always equal to KT> if the curve HEC meet the base in A, the area ADcF shall be equal to the rect-angle EG. The fluxion of the base AD being represented by the given Tight line DG or EK, the fluxion of the ordinate DS is represented by KT^ by prop. 14^ and the fluxion of the area AD^F by the rectangle eG^ by prop. 3. The rectangle EG is always equal to the area ADe'P, by the supposition ; and the fluxion of EJGr is equal to the fluxion of the area AD^F^ by art. 18 ; that is^ the rectangle contained by KT and DG is equal to eG, and KT is equal to De or GL. Therefore the tangent ET isparallel to DL. . £48. And, conversely^ the right line DG or EK being ^ven, if upon the ordinate DE a right line De be taken always equal to KTj the rectangle eG shall be always equal to the rectangle  and the point E sets out from A when e sets out from F, and the right line D^ frdto AF, the area AD^F must be equal to the rectangle EG. The analogy there is betwixt the inverse method of tangents and the quadrature of curvilineal figures appears from this proposition. . 249. It may be of use for illustrating this doctrine, to demon** etrate in the following manner (which is independait of the method
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    ^aq^pC. ,Qf the greaiut and least (MSn^ta. . t&l fi50* In the swie maimer^ if any ordinate pn meet the arches ee, CE and the right lines "Bt, £^, el (which are the right lines T£> KE^ Le> co&tinned bejondEand e) in fi, m, r, v, wad/, vm shall be to tr as the area Dpne is to the rectangle ep ; and, therefore, when the ordinates fix>m cfi increase while the basa increases, the arch EC is all above Ei, the point £ excepted. In the same maimer^ kC is greater than Be (the rectangle con-* tained by kC and DG being equal to the area DBce which ex* 
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    tS2 Of ike greatest and least OrHhaiei. Bopk t S5£. Cor. I. Let Zez(Jig. 86) the tangent of the arch ceh^ii meet GA and Be in Z and z, and let the ordinates fiom Be to GA increase continuany ; theiij if the arch ceh be conrex to* ward? the base^ TH which subtends the angle of contact HET shall be less than one half of Lh, but greater than one half of LZ. For the rectangle contained by TH and D6 is equal to the area eLh which is less than the triangle eLh, or one half of the rectangle contained by DG and LA^ but is greater than the triangle elZ, or one half of the rectangle contained by DG and LZ. Therefore TH is less than one half of Lh, but greater than one half of LZ. In the same manner it ^pears^ that tC is less than one half of Iz, but greater than one half of ic, £53, Car. H. When the arch ceh (Jig. 87) is concave towards the base^ TH is less than one half of LZ^ but greater than one half of L4. For^ in this case^ the area eU is less than the triangje eUZ, but greater than the triangle eLh, In like manner 'iC is in this case less than one half of Ic, but greater than one half of &. ' 254. Cor, IIL When ceh is a right line^ and coincides with xeZj CEH is an arch of a parabola that has its axis perpendicular to the base AG. In this case TH and ^C are each equal to one half of LZ which measures the fluxion of De (by prop. 14)> or the second fluxion of D£^ the fluxion of the base being represented by DG. While the base AD acquires the augment DG^ the ordinate DE. acquires the augment KH equal to the sum of KT and TH ; and in this case the first fluxion of the or^ dinate is represented by KT^ and its second fluxion by £TH> or. the sum of TH and ^C. But when ceh is conyex towards the base^ and the base being supposed to flow uniformly^ its flux* ion is represented by DG^ the right line TH is greater than one half of LZ which measures the second fluxion of the ordinate DE^ but less than one half of L& which measures the in* crease of the fluxion of the ordinate that is generated in the same time in which the base acquires the augment DG. When the arch ceh is concave towards the base ^ TH (which subtends the angle of contact HET) is less than one half of the right )izie 'that mea3ures the second fluxiim of DE^ but greater than 

  

  
    Page 276
    

  
  
    I Chap. IX. Of the grtatest and least Ordinate^. S23 fluxion of DE. In the first case^ when ceh is a right line^ the motion with which DE flows is uniformly accelerated. When ceh is convex towards the base^ the acceleration of that motion increases; and when ceh is concave towards the base^ its ac* celeration decreases continually. 255. Cor. IV. When the curve Ach (fig. 88) is a parabola that has its axis perpendicular to the base AG, KH the increment of DE may be distinguished into three parts^ KT^ TQ^ and QH^ so that the rectangle contained by those parts and DG may be respectively equal to the rectangle cG, the triangle cUL^ and the area f ZA. The part KT is equal to J}t, and measures the first fluxion of DE; the part TQ is equal to one half of IIL, which measures the second fluxion of DE(by cor. 3)^ and the part QH is equal to one third part of U (that measures one half of the fluxion of LZ)^ and therefore measures one sixth part of the third fluxion of DE. For it follows from what was shown in the Introduction (page 27), after ArchimedeSy that the area cU is one third part of the rectangle contained by 7Lh and.DG : and it may be easily deduced from the 8th proposition ; for let PM meet the arch eh in N^ and its tangent eZ in u; and tiN shall be to ZA as the square of DP is to the square of DG. Therefore, the point D and the right lines D6^ U being given, but supposing DP to flow, and DG, DP, X, and Y to be in continued proportion, it will follow, from the eighth proposition, that one third part of the fluxion of Y shall be to the fluxion of DP as Y i^ to DP, or as the square of DP is to the square of DO, and therefore as uH is to ZA ; so that the rectangle contained by uN and the right line which measures the fluxion of DP b equal to one third part of the rectangle contained by U and theright line which measures the fluWion of Y. Therefore the area ^uN is equal to one third part of the rectangle contained by ZA and Y, or (because U is to uN as DP is to Y) of the rectangle contained by uN and DP, and the area eU is equal to pne third part of the rectangle contained by ZA and D6. In the same manner it is shown, that the area £RM is equal to one fourth part of the rectangle contained by RM and DP ; and the continuation of these theorems is obvioiu from the same eighth proposition. From which it - " follows.
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    1 I 224 Of the greafat and least Ordinata. Book I. foUowSj that when the fluxions of all orders of the ordinate DS increase^ we approximate continually to the ralue of KH> the increment of the ordinate that is generated in the same time the base acquires the augment DG^ by adding continually together the right line that measures the first fluxion of D£ whik PG measures the fluxion of the bascj \ of that which measures the second fluxion of- the ordinate^ \ of that which measures its thu'd fluxion^ 4^ of that which measures its fourth fluxion, and so on^ the denominators of those fractions being the pro* ducts of the numbers 1^ 2> Sy 4« 5, i^c. in their natural order. But when any fluxion decreases^ the succeeding fluxion is to be cousidcxed as negative^ aoid the iraction which involves it is to be subducted. These corollaries illustrate what was shown of second and third fluxions nea^^^fac'Ad of the first and fourth chapters. 256. Let any point £ be given in the curve CEH (fig.99)f let KEk be a right Une paraJ^ tothe base ADj PM an ordinate meeting EK in V and the curve cM in N^and the rectanglecon* tainedbyVKf and the given rightlineDG be always equal to the area DPN^. Suppose the points P and M to move from D and E ; and, when AP increases^ and PN is above the base AP, let VM be taken upon PV produced beyond V: then, when AP decreases^ if PN be still above the base, or when AP increases if PN be below the base^ VM is to be taken upon VP from V towards P; but if AP decreaie, and PN be below the base, VM is to be taken upon PV produced beyond V. £57. When the point e in the cwcxe FcA (fig. QO) fells on the base, and coincides with D,DLcoincides with DG,the tangent /ET coincides with A£K, and becomes parallel to the base. In this case, if the curve FcA after meeting the base AD, be continued on the other side of AD, and on the other side of the perpendicular D£, then is D£ a maximum ; for, by the last article, P being taken on either side of D, VM is to be taken from V towards P. When PM meets the curve FcA below the base in N and the curve CEH above it in M, the rectangle contiiined by VM and DG being equal to the area DPN, it follows, that the rectangle contained by PM and DG is equal to the excess of the area ADF above the area PPN, ai^d that PM
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    Chap. IX* €fihc greatest and least Ordinatesi £25 PM Taniahes when those areas become equal. If the curve FBN return towards the base, and after cutting it again in d be 6on« tinued on the opposite side of the base and of the perpendicular de, then de the ordinate of the curve AEM at d is a tnaxi^ mum or minimum, according as it meets the curve above or below the base. In the same manner, if the curve NF continued beyond F meet the base in a, and proceed from a below the base on the other side of the perpendicular at a, the curve MBA shall be continued from A bdow the base, and its ordinate at a shall be a maximum. 258. By the 256th article, the form of the arch ceh (Jig. 89) being given, we discover the form of the arch CEH. Suppose now. the form of the arch CEH to be known, and that of ceh to be required. Let £[ 6e ftny point in the arch CEH, and suppose that De is taken above the base when KT is upon 6K ptodaced beyond K. Then, if the tangent ISt meet tiK in T betwixt G and K, or 6A produced beyond k in /, the ot'ditiate De is to be taken upon ED produced beyond D below the base; but when ET meets BA in < betwixt B and k, De is to be taken above the base. 259. From this the converse of the 257 th article is manifest (Jig. 90). That when'the ordinate DC is a maximum or minimum of the first kind, and the tangent at E is paraDel to the base, the arches ec, eh of the curve Ceh must be continued from e (which coincides with D in this case) on different sides of the base AD and of the perpendicular at D. For, while the point M describes the arches CE, EH, the ordinate PN of the curve ceh must be taken on different sides of the base. 260. But when thecurveFND(^.91);aflermeetingthebase in D, is continued on the opposite side of DE, but on the same side of the base as before^ then the ordinate DE is not a maxi" mum or minimum,thovLgh PN which measures the fluxion of the ordinate vanishes when P comes to D. Tor, while N describes the arches cD and Dh, the right line VM is to be taken on different sides of kK, which is parallel to the base. Therefore DE is not a maximum or minimum, but E is a point of contrary flexnrej whether the arch cDk touch the base in D, or form a cu^is there. It is manifcHy conversely/ from art. 258> tha